Math 300 B - Winter 2017
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February 1, 2017
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e This exam consists of FIVE problems on SIX pages, including this cover sheet and a page
of axioms and theorems.
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e No calculators or other electronic devices are allowed (or needed).

e All manipulations of integer expressions must be justified using the axioms and elemen-
tary properties of the integers provided on the last page.

e You may use the last page for scratch work. Anything you want me to read should be
written below the appropriate problem.

¢ You have 50 minutes to complete the exam.



1. [5 points] Write a meaningful negation of the following statements.

(a) “For all integers n > 2, 2" — 1 is composite or 2" + 1 is composite.”

(“Composite” means “not prime”.)
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(b) “For all integers n, if n is odd, then there exists an integer k such that n? — 1 = 4k.”

Tl\Cft QX'ISTS An 'meocr h suoL TLAT n s OM o\uJ '\'\or °”
;mrrs ko n=1 #F Yk

2. [5 points] Let S = {a, b, ¢, d}. Consider the following relation on S:
R ={(a,a),(a,b),(a,c),(b,b),(b,d), (c,b),(d, c)}

(a) Is R asymmetric?
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(b) Is R transitive?
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3. [12 points] Suppose n is an integer. Prove that if 4|n — 3, then 4|n? + n.

Surrose L{}h-3.
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By Axiom 3 Hloi= 6t
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By Axem 5, (k)= sl

By Axiem &, 4 (ka)n = (n+)a.
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4. [12 points] Let A, B, and C be sets.
Prove that (A\ B)\C = (A\C)\ (B\C).
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5. [6 points] Suppose a 5 x 5 grid of boxes is filled with integers in such a way that every
number is equal to the average of its neighbors.

(The neighbors of a box are the ones that share an edge with that box. For example, a
corner box has two neighbors, while a central box has four neighbors.)

Prove that all 25 boxes must contain the same integer.
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Known Axioms and Theorems

You may use any of the following axioms and theorems. If you do, please cite them by number.

1.

2
3
4.
5
6
7

10.
11.
12.

13.
14.

Axioms of the Integers

Suppose a, b, and c are integers.

a + b and ab are integers.

.Ifa=0b,thena+c=0b+ cand ac = be.

.a+b=>b+aand ab = ba.

(a+b)+c=a+(b+c)and (ab)c = a(be).

. a(b+c) =ab+ ac.
.a+0=04+a=qg,anda-1=1-a=a.

. There exists an integer —a such that

a+(—a)=(—a)+a=0.

Exactly one of the following is true:
a<0,a>0,ora=0.

a < a.
Ifa<band b < q,thena = b.
Ifa<band b < ¢ thena < c.

Ifa<b thena+c<b+ec.
Also, if ¢ > 0, then ac < be.

0<1.

If S is a nonempty set of positive inte-
gers, then S has a minimal element.

Elementary Properties of the Integers

Suppose qa, b, ¢, and d are integers.

l.a-0=0

2. Ifa+c=b+c¢ thena=0b.

3. —a=(-1)-a

4. (—a)-b=—(a-b)

5 (=a)-(=b)=a-b

6. Ifa-b=0,thena=00rb=0.

11. If a < band ¢ < 0, then be < ac.
12. Ifa<band c < d,thena+c < b+d.

13. If 0 < a < band 0 < ¢ < d, then
ac < bd.

14. If a < b, then —b < —a.
15. 0 < a?.

16. If ab = 1, then either a = b = 1 or
a=b=—1.

Note 1: Properties 7 through 10 from the
textbook are skipped because we’re us-
ing them as axioms.

Note 2: Properties 11 through 14 still
hold if each < is replaced by a <.




