
Mathematics 403 Exam solutions

1. Giventhefigure,identify thepoint group.

Let � bethecenterof oneof the“empty” hexagons.Thenyou canrotateabout� by theangle ������� andby
any of its multiples. Thefigurehasno reflectionsor glide reflectionsfor symmetries,so thepoint groupis
isomorphicto �
	�����������������	�����������	�����	�����	�����������	����� �����	����"!$#�����	�%�&
(Noticethatsincethetranslationgroupis a lattice,thenthepoint groupcan’t be

�
'
.)

2. Whatarethepossiblepointgroupswhenthetranslationgroupis a lattice?�)(
or * ( , with +  �

, � , , , - , or � .
3. Let . beafinite groupof rotationsof theplaneabouttheorigin. Show that . is cyclic.

Let / be the smallestpositive angleof rotation in . . I claim that every elementof . is a power of
��0

;
equivalently, I claimthatif

��1
is in . , then 2 is amultipleof / . If 2 is notamultipleof / , then 2 liesstrictly

betweentwo adjacentmultiplesof / : 3"/54627498:3<; �>= / . Therefore,?@4A2CB73D/546/ . Since
��1

and
��0

are
bothin . , thensois ��1��"EGF0  ��1 EGF 0�&
But this is a rotationin . by asmalleranglethan / . This is acontradiction,sotheassumptionthat 2 is nota
multipleof / mustbewrong.

4. Identify thegroup HJI"K>8 �
 L= .
Let

�
  �����NMO��M � ��&�&P&P��MRQS%
. Every homomorphismT from

�
 
to itself is determinedby where

M
goes:

if TU8 MV=  M F
, then TU8 M

� =  8 M F =
�  M � F

, andmoregenerally, TW8 MYXZ=  MYX F
. So thereareeight different

homomorphismsfrom
�
 

to itself; sucha homomorphismis anautomorphismif it sends
M

to anelementof
order8. Therearefour elementsof order8—

M
,
M\[

,
M '

, and
MRQ

—sotherearefour automorphisms:

]7^ , definedby ^ 8 M X =  M X
.

] 2 , definedby 2)8 MYX_=  M\[�X
.

]a` , definedby ` 8 MYXZ=  M ' X
.

]cb , definedby b 8 MYX$=  MRQ:X
.

Thus HJI"K>8 �
 L=  � ^ � 2 � ` � b % . To finish theproblem,I needto specifythe groupstructureon this set. For
example,to compute2

�  2edf2 , I look at

8g2edf2 = 8 MV=  2)8g2)8 MV=�=  2
8 M [ =  M\h  MO&
Since 2idj2 sends

M
to itself, then 2kdj2  ^ . Similarly, 8 ` d ` = 8 MV=  M ��'  M

, so ` d `  ^ ; and8 b d b = 8 MV=  M � h  M
, so b d b  ^ . Sincethis is agroupof order4 in which no elementhasorder4, it must

beisomorphicto theKlein 4 group,
�
�Jlm�
�

.

5. Whataretheorbitsfor theactionof n58:� = on theplane o
�
?
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If p is orthogonal,then multiplication by p is a rigid motion that fixes the origin: it is eithera rotation
abouttheorigin or a reflectionacrossa line throughtheorigin. Hence(aswesaw in Section4.5),orthogonal
matricespreserve length: the lengthof prq is thesameasthe lengthof q ; thusevery vectorin theorbit of q
hasthesamelengthas q . Furthermore,if q and s aretwo vectorswith thesamelength,thereis a rotation
thatcarriesq to s ; hencethey arein thesameorbit.

Sotheorbit of any vector q is nrt  � svuVw sxw  w qyw %�&
In otherwords,theorbitsaretheconcentriccirclesaroundtheorigin.

6(a). Whatis theclassequationof
�
	

?

Since
�
	  ������MO�NM � ��M\[���M � �NM ' %

is abelian,everyelementis conjugateonly to itself:
MGz{MYX|M E z  MYX

. Thusthe
conjugacy classof

MYX
just contains

MYX
, sothedecompositionof thegroupinto conjugacy classesis�
	  ����%)}~��My%�}C��M � %�}C��M [ %�}���M � %�}���M ' %��

andtheclassequationis �  � ; � ; � ; � ; � ; ��&
6(b). Whatis theclassequationof * ' ?
Let’sstartwith theconjugacy classof � ; this is thesetof all thingsof theform �G�G� E

!
, where� is anelement

of * ' . Let �  �
; then

� � � E
!  � , so � is conjugateto itself. (This is truein any group: theconjugacy class

of any element� alwayscontains� .) I could let �  M
, then �  M �

, etc.,but thingswill be fastestif I let�  MYX
: M X � M�E X  M X M X �  M � X � &

SoI gettheseelements,as � goesfrom 1 to 4:
M � � , M

�
� , M

	
�  M � , M

 ��  M\[ � . SoI know thattheconjugacy
classof � containsat leasttheseelements:

� � ��M � ��M
�
� ��M\[ � ��M

�
� % . I claim that it doesn’t containanything

else. Herearetwo differentreasons:you caneithercompute 8 M X � = ��8 M X � = E
!

andseethat you get the same
things,or you canobserve that thecentralizerof � is ��8$� =  ����� � % ; sincetheorderof thecentralizertimes
theorderof theconjugacy classis theorderof thewholegroup,thentheconjugacy classcontainsexactly 5
elements.

On to the conjugacy classof
M
:
MYX�MYM E X  M

, and 8 MYX � =�M 8 MYX � = E
!  MYX � M � M E X  &P&�&  M E !  M �

. So�)�  ��MO��M � %
.

Similarly,
� ���  ��M � ��M\[�%

.

As always,
�J!  ����%

.

Thus * '  ����%
}C��MO��M � %
}~��M � ��M [ %
}~� � ��M � ��M
�
� ��M [ � ��M

�
� %��

andtheclassequationis � ?  � ;7�f;7�f;7� &
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