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Abstract

For d > 4, Kalai (1987) characterized all simplicial (d — 1)-spheres with g, = 0, and for k& > 2
and d > 2k, Murai and Nevo (2013) characterized all simplicial (d — 1)-spheres with g, = 0. In
addition, for d > 4, Nevo and Novinsky (2011) characterized all simplicial (d — 1)-spheres with
g2 = 1. Motivated by these results, we characterize, for any & > 2 and d > 2k + 1, all simplicial
(d — 1)-spheres with no missing faces of dimension larger than d — k that satisfy g = 1. When
d = 2k, we obtain a characterization of simplicial (d — 1)-spheres with g = 1 and no missing
faces of dimension greater than k, under the additional assumption that there exists at least
one missing face of dimension k. Finally, for k£ = 3, we are able to remove this assumption and
characterize all simplicial 5-spheres with no missing faces of dimension larger than 3 that satisfy

g3 =1L

1 Introduction

What is the smallest number of edges that a (d — 1)-dimensional simplicial sphere with fy vertices
can have? When d > 3, the answer is provided by the Lower Bound Theorem (LBT) [3, 4, 10],
which asserts that f1 > dfy — (dgl). The quantity f; —dfy+ (d;rl) is denoted by go. The inequality
g2 > 0 holds not only for simplicial spheres but for all normal pseudomanifolds; see [10, 7, 32].
Furthermore, the case go = 0 is completely characterized: when d > 4, go = 0 holds if and only if
the normal (d — 1)-pseudomanifold in question is the boundary complex of a stacked d-polytope.
Motivated by these results, Nevo and Novinsky [24] gave, for d > 4, a complete characterization
of simplicial (d — 1)-spheres with no missing faces of dimension larger than d — 2 that satisfy
g2 = 1. Since then, several additional results characterizing simplicial manifolds (or even normal
pseudomanifolds) with small values of g2 have appeared in the literature; see, for example, [35, 5].
In complete analogy with the LBT, for any 1 < k& < d/2, McMullen and Walkup [17] conjectured
a lower bound on the number of (k — 1)-faces, fx_1, in terms of the face numbers fi_o,..., fo, f-1.
Using the notion of the g-numbers—certain alternating linear combinations of the f-numbers—
their conjecture asserts that for a simplicial (d — 1)-sphere A and any k < d/2, we have gx(A) > 0.
Moreover, equality gr = 0 holds if and only if A is (k — 1)-stacked. This conjecture is known
as the Generalized Lower Bound Conjecture (GLBC). The inequality part of the GLBC for the
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boundary complexes of simplicial polytopes was proved by Stanley [29] as part of his proof of the
celebrated g-theorem. Much more recently, these inequalities and, more generally, the g-theorem
were established for all simplicial spheres, and even for a larger class of Z/2Z-homology spheres;
see [1, 27, 2, 11]. The equality part of the GLBC was proved by Murai and Nevo [19].

The goal of this paper is to understand, for a given k, spheres with no large missing faces
that satisfy gr = 1. Throughout the paper, we work with Z/2Z-homology spheres and often refer
to them simply as spheres. In particular, this class contains all simplicial spheres. We denote by
S(j,d—1) the collection of Z/27Z-homology (d—1)-spheres all of whose missing faces have dimension
at most j. For instance, S(1,d — 1) coincides with the class of flag (d — 1)-spheres.

Denote by do! the boundary complex of an i-simplex. Our main results can be summarized as
follows:

1. Let d > 2k, and let A € S(d — k,d —1). Assume further that if d = 2k, then A has at least
one missing k-face; that is, A ¢ S(d—k—1,d—1) = S(k—1,2k—1). Then g5(A) =1 if and
only if A is either the join of do%* and a (k — 1)-sphere, or the join of o7 and do?7 for
some k < j < |d/2]; see Theorem 4.1.

2. In the case d = 2k = 6, we give a complete characterization of spheres in S(3,5) with g3 = 1:
A € S(3,5) has g3 = 1 if and only if A is either the join of 9o and a 2-sphere, or the join
of three copies of Jo?; see Theorem 5.6. In particular, all such spheres are boundaries of
simplicial polytopes.

For k = 2, our first result recovers the theorem of Nevo and Novinsky [24].) Our proofs rely
on the theory of (higher) stress spaces developed by Lee [14] and by Tay, White, and Whiteley
[33, 34]. More specifically, we establish a new version of the cone lemma that allows us to describe
the supports of certain stresses (see Section 3), which, in turn, enables us to glean some information
about the structure of the complex in question. Another tool we use is McMullen’s integral formula
[31, Proposition 2.3].

The structure of the paper is as follows. In Section 2, we review simplicial complexes and
introduce the main object of the paper, S(j,d—1), along with the requisite background on Stanley—
Reisner rings and stress spaces; we also derive several corollaries concerning the g-numbers. In
Section 3, we establish a version of the cone lemma and discuss one of its applications—Lemma 3.3.
Sections 4 and 5 are devoted to proving the two main theorems of the paper. We conclude in
Section 6 with a discussion of related open problems.

2 Preliminaries

2.1 Simplicial complexes and face numbers

An (abstract) simplicial complex A with vertex set V' = V(A) is a collection of subsets of V' that
is closed under inclusion and contains all singletons; that is, {v} € A for all v € V. An example of
a simplicial complex on V' is the collection of all subsets of V. When |V| = d + 1, this complex is a
d-simplez, and we usually denote it by o or by V when the vertex set of this simplex is important.

The elements of a simplicial complex A are called faces of A. A face 7 of A has dimension i if
|7| =i+ 1; in this case we say that 7 is an i-face. We usually refer to 0-faces as vertices, 1-faces
as edges, and the maximal faces under inclusion as facets. For brevity, we denote a vertex by v, an

'The condition that for d = 4, A ¢ S(1,3) is automatically satisfied, as all spheres in S(1,3) have g» > 2.



edge by uv, a 2-face by wvw, instead of {v}, {u,v}, and {u,v,w} respectively. The dimension of
A is max{dim7 : 7 € A}. We say that A is pure if all facets of A have the same dimension.

A set 7 C V is a missing face of A if T is not a face of A, but every proper subset of 7 is a
face of A. In analogy with faces, a missing i-face is a missing face of size i + 1. The collection of
the missing faces of A, together with its vertex set, uniquely determines A. For instance, the only
simplicial complex on a vertex set V with no missing faces is the simplex V.

Let 7 be a face of A. The star and link of 7 are defined as

st(7) =st(r,A) ={c €A : cUT €A}, k(7)) =1k(r,A) ={o €st(r) : onT =0}

When 7 = v is a vertex, we also define A\v = {0 € A : v ¢ o}; this subcomplex of A is called the
antistar of v.

A subcomplex of A is called induced if it is of the form A[W] = {r € A : 7 C W} for some
W C V(A). The subcomplex of A consisting of all faces of A of dimension < k is called the
k-skeleton of A and is denoted Skely(A); the 1l-skeleton of A is also known as the graph of A.
Finally, if A and I' are two simplicial complexes on disjoint vertex sets, then their join is

AxI'={ocUr:0€ A7}

If T is a O-simplex, that is, I' = {v, 0}, we write A * ' = A % v and call this complex the cone over
A with apex v.

Let F be a field. A pure (d — 1)-dimensional simplicial complex is an F-homology sphere if,
for every face o (including the empty face), the link lk(o) has the homology of a (d — 1 — |o])-
dimensional sphere (over F). Denote by ||A|l the geometric realization of A. We say that A is
a simplicial (d — 1)-sphere if ||A|| is homeomorphic to a (d — 1)-dimensional sphere. It is known
that a Z/2Z-homology sphere is always an R-homology sphere; see [11, Lemma 2.1]. Moreover, a
simplicial sphere is an F-homology sphere for any field F.

In this paper, we work with the class of Z/2Z-homology spheres, which we refer to simply as
spheres.? Let A be a (d — 1)-sphere. Denote by fi = f;(A) the number of i-faces of A and by
m; = m;(A) the number of missing i-faces of A. In particular, f; =0 if ¢ > d — 1, and m;(A) > 0
for at least one 1 < j < d. Let

f(A) = (f-1, fo,..., fa—1) and m(A) = (m1,ma,...,mg)

be the f-vector and the m-vector of A, respectively. The h-vector of A, h(A) = (hg, h1, ..., hq), is
obtained from the f-vector by the following invertible linear transformation:

J .
hy = hy(A) = 3 (~1)7~ (j:;) fii(A) for 0<j<d.
=0

The g-vector of A, g(A) = (g0, 91,---,9|d/2)), is defined by letting go = 1 and g; = h; — h;—; for
1 <j < [d/2]. When d is odd, we sometimes also consider gr,/o1-
The Dehn—Sommerville relations [12] assert that the h-vector of a (d — 1)-sphere is symmetric:
hi; = hq—; for all 0 < ¢ < d. In particular, it follows that every 2k-sphere satisfies g1 = 0.
Following the notation in [23], let S(i,d — 1) denote the class of Z/2Z-homology (d — 1)-spheres
all of whose missing faces have dimension at most i. Recall that a simplicial complex is flag if it

2The main reason for working with this class is that, unlike the class of simplicial spheres, it is closed under taking
links.



has no missing faces of dimension greater than 1, or equivalently, if it is the clique complex of its
1-skeleton. Thus, S(1,d — 1) is precisely the class of flag (d — 1)-spheres.

The following element of S(i,d — 1) deserves special attention. Write d = ¢i + r, where ¢ and r
are (uniquely defined) integers satisfying 1 < r <, and let K (i,d—1) = (00*)*1x00", where (0c")*1
denotes the join of ¢ copies of da’. It is known that the sphere K (i,d— 1) simultaneously minimizes
all the f- and h-numbers among all spheres in S(i,d —1); see [8, 23]. Furthermore, K(1,d — 1), the
boundary complex of the d-cross-polytope, simultaneously minimizes all the g-numbers among all
flag PL (d — 1)-spheres; see [26].

To close this section, we mention that, in analogy with simplicial spheres and F-homology
spheres, one can define simplicial balls and F-homology simplicial balls. The link of any face 7 of
an F-homology ball B is either an F-homology sphere or an F-homology ball. We call 7 an interior
face in the former case and a boundary face in the latter. A minimal interior face is an interior face
that contains no other interior faces. The collection of all boundary faces of B forms an F-homology
sphere of dimension one less than that of B. This sphere is called the boundary complex of B and
is denoted 0B.

In this paper, we use only R-homology balls, which we often refer to simply as balls. An R-
homology (d — 1)-sphere A is called (i — 1)-stacked if there exists an R-homology d-ball B such that
OB = A and B has no interior faces of dimension < d —i. Such a ball B is called an (i — 1)-stacked
triangulation of A.

The following simple result will be useful.

Lemma 2.1. If B is a ball with a unique minimal interior face T, then B =T = 1k(7, B).

Proof: Every facet of B is an interior face and hence contains a minimal interior face, namely 7.
Since B is pure, every face of B is contained in a facet, and therefore lies in the star of 7. Hence
B =st(1,B) =7 x lk(7, B). O

2.2 The Stanley—Reisner ring

Let A be a (d — 1)-dimensional simplicial complex with vertex set V' = V(A). Let F be a field of
characteristic zero, and let X = {z, : v € V'} be a set of variables, one for each vertex. Denote by
F[X] = F[z, : v € V] the polynomial ring over I in these variables. The Stanley-Reisner ideal of
A is the ideal of F[X] generated by the monomials corresponding to missing faces of A:

In = (zj,24, - xj,  {j1,...,Jk} is a missing face of A).

The Stanley—Reisner ring (or face ring) of A is the quotient F[A] := F[X]/Ia. This is a graded
ring. Its Hilbert series is given by ( Z?:o hi(A)t)) /(1 — t)%; see [30, Theorem I1.1.4]. A sequence
© of d linear forms 61, ...,6; in F[A] is called a linear system of parameters (1.s.o.p.) for F[A] if
the quotient ring F[A]/(01,...,04) is a finite-dimensional F-vector space; this quotient ring is then
called an artinian reduction of F[A].

In what follows, assume that A is a Z/2Z-homology (d — 1)-sphere. The Stanley—Reisner ring
of A is Cohen—Macaulay [28]; hence any l.s.o.p. © for F[A] is a regular sequence, that is, for each
1 <i<d, 6; is a non-zero-divisor on F[A]/(61,...,6;—1). Consequently, dimg (F[A]/(©)); = hi(A)
for all 0 < ¢ < d, where R; denotes the i-th graded component of a graded ring R. The fact
that any artinian reduction of the Stanley—Reisner ring of a (d — 1)-sphere A is a Poincaré duality
algebra then provides an alternative proof of the Dehn-Sommerville relations: h;(A) = hg—;i(A)
for all 0 <4 < d.



In this paper, we take {a, j € R:v € V,j € [d]} to be a set that is algebraically independent
over Q, and we let F = Q(ay; : v € V,j € [d]). The sequence © = (61,...,0q), where 0; :=
Y vey Qu,jTy for 1 < j < d, then forms an ls.o.p. for F[A]; see [30, Theorem III1.2.4]. The ring
F[A]/(©) is called the generic artinian reduction of F[A].

Let ¢ = >, cy Zo. The following result is the celebrated (algebraic version of the) g-theorem;
see [16, 29] for the case of simplicial polytopes and [1, 27, 2, 11], or, more specifically, [11, Theorem
1.3], for the case of spheres.

Theorem 2.2. Let A be a (d—1)-sphere, let F[A]/(©) be the generic artinian reduction of F[A], and
let c =3 cy Tv. Then, for every 0 < k < [d/2], the map -¢*2* : (F[A]/(©)), — (F[A]/(©))

s an isomorphism. In particular, the map

<: (FIA]/(8)), — (FIAl/(9)),,

is injective for all 0 < k < [d/2] — 1 and surjective for all |d/2] < k < d — 1. Consequently,
dimp (F[A]/(@,c))k = gr(A) for all k < [d/2].

k d—k

In view of this theorem, ¢ = Y .y, @, is called the canonical Lefschetz element. The inequality part
of the Generalized Lower Bound Theorem (GLBT, for short) then follows immediately:

Theorem 2.3. If A is a (d — 1)-sphere, then gp(A) > 0 for all k < |d/2].

Since F[A]/(©, ¢) is a standard graded algebra, Macaulay’s theorem [30, Theorem I1.2.2] implies
that the g-numbers form an M-sequence, that is, they also satisfy certain nonlinear inequalities.
Specifically, by [30, Theorem 11.2.2], if k£ < |d/2] and gy = (Z) for a nonnegative integer a, then
Gk+1 < (zﬁ) This leads to the following well-known statement:

Proposition 2.4. Let A be a (d — 1)-sphere. If gr(A) = 1 for some k < |d/2]|, then for all
k<3 <|d/2], we have gj(A) < 1. Furthermore, if gr(A) =0 for some k < |d/2], then g;(A) =0
for all k < j < [d/2].

2.3 More results on the g-numbers

Now we collect a few additional results on the g-numbers of spheres. We start with the following
elementary but extremely useful lemma, which applies to all pure simplicial complexes. It was
established for simplicial polytopes by McMullen [15, p. 183] and for all pure simplicial complexes
by Swartz [31, Proposition 2.3], and is known in the literature as McMullen’s integral formula.

Lemma 2.5. If A is a pure (d — 1)-dimensional simplicial complex, then for 0 < k < L%J,

> ge(k(v)) = (k+ 1)grar (D) + (d+ 1 — k)ge(A).
veV(A)

The following result addresses the equality part of the GLBT. Given a simplicial complex A,
define
A(j) = {7 CV(A) : Skel;(T) C A}.

Theorem 2.6. Let 1 < k < d/2 and let A be a (d — 1)-sphere. Then gi(A) = 0 if and only if A
is (k — 1)-stacked. Furthermore, if gp(A) =0, then A(d — k) = A(k — 1), and this complex is an
R-homology d-ball that provides a (k — 1)-stacked triangulation of A.



The implication gy = 0 = A(d—k) = A(k—1) is due to Nagel [21, Corollary 4.8]. The implication
ge(A) = 0 = Ais (k — 1)-stacked is due to Murai and Nevo [19, Theorem 1.3]. Finally, the
assertion that A being (k — 1)-stacked implies g = 0 is due to McMullen and Walkup [17].

We will also use the following characterization of k-stackedness in terms of the m-numbers,
proved in [20, Corollary 1.4]:

Proposition 2.7. Let d > 4 and let A be a (d — 1)-sphere. Then for 1 < k < |4] —1, A is
k-stacked if and only if gx(A) = mg_i(A).

Proposition 2.7 was motivated by the following result of Nagel [21, Corollary 4.6(a)]

Proposition 2.8. Let d > 4 and let A be a (d — 1)-sphere. Then for all 1 < k < [3] — 1,
9i(A) = ma—i(A).

Remark 2.9. Let k < d/2 and assume that A is a (d — 1)-sphere with g = 0. Then, by the part of
Theorem 2.6 asserting that A(k—1) = A(d—k), A has no missing j-faces for any k < j < d—k. On
the other hand, since A(d — k) is d-dimensional (see Theorem 2.6) and therefore strictly contains
A, it follows that A must have a missing face of dimension > d — k + 1. In particular, any sphere
in S(d — k,d — 1) satisfies g, > 1.

In this paper, we are interested in (d — 1)-spheres with g = 1. By combining Propositions 2.7
and 2.8 with Theorem 2.6, we obtain the following result:

Corollary 2.10. Let k < |d/2]| and let A be a (d—1)-sphere with gi(A) = 1. Then mg_,(A) < 1.
Furthermore, when k < |d/2] — 1, we have mg_i(A) =1 if and only if gp+1(A) = 0.

2.4 The stress spaces

In this subsection, we review the basics of linear and affine stresses. For further details, we refer
the reader to [13, 14] and [33, 34], and to [20, Section 2.3] for a more algebraic exposition.

Let F C R be a field, and let A be a (d — 1)-dimensional simplicial complex with vertex set
V =V(A). Amapp:V(A) = F CR?is called a d-embedding of A.

Continuing with the notation of Section 2.1, let X = {z, : v € V} and let F[X] be the
corresponding ring of polynomials. Each variable x, acts on F[X] by B%v; for brevity, we denote this
operator by 0,,. More generally, if © = x;, ---x;, € F[X] is a monomial, define 9,, : F{X| — F[X]
by p = Op, = Op, p. =37y byxy is a linear form in F[X], define

)
O FIX] = FIX] by p Y ly-Oup=) by
veV veV v

For a monomial p € F[X], the support of p is supp(p) = {v € V1 z,|u}.

A d-embedding p of A gives rise to the sequence ©(p) = (01,...,0y) of d linear forms, where
0; = > ey P(v)jzy. Now, let F = Q(ay; : v € V,j € [d]), where {a,; € R:v € V,j € [d]} is
algebraically independent over Q. In this case, the embedding p : V — F¢ defined by v — p(v) =
(Gp,1,---ayq), is called a generic embedding.

A homogeneous polynomial A = A(X) = > Aup € F[X] of degree k is called a linear k-stress
on (A,p) if:

e Every nonzero term A,u of \ is supported on a face of A, that is, supp(u) € A, and



e OpA=0foralli=1,...,d

Recall that ¢ = Y ., 2,. A linear k-stress X on (A, p) that also satisfies 9.\ = 3
called an affine k-stress.

It follows immediately from the definitions that the sets of linear k-stresses and affine k-stresses
on A form vector spaces over IF, which we denote by Sﬁ(A, p) and SE(A, p), respectively. When we
wish to emphasize the underlying field, we write Sﬁ(A, p;F) and SE(A, p;F). Furthermore, for all
k, the space SA(A, p) is the kernel of 9. : SL(A,p) — Si_ (A, p).

The spaces Sﬁ(A,p) and SP(A,p) coincide with certain graded components of the Macaulay
inverse system of Ian + (O(p)) and Ia + (O(p), ¢), respectively; see [20, Section 2.3] for details.
Consequently, the dimensions of Sﬁ(A, p) and SP(A,p) agree with the dimensions of the k-th
graded components of F[A]/(O(p)) and F[A]/(O(p), ¢), respectively (see [14] or [20]). In particular,
the following (weaker) restatement of the g-theorem (Theorem 2.2) in the language of stress spaces
holds:

eV aa;v)\ - 0 iS

Theorem 2.11. Let (A, p) be a (d — 1)-sphere with a generic embedding p, and let 0 < k < [d/2].
Then dim Sp(A,p) = dimSY (A, p) = hi(A) and dim SHA, p) = gi(A). Moreover, if k > 0, the
linear map O, : S,ﬁ(A,p) — Sﬁ_l(A,p) is surjective. In particular, if d is odd and k = (d + 1)/2,
then this map is an isomorphism.

Let A = > Aup be either a k-linear or a k-affine stress on (A, p), and let o be a (k — 1)-face
of A. We write z, := [[,c, #v and As := Ay,. By [14, Theorems 9, 11], a k-stress A is uniquely
determined by its squarefree part ) A o=k Ao To-

We write supp(\) for the subcomplex of A generated by all (k — 1)-faces o with A\, # 0. We
also say that A\ lives on a subcomplex I' C A if supp(A) C I'. For instance, 0, A is a (k — 1)-stress
that lives on st(v). Finally, we say that a face 7 participates in A\, or that 7 is in the support of X,
if 7 € supp(A).

3 The cone lemmas

Assume A is a simplicial complex of dimension d — 2 and let I be the cone over A. It is known
that, for appropriately chosen embeddings of A in R and of I' in R?, the stress spaces of A and
I are isomorphic; see, for instance, [14, Theorem 10], [25, Lemma 3.2]. Statements of this form are
referred to as cone lemmas in the literature. The importance of the following version of the cone
lemma is that it allows us to describe how the support of a stress on A relates to the support of its
image on I'.

Lemma 3.1. Let A be a (d — 2)-dimensional simplicial complex with V(A) = [n], and let T' = 0x A
be the cone over A. Let p' : [n] — RY! be an embedding of A such that the set of coordinates
{P'(s)t : s € [n],t € [d— 1]} is algebraically independent over Q, and define F' = Q(p/(s): : s €
[n], t € [d—1]). Let ay,...,a, € R be algebraically independent over F', and let F C R be any field
that contains F'(ay,...,a,). Define an embedding p : {0,1,...,n} — F?% of T by

p(0) = (0,...,0,—1), p(s) = ((1+as)p'(s),as), fors € [n].

Then, for all 1 < i < d — 1, there exists a linear map of F'-vector spaces 1; : S{(A,p/;F') —
SH(T,p;F) such that: 1) for any w' € SEHA,p'; F'), supp(yi(w')) = Skel;_1 (0 * supp(w’)), and 2) if
=3 x5 and c =370 xj, then i1 (0pw') = Oc(¢i(W')).

7



In other words, statement 2) implies that the following diagram commutes:

SHA, P3Py —Y s SUT, p; F)

0| |2

Sf—l(Aa p/; F/) b Sig—l(ra b; F)

We refer to the map ; as the lifting map.
Proof:  The construction of 1); is similar to that of [25, Lemma 3.2], and so we omit some details.
In our setting, the ls.o.p. for F[I'] corresponding to p is given by 6; = > o (1 + as)p'(s)zs,

for 1 <t <d-1,and 05 = —z¢ + 3", aszs. Given w’ € SH(A,p'; '), define polynomials in
Flxy,...,z,] recursively by

/ 4o In
= d
WO(mla 7xn) w <1+(Ll’ 71+an)7 an
1 n
i -— E 0, Vo< <i—1. 3.1
Wji+1 i+ 1 2 s Og Wy, S ( )

In particular, wy = Yo as Oz, wo. We then define
/L' .
i (W) == Zxé cwi(T1, ..., 2n) € Flzg, 21, ..., 20
§=0

Computations analogous to those in [25, Lemma 3.2] show that ;(w’) is in SH(T',p;F). Hence,
1; is a well-defined map from Sf(A, p'; ') to SH(T',p;F). In fact, these computations show that if
A= Zé’:o xé - A\j is any element of Sf(F,p;F), where \j € Flz1,..., 2], then for all 0 < j <i—1,
Aj+1 is determined from Ag via equation (3.1). This holds independently of whether A lies in the
image of ;.

To see that ¢;_1(0xw') = 0.(¢i(w')), note that

) i
ac(¢i(wl)) = ac’WO + ijéil . U.)j + Zxé . 8C/wj.
j=1 j=1

In particular,

8C/w0+w1:Z(1+as)8xsw0:Z(8x5w/)< RS ):(ac,w’)< LSRR >

14+a;"  14a, l14a’  1+a,

s=1 s=1

is the constant term of ¢;_1 (0~ (w’)) expanded as a polynomial in zp. Since both ;_1(dxw’) and
Oc(1i(w")) are elements of Sf_, (T, p; ), and since, by the discussion in the previous paragraph, any
linear stress on I' is determined by its constant term, we conclude that these stresses are identical.

It only remains to prove that for i > 1, supp(¢;(w’)) = Skel;_; (0 * supp(w’)). The definition of
wp ensures that every (i — 1)-face that is in supp(w’) is also in supp(;(w’)). Assume now that G is
an (i — 2)-face in supp(w’). To complete the proof, we have to show that G U0 is in supp(;(w’)).
Write w' = (37, £jz;)rc + a, where ¢; € F' and no term of « is divisible by zg. (When i = 1,

8



we have G =0, @ = 0, and w’ = > 7, {;7;.) The assumption that G' € supp(w’) guarantees that

at least one of ¢; is nonzero. We then obtain:

Oz (wl(w’)) = Opowi(T1,...,2Tn) = Oy [Z as Oy, wo(T1,. .. ,xn)]
s=1

[ n
I Iy
= 0 0 !
TG SZIGS Ts (w (1+a17 71+an>)]

n

_TL
ix,; T
= 0 as Oy, I
o | 200 | T Mol 7 o0

7j=1
1 2€jaj Ejaj
= + e/
[Trea (1 + ax) j%(:;“'aj j%lﬂ”ﬁ
Since ¢; € F/ and at least one of them is nonzero, and since ay, .. ., a, are algebraically independent
over /', we conclude that 9, ,(¢i(w')) # 0. Thus, GUO € supp(¢;(w')). O

Since the maps ¢;, 1 <i < d— 1, of Lemma 3.1 satisfy ¢;_1(9yw’) = 0.(¢;(«")), it follows that
the restriction of ¢; to S*(A, p/; F’) defines a map from S%(A, p’;F') to S*(T', p; F). This implies the
following affine version of Lemma 3.1, which will be used in Sections 4 and 5.

Lemma 3.2. Under the assumptions of Lemma 3.1, for all 1 < i < |(d —1)/2], there ezists a
linear map of F'-vector spaces 1; : S*(A,p';F') — SH(T,p;F) such that for any ' € S*(A, p';F'),
supp(¥i(w')) = Skel;—1 (0 * supp(w’)).

Consider a (d — 1)-sphere A with a generic embedding p. In this paper, we often apply Lem-
mas 3.1 and 3.2 to the subcomplexes A = lk(u) and I' = st(u) = ux A of A, where u € V(A)
is a vertex. If 2k < d, then by the partition of unity theorem for affine stresses [26], SE(A,p) =
2 uev(a) Sk(st(u),p), and hence any affine k-stress on A can be expressed as a sum of affine k-
stresses that live on vertex stars. When 2k = d, the space S (A, p) is much more mysterious. The
following lemma, whose proof utilizes Lemma 3.1, sheds some light on this space in the case where
A € S(k—1,2k —1). This lemma will be essential in Section 5.

Lemma 3.3. Let d = 2k, and let A € S(k—1,2k —1). Let {asj: s € V(A),j € [d]} CR bea
set of numbers algebraically independent over Q, and let F = Q(as; : s € V(A),j € [d]). Define
q:V(A) = F4byq(s) = (asi,...,asq) for all s € V(A). Then, for every edge wv € A, there erists
a stress w € SP(A, ¢;F) with the following properties: supp(w) C st(u) Ust(v), and there exists a
face o € supp(w) such that u € o but o ¢ st(v).

In the proof, we will consider the map 0. acting on the stress spaces associated with lk(u), st(u),
and st(v). To avoid confusion, we denote these maps by ¢/, ¢, and ¢, respectively.

Proof:  Consider the d x |V(A)| matrix A, whose columns are labeled by the vertices of A and
whose (j, s)-entry is a,; for all s € V(A), j € [d]. Fix an edge uv and perform the following row
operations: for each j € [d — 1], divide the j-th row of A by a, ;, and divide the d-th row of A by
—ay,q. Then, for each 1 < j < d— 1, add the resulting d-th row to the resulting j-th row to obtain
a new matrix A. Thus, for j € [d — 1], the (j, s)-entry of A is ZZ; — 224 " while the (d, s)-entry of

au,d’
1 - ag.d
Alds — =2,
Ay, d




These operations do not change the row space of the matrix A over F. As a result, in Flz, : s €
V(A)], the ideal generated by the rows of A—that is, by §; = >, as jz, for j € [d]—coincides with
the ideal generated by the rows of A. Consequently, for all i, Sf(A, q; F) coincides with Sf(A, p; F),
where the embedding p is given by the columns of A.

Let p’ : V(A)\u — R%! be the embedding given by

P = (22 - 2 ) (122 orje - 1)

Ay, 5 Aoy, d Qy,d

and define F' = Q (p/(s); : s € V(A)\u,j € [d —1]). Then F = F'(asq,au;: s € V(A),j € [d—1]),
and the complexes A = lk(u) and T' = u x lk(u) = st(u), endowed with embeddings p’ and p,
respectively, satisfy the conditions of Lemma 3.1. Thus, for each ¢, Lemma 3.1 provides the lifting
map

¥+ SE(k(u), p's F) — SE(st(u), p; F).

Consider the map
¢l Sh(lk(u), '3 F') = Sh_y (Ik(u), /s F'), A= e\

Since lk(u) is a (2k — 2)-sphere, this map is an isomorphism. Moreover, since A € S(k—1,2k — 1),
it follows that lk(uv) € S(k — 1,2k — 3), and hence, by Remark 2.9,

0 < gr—1(k(uv)) = hg—1(Ik(uv)) — hx—o(lk(uv)) = hr—_1(Ik(uv)) — hi(lk(uv)).
Since v * lk(uv) = st(v, lk(u)), we conclude that

dim S¢ (st (v, Ik(uw)),p's F) = hi(st(v,1k(w))) = hi(lk(u))
< hp—1(Ik(uww)) = dim Sf_, (st(v,1k(w)), p’; F').

Hence, there exists a linear (k — 1)-stress w’ € Sf._,(Ik(u),p/; F’) such that the support of w' is a
subcomplex of v * Ik(uv) = st(v,1k(u)), while the support of (¢/,)~!(w’) contains faces that are not
contained in st(v, Ik(u)). We set w = 1hy_1(w') € Sf_,(st(u),p; F) C Sp_, (A, p; F).

Finally, we consider the maps

bu : SE(st(w), p;F) 2 SE_ (st(w), p; F), o = SE(st(v), p:F) %5 SE_ (st(v), p; ).

These maps are also isomorphisms. Observe that, by Lemma 3.1 and our choice of ', the support
of w is a subcomplex of st(uv), whereas the support of ¢, (w) = ¥ ((¢],)"(w')) has some faces
that are not contained in st(uv). Thus, we may regard w as an element of both Sf_,(st(u), p; F)
and St (st(v), p; F). We define @ := 1,(¢5 1 (w)) —tp(dy 1 (w)) € SL(A, p; F), where ¢, and ¢, are the
natural inclusion maps between the stress spaces on st(u), st(v), and on A. It is a linear k-stress
with 0.0 = w—w = 0, and hence it is an affine k-stress. We show that @ has the desired properties.

If there is a face o € supp(¢, ' (w))Nst(u) such that u € o and o ¢ st(v), then o ¢ supp(¢, 1 (w))
because ¢, (w) lives on st(v). This implies that o € supp(w), as desired.

Otherwise, ¢, !(w) lives on st(uv) U lk(u). Since it is not supported on st(uv), there exists a
face o € supp(¢y, *(w)) Nlk(u) with o ¢ st(uv). Thus o is an interior face of the ball Ik(u)\v, and
hence contains a subset 7 that is a minimal interior face of lk(u)\v. In particular, 7 is a missing
face of lk(v,lk(u)) = lk(uv, A), and therefore 97 * uv C A. On the other hand, since 7 € lk(u),
we have 7 U u € A. This implies that either 7 Uv or 7 Uwu U v is a missing face of A. In either
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case, since A € S(k — 1,2k — 1), we obtain dim7 < k — 2. By Lemma 3.1, the support of ¢, *(w)
is of the form Skel,_1(C * u), where C is the support of (¢!,)~!(w'). Hence T * u € supp(¢y*(w)),
a contradiction to the assumption that ¢, *(w) is supported on st(uv) U lk(u). O

Remark 3.4. In the case k = 2, it is known that if A € S(1,3) and p is a generic embedding,
then, for every edge uwv € A, the framework (st(u) U st(v),p) is rigid and supports a nontrivial
affine 2-stress. For k& > 2 and A € S(k — 1,2k — 1), an analogous (k — 1)-skeletal rigidity of the
union of the stars of adjacent vertices may fail. Nevertheless, Lemma 3.3 still allows us to locate a
nontrivial affine k-stress that lives on this subcomplex.

Remark 3.5. Lemma 3.3 holds not only for spheres in S(k — 1,2k — 1) but also for certain other
(2k — 1)-spheres under additional conditions on the links of u and v. For example, using the
same proof, one can show that, given any (2k — 1)-sphere A with a generic embedding, there
exists a nontrivial affine k-stress supported on st(u) Ust(v), where uv is an edge, provided that (1)
gr—1(Ik(uv)) > 0, and (2) every face that lies in lk(u) N 1k(v) but not in lk(uv) has dimension at
most k — 2.

4 Proof of the first main result

We are now in a position to prove the first main result of the paper:

Theorem 4.1. Let d > 2k, and let A € S(d — k,d — 1). Assume further that if d = 2k, then
A ¢ S(k—1,2k—1). Then gi(A) = 1 if and only if one of the following holds: (1) A = o@F xT,
where T is a (k — 1)-sphere, or (2) A = dc7 x 0%~ for some j with k < j < |d/2].

One direction of the theorem is immediate. Indeed, it is known (and easy to verify) that (1)
hi(do?) =1 for all 0 < i < j; (2) if I'is a (k — 1)-sphere, then hg(T') = 1; and (3) hi(A*T) =
> j=0 hj(A)hi—j(T) for any simplicial complexes A and I' and any 4. These results imply that if A
is one of the complexes described in the theorem, then gi(A) = 1.

In the remainder of this section, we focus on the other direction. Throughout, let A be a sphere
satisfying the conditions of Theorem 4.1. To prove the theorem, we consider the following three

cases separately: d > 2k + 2, d =2k + 1, and d = 2k.

4.1 d>2k+1

We begin with the case d > 2k + 2. Recall that, by Proposition 2.4, if £ < d/2 — 1 and A is a
(d — 1)-sphere with g, = 1, then the tail (gx, gk11,- -, g|a/2)) of the g-vector consists of a string of
ones followed by a (possibly empty) string of zeros. To complete the proof of Theorem 4.1 in this
case, it therefore suffices to verify the following result.

Proposition 4.2. Let k < d/2 —1, and let A € S(d — k,d — 1) satisfy gr(A) = 1. Suppose there
exists an integer j with k < j < (d—2)/2 such that gj(A) # 0 but gj+1(A) = 0. Then either: j =k,
in which case A = 0o?F x T for some (k — 1)-sphere T', or j > k, in which case, A = o9 x 9o’
On the other hand, if no such j evists—that is, if g|q/2)(A) = 1—then A = dold/2] x §old/2],

Proof: ~ Assume first that there exists k£ < j < (d — 2)/2 such that g; = 1 but gj11 = 0. Since

gj+1(A) =0 and j+1 < d/2, A is j-stacked. Furthermore, by Corollary 2.10, mgq_;(A) = 1 and
mq—¢(A) =0 for all k < ¢ < j—1. Our assumptions also imply that mg_, = 0 for all £ < k. Thus, A
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has a unique missing (d — j)-face, which we denote by 7, and no missing faces of dimension greater
than d — j. Let T'= A(d — j — 1) be the j-stacked triangulation of A from Theorem 2.6. Then 7 is
the unique minimal interior face of this triangulation. Hence, by Lemma 2.1, T'= 7 % Ik(7,T'), and

A =0T = 0(F *Ik(r,T)) = 07 « Ik(r, T).

Let T' := 1k(7,T); it is a (j — 1)-sphere, and one easily checks that gi(A) = hg(T'). Thus, hg(T') = 1.
Observe that if j = k, then any (k — 1)-sphere I' satisfies hy(I') = 1. However, if j > k, then the
only (j — 1)-sphere I" with hy(I') = 1 is the boundary of a j-simplex. This completes the proof of
the case gj+1(A) = 0.

We now consider the case g|4/2/(A) = 1. In this case, it suffices to show that A is the join of
the boundary complexes of two simplices whose dimensions sum to d. The fact that dimensions
of those simplices are |d/2] and [d/2] then follows from our assumption that g q/2/(A) # 0. By
McMullen’s formula, 3- ey (a) 9k (Ik(v)) = (k + 1)gk41(A) + (d — k + 1)gk(A) = d + 2. Hence there
are exactly d 4 2 vertices whose links have g = 1.

If the total number of vertices is d 4+ 2, then A is the join of the boundary complexes of two
simplices whose dimensions sum to d (see [9, Section 6.1]), and the result follows. Hence assume
that A has at least d+ 3 vertices, and let w be a vertex with gi(lk(w)) = 0. Then lk(w) is a (d — 2)-
sphere, gi(lk(w)) =0, and k& < (d — 1)/2. By Remark 2.9 (specifically, its penultimate sentence),
applied to lk(w), it follows that lk(w) has a missing face of dimension > (d — 1) —k+1=d — k.
Thus either 7 or 7 U w is a missing face of A. However, our assumptions that A € S(d — k,d — 1)
and that g|4/2)(A) = 1, together with Corollary 2.10, guarantee that m,(A) = 0 for all £ > [d/2].
Since d — k > [d/2], it follows that neither 7 nor 7 Uw can be a missing face, yielding the desired
contradiction. O

We now consider the second case, d = 2k + 1. The argument proceeds in an analogous manner,
again relying on McMullen’s formula and the GLBT. We recall that, by the Dehn—Sommerville
relations, any 2k-sphere satisfies hy = hgy1, or equivalently, gxr1 = 0.

Proposition 4.3. If A € S(k + 1,2k) satisfies gp(A) = 1, then A is the join of do*T! and a
(k — 1)-sphere.

Proof:  Let A be a sphere in S(k + 1,2k) with g5 (A) = 1. By McMullen’s formula,

> gr(k(v)) = (k+ 1)gps1(A) + (k + 2)gr(A) =k + 2.
veV(A)

Hence there are exactly k + 2 vertices whose links satisfy gr = 1; for every other vertex w, lk(w)
is a (2k — 1)-sphere with g = 0. It follows from Remark 2.9 that for such w, lk(w) has a missing
face 7 of dimension > 2k — k + 1 = k 4+ 1. Then either 7 or 7 Uw would be a missing face of A.
However, since A € S(k+1,2k), the latter case is impossible. Therefore, 7 is a missing (k+ 1)-face
of A. Now, for every vertex u € 7, the set 7\u is a missing k-face of lk(u). By Remark 2.9, this
implies gx(lk(u)) = 1. Since there are k + 2 vertices in 7, it follows that the vertices of A whose
links satisfy g = 1 are precisely the vertices of 7. Moreover, A has no other missing (k + 1)-faces;
otherwise there would be more than k + 2 vertices whose links satisfy g = 1.

We conclude from the above discussion that for every vertex w not in 7, the link of w is a (k—1)-
stacked (2k — 1)-sphere and 7 is its unique missing (k + 1)-face. As in the proof of Proposition 4.2,
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this implies that lk(w) = 07 x Sy, for some (k — 2)-sphere S,,. In other words, st(w) = 9T * w * Sy,.
Now, every facet of A contains a vertex that is not in 7. Thus,

A = Upgr st(w) = 0T * [Uygrw x Sy

To summarize, A is the join of two complexes one of which is 97 = do**1. Since A is a 2k-sphere,
the remaining factor must be a (k — 1)-sphere. The result follows. O

4.2 d=2k

As our final case, we consider a sphere A with gx(A) = 1 that lies in S(k,2k — 1) but not in
S(k—1,2k—1). Let the vertex set be V' =V(A), and let 7 = {v},...,v;,,} be a missing k-face of
A. Our goal is to show that A is the join of 0T with a (k — 1)-sphere; see Proposition 4.7 below.
The proof relies on several lemmas. To start, choose a generic embedding ¢ : V(A) — R?! as in
Lemma 3.3, and let w be the unique affine k-stress on (A, ¢; F), up to scalar multiplication.

For each 1 < i < k + 1, the face 7\v} is a missing (k — 1)-face of the (2k — 2)-sphere 1k(v}).
Define A = lk(v]) U{7\v}}, so that A is obtained from lk(v}) by adjoining this one missing face. We
endow A (equivalently, Ik(v})) with the embedding p’ defined in the proof of Lemma 3.3, where v]
plays the role of u. The following result continues to use the notation of Section 3; in particular,
we define F” as in the proof of Lemma 3.3, and we let ©’ be the set of 2k — 1 linear forms associated
with p’. The proof is standard, so we only sketch it.

Lemma 4.4. For all j < k, dim(F'[A]/(©)); = h;j(A).

Proof: By definition of A, we have F'[A]; = F'[lk(v})]; for all j < k — 1, while for j = k, there is a
natural surjection F'[A]; — F'[Ik(v})];. Furthermore, since lk(v}) is Cohen-Macaulay, the sequence
©' is regular on F'[lk(v})]. It follows that for all 1 <r <2k — 1 and j < k, multiplication by 6/,

O (FIN/(O 00 ), — (FA)/(8. .6 )),

is injective, and hence the sequences

.9/
0— (F,[A]/( /1"-'7 '/r—l))j,1_§ (]F/[A]/( ia'-'v ;_1))]'—) (F,[A]/( /17"-a '/r—lv ;))]—>0
are exact. Standard Hilbert-function calculations then give the claim. O

By Lemma 4.4,
dim(F'[A]/(6'))i = hi(A) = hi(Ik())) + 1 = by (Ik(0)) + 1,

while dim(F'[A]/(©"))k—1 = hi—1(Ik(v})). Thus the affine stress space Sg(A,p’;F') is at least 1-
dimensional. Lemma 3.2 then implies that Sf(A * v}, p;F) is also at least 1-dimensional. On the
other hand, since the subcomplex st(v)) U {7\v} of A and A * v} have the same (k — 1)-skeleton,
and since w is the unique affine k-stress on (A, ¢; F) up to scalar multiplication, this stress space is
in fact 1-dimensional and is spanned by w. We obtain the following result.

Lemma 4.5. For every 1 <1i < k+1, the stress w lives on st(v,) U{r\v,}. Furthermore, for each
1 <i<k+1, the support of w is of the form supp(w) = Skely_; (v} * C;) for some subcomplex C;
of Ik(u]) U {r\e/}.
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Lemma 4.5 leads to the following structural result about A.

Lemma 4.6. If a (k — 1)-face G € A[V\7] participates in w, then O x G is a subcomplex of A.

Proof: Pick any v} € 7. By Lemma 4.5, the stress w lives on st(v]) U{7\v,}. Hence if G € supp(w)
and 7 NG = 0, then G € lk(v]). Moreover, the second part of Lemma 4.5 implies that for every
v € G, the (k — 1)-face (G\v) U v} also lies in the support of w. Now pick any v;- € 7 with j # 4.
Since w also lives on st(v;) U {7\v}}, it follows that (G'\v) Uv; must be in the star of v}. This
implies that replacing any two vertices of G with any two vertices of 7 yields a (k — 1)-face of
A. By Lemma 4.5, this face also participates in w. Iterating this argument, we conclude that
Skel,_1(07 * G) is a subcomplex of A.

To complete the proof, observe that any two missing k-faces K, K’ of A must be disjoint.
(Indeed, if v € K N K’, then S (st(v) U{K\v, K"\v}) has dimension at least 2, contradicting the
assumption that gi(A) = 1.) Since |[TUG| = 2k+1 < 2k + 2, it follows that 7 is the unique missing
k-face of A[r U G]. Moreover, because Skel,_1(97 x G) is a subcomplex of A, we conclude that
Skel, (07 * Q) is also a subcomplex of A. Finally, since A has no missing faces of dimension greater
than k, it follows that 07 * G is a subcomplex of A. O

We are ready to complete the proof of Theorem 4.1 by verifying the following result.

Proposition 4.7. Let A € S(k,2k — 1)\S(k — 1,2k — 1) be a sphere with g = 1, and let T be a
missing k-face of A. Then A is the join of 0T and a (k — 1)-sphere.

Proof:  We continue with the notation introduced above; in particular, we write 7 = {v],..., v}, )
We also let V\7 = {v1,...,vy}. Then for each i = 1,...,k+ 1, the link of 7\v/ is a (k — 1)-sphere,
which we denote by S;. Our goal is to show that S1 =--- = Si41.

By Lemma 4.6, if a face G € A[V\7] participates in w, then G must belong to the intersection of
S1,...,Sk+1. Consequently, if not all (k—1)-spheres S, ..., Sk41 are identical, then (supp(w))[V\7]
is a proper (possibly empty) subcomplex of Sj. It follows that either no (k — 1)-face of A[V\7]
participates in w or there exists a (k—2)-face H € A[V'\7] that is contained in a unique (k —1)-face
G € (supp(w))[V\7].

We claim that neither of these two cases can occur. We begin with the latter case. By relabeling
the vertices if necessary, we may assume that H = {v1,...,v5_1} and G = {v1,...,v;}. Then the
stress w can be written in the form

k+1

k—1
w=zxH Zaixvi + By, + Z’ijv; + Z Opuft-
i=1 j=1

THip

Consequently, 0, ,w = Ef;ll 20y, + BTy, + Zfill ViTo!, is a nontrivial affine 1-stress on A. How-

ever, the corresponding affine dependence involves only 2k + 1 points in R?*. Since the embedding

is generic, these points cannot be affinely dependent, and therefore no such affine 1-stress can exist.
The former case can be handled in a similar manner. For each (k — 2)-face H' in supp(w),

consider the size of H' N {vy,..., vy}, and let H be a face for which this size is maximized. Say,
H={v,...,v,0},...,v;_;_,} for some 0 < ¢ <k — 1. Then w can be written as
¢ k+1
w=2xy Zaixvi + Z’ijv; + Z 5H,u.
=1 J=1 zprtp
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Taking the partial derivative 9, ,,, we obtain an affine dependence among ¢ + (k + 1) < 2k generic
points in R?*. This is again impossible.

Hence all the spheres Si,...,Sk11 are the same sphere S, and 07 % .S is a subcomplex of A.
Since 0T % S is a (2k — 1)-sphere, we must have A = 97 x S. O

5 Proof of the second main result

The goal of this section is to characterize all 5-spheres in S(2,5) with g3 = 1; see Theorem 5.6.
Throughout this section, let A be a sphere in S(2,5) with g3(A) = 1, equipped with a generic
embedding ¢ as in Lemma 3.3. Let w € S§(A, ¢;F) be the unique affine 3-stress on A, up to scalar
multiplication. We will repeatedly use the fact that, by Lemma 3.3, for every edge ab € A, the
support of w is contained in st(a) U st(b). Below, we exploit this observation to establish several
properties of the support of w, which, in turn, enable us to prove results about the structure of A.

Lemma 5.1. Every vertez of A is in supp(w).

Proof: ~ By Lemma 3.3, for every edge ab € A, the support of w is contained in st(a) U st(b);
furthermore, there exist faces F,, F;, € supp(w) such that a € F,, b € F,, but F,, F, ¢ st(ab). In
particular, a and b are in the support of w. As every vertex is contained in some edge of A, this
implies that every vertex of A participates in w. O

Lemma 5.2. Let ab € A, and let y € V(A)\{a, b} be a vertex not in lk(ab). Then at least one of
the pairs ay and by is an edge contained in supp(w). In particular, every missing 2-face of A has
at least two edges contained in supp(w).

Proof: ~ View w as an affine 3-stress on st(a) U st(b). Following the notation of the proof of
Lemma 3.3, we can write w = t4(¢; () — t4(¢, () for some linear 2-stress o on st(ab). By
Lemma 5.1, we have y € supp(w), and hence y must lie in the support of either ¢, () or gbb_l(a).
Assume, without loss of generality, that y lies in the support of ¢, (a) = ¥a((4,) (/). Here,
following the notation of the proof of Lemma 3.3, v, is the lifting map from (lk(a), p’) to (st(a),p),
the map ¢/, : S5(1k(a), p’) — S5(1k(a),p’) is an isomorphism, and ' is a linear 2-stress on (lk(a), p’).
Then, by Lemma 3.1, ay is an edge and also lies in the support of ¢;!(a). Since y ¢ lk(ab), we
have aby ¢ A, and hence ay ¢ st(b). Thus ay does not lie in the support of qbb_l(a). Consequently,
ay € supp(w), as desired.

Now assume that aby is a missing 2-face. Applying the first statement to each edge of aby and
the opposite vertex shows that, for every vertex of aby, at least one of the two edges of aby incident
to that vertex lies in supp(w). This implies that at least two edges of aby are contained in supp(w),
proving the second statement. O

We now use the properties established above to show that the graph of A must be a complete
graph. We begin by proving the following weaker result.

Lemma 5.3. The graph of A is a complete multipartite graph with at least siz parts.

Proof:  Assume that ab is not an edge. We claim that the set of neighbors of a coincides with that
of b. Indeed, suppose that y is a neighbor of a but not of b. Since ay € A and b ¢ lk(ay), Lemma 5.2
implies that at least one of ab and by is an edge contained in supp(w). This is impossible, since
neither ab nor by is an edge.
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Let I be a maximal independent set of A with respect to inclusion. The above claim implies
that each vertex in I is connected to every vertex of A not in I. Since this holds for all maximal
independent sets, the maximal independent sets partition the vertex set of A, and the graph of A
is the complete multipartite graph with these parts. Moreover, since dim A = 5, there are at least
six parts. ]

To show that A has a complete graph, we need a few additional definitions. An edge uv of A
is called contractible if uv is not contained in any missing face. If uv is contractible, then one can
contract uv and obtain a new simplicial complex A’ by replacing the vertices u and v with a new
vertex u'. Every face 7 containing u, v, or both is then replaced by (7\{u,v})U{u'}, while all other
faces remain unchanged. The resulting complex A’ is a (homology) 5-sphere; see [24, Proposition
2.3].

In what follows, we write (u1,ua, ..., u;) to denote the j-cycle with edges ujua, . .., uj—1u;, uju;.
We also write H;(A) to denote the i-th reduced homology group of A with coefficients in Z/2Z.

Lemma 5.4. If A has a contractible edge, then A is the join of three 3-cycles.

Proof: Let wv be a contractible edge of A, and let A’ be the 5-sphere obtained from A by
contracting uv to a new vertex u’. By [22, page 172], h;(A) = h;i(A") + hi—1(Ik(uwv)) for all ¢ > 1.
This implies that g3(A’) = g3(A) — g2(lk(uv, A)). Since A € S(2,5), we have lk(uv) € S(2,3). By
Remark 2.9, g2(1k(uv)) = 1, and hence g3(A’) = 0. By Theorem 2.6, A’ is therefore 2-stacked.

Moreover, by [24, Theorem 1.3], the conditions g2(lk(uv)) = 1 and lk(uv) € S(2,3) imply that
Ik(uv) = 07 * C, where T is a 2-simplex and C' is a cycle. Note that 7 ¢ A’; otherwise, 7 would be
contained in a missing face of dimension greater than 2 in A. Hence 07 is an induced 3-cycle of
A’. Therefore, A’ is 2-stacked but not stacked, and so it must have at least one missing 4-face.

Let {a,b,y, z,u'} be a missing 4-face of A’, and write o = {a,b,y, z}. Then A[o Uuv] contracts
to A'loc U] = do U/; in particular, o € A. We claim that K := Ao U uv] is the join of two
3-cycles. First, observe that the subcomplex of A induced by V(A)\(c Uwuv) and the subcomplex
of A" induced by V(A’)\(0 U') are identical. Hence, by Alexander duality [18, Theorem 71.1],
Hy(K) = Hy(A'lo Un]) £ 0.

Now K has only six vertices, and all missing faces of K have dimension at most 2. Let K* be
the combinatorial Alexander dual of K. By another form of Alexander duality [6], H3(K) # 0 and
fo(K) = 6 imply that ﬁﬁ_g_g(K*) # 0, and so K* is disconnected. On the other hand, the facets
of K* are precisely the complements of the missing faces of K. Since all missing faces of K have
dimension at most 2, every facet of K* has dimension at least 2. Hence every connected component
of K* contains a 2-simplex and therefore at least three vertices. Because K™ is disconnected and
has only six vertices, it follows that K™ is the disjoint union of two triangles. Consequently, K is
the join of two 3-cycles—the boundaries of these two triangles.

Since uv is not contained in any missing 2-face, we may assume, without loss of generality,
that Ao Uwv] = (a,b,u) * (y,z,v). Thus lk(uv, A) contains the 4-cycle (a,y,b, z) as an induced
subcomplex. Since lk(uv, A) = 97 * C for some cycle C, it follows that lk(uv, A) = 07 * (a,y, b, 2).
Furthermore, since every missing face of dimension > 4 in A’ contains u/, this argument shows that
any other missing 4-face p U u' would produce a distinct induced 4-cycle in lk(uv, A) on the vertex
set p, contradicting the fact that lk(uv, A) = 07 * (a,y, b, z) has a unique induced 4-cycle, namely
(a,y,b,z). Therefore, o U’ is the only missing 4-face of A’.

Similarly, if A’ has a missing 5-face, then it must be of the form ¢/ Uw’. Consider the complex
Alo’ U uv], which contracts to A’[o’ Uu/] = do’ Uw/. The same argument as above shows that
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Ao’ Uuw] is a simplicial complex on seven vertices with .F~I4 # 0 and no missing faces of dimension
greater than 2. An application of Alexander duality similar to the one in the 6-vertex case shows
that no such 7-vertex complex can exist. Hence A’ has no missing 5-faces.

Therefore, since o U v’ is the unique missing 4-face of A’ and A’ has no missing 5-faces, it is
the unique minimal interior face of the 2-stacked 6-ball A’(2). By Lemma 2.1, the 2-stacked 6-ball
A’(2) is the join of the 4-simplex o U v/ and its link, which is a 1-sphere and hence a cycle. Since
0T C lk(uv) C A, this cycle must be 97. It follows that A = 07 x Ajo Uuv] = 07 * (a, b, u) * (y, z,v),
as desired. 0

Proposition 5.5. The graph of A is a complete graph. Moreover, every edge in the support of w
s contained in at most one missing 2-face.

Proof:  Recall from Lemma 5.3 that the graph of A, G(A), is a complete multipartite graph.
Thus, to show that G(A) is a complete graph, it suffices to show that each part of G(A) consists
of a single vertex.

First, we prove that at most one part of G(A) can have size greater than 1. Assume, for
contradiction, that there are at least two such parts. Then there exist four vertices a, b, y, z such
that the subcomplex induced by these vertices is the 4-cycle C = (a,b,y,2). Since yz is not in
st(a) Ust(d), it follows that yz ¢ supp(w). By a similar argument applied to other edges of C, we
conclude that none of the edges of C' are in supp(w). On the other hand, since z € supp(w) and
z ¢ st(b), Lemma 5.2 implies that az lies in supp(w), a contradiction.

It remains to consider the case where exactly one part of G(A), say Vi, has size larger than 1.
Let a and y be vertices of V7, and let b and z be vertices from other parts of G(A). The subgraph
of A induced by these four vertices is the union of two 3-cycles, (a,b,z) and (b,y,2). Consider
st(a) U st(b) D supp(w). Since y € st(b), y ¢ st(a), and y € supp(w), Lemma 5.2 shows that
by € supp(w). By symmetry, all edges ab, by, yz, and za lie in supp(w). Now, since supp(w) is also
a subcomplex of st(b) Ust(y) and since az ¢ st(y), it follows that az is in st(b), so abz € A. In other
words, the edge ab, together with any vertex in V/(A)\(V1 Ub), forms a 2-face of A. Hence, ab is
not contained in any missing 2-face and is therefore a contractible edge. Lemma 5.4 then implies
that A is the join of three 3-cycles, and consequently, G(A) is a complete graph. This concludes
the proof of the first part of the theorem.

Finally, suppose an edge uv is contained in two missing faces uvy and uvz. Since yz is an edge,
we have supp(w) C st(y) Ust(z). However, uv is contained in neither st(y) nor st(z), and hence
uv ¢ supp(w). This completes the proof. d

We are now ready to prove the second main result of the paper:

Theorem 5.6. Let A € S(2,5) be a sphere with g3(A) = 1. Then A is the join of three 3-cycles.

Proof:  Let n = fy(A). By Proposition 5.5, f1(A) = (g) The assumption that gz(A) = 1 then
implies that f2(A) =5(5) — 15n + 36.

Assume that A is not the join of three 3-cycles. By Lemma 5.4, every edge of A is contained
in at least one missing 2-face. Hence

3 (5(2) 150+ 36) =3=_ follk(e)) < (Z) (n—3).

ecA

Simplifying this inequality yields n® — 19n2 + 108n — 216 > 0, and therefore n > 11.

17



On the other hand, by Lemma 5.2, every missing 2-face has at least two edges in supp(w).
By Proposition 5.5, each of these two edges is not contained in any other missing 2-face. Thus,
2ma(A) < fi(A) = (’21) Since moq = (g) — fo= (’;) — 5(3) + 15n — 36, we obtain

(5) -3(3) on-025(5)

Simplifying this inequality yields h(n) := 2n% — 39n2 + 217n — 432 < 0. For n > 9, the function
h(n) is strictly increasing, and since h(12) = 12 > 0, it follows that n < 11. We conclude that A
has exactly 11 vertices.

Since A has a complete graph, a direct computation yields fi(A) = 55, fo(A) = 146, and
ma(A) = (g) — fo =19. Also, by Lemma 5.4, each edge of A is contained in at least one missing
2-face. Since 19 -3 = 55 + 2, we obtain that, with the exception of at most two edges, each edge
of A is contained in a unique missing 2-face. It follows that there exists a vertex v such that each
edge incident to v lies in a unique missing 2-face. Then lk(v) is a 4-sphere with 10 vertices whose
graph contains exactly five missing edges e1, ..., e5 and they are pairwise disjoint. Hence lk(v) is
a subcomplex of the octahedral 4-sphere. Since lk(v) is itself a 4-sphere, it must be precisely the
octahedral 4-sphere. In particular, every triple of vertices of lk(v) that does not contain one of the
edges e; is a 2-face. We conclude that every missing 2-face of A contains one of the edges e;. But
then the total number of missing 2-faces is at most 5+2 = 7 < 19, which yields a contradiction. [

6 Open problems

We close the paper with a few open problems. First, it is natural to ask whether one can remove the
assumptions on the dimensions of missing faces and provide a characterization of all (d — 1)-spheres
with g = 1. To this end, and in view of the GLBT, we propose the following conjecture.

Conjecture 6.1. Let k > 2, d > 2k, and let A be a (d — 1)-sphere with gp(A) = 1. Then there
exists a d-dimensional cell complex C with the following properties:

1. all faces of C of dimension < d — k are faces of A; furthermore, all faces of C except one
d-face are simplices;

2. the one exceptional d-face is a homology d-ball whose boundary is a sphere in S(d —k,d — 1)
with g, = 1;

3. every two faces of C intersect in a common (possibly empty) face;
4. the geometric realization of C is a homology d-ball, and the boundary complex of C is A.

Furthermore, if A is the boundary complex of a simplicial d-polytope, then the exceptional d-cell is
also the boundary complex of a simplicial d-polytope.

It is not hard to see that if such a cell complex exists, then gx(A) = 1. The converse direction
appears to be much harder: the case k = 2 follows from [24], but all other cases remain open.

3The complex C is more general than a CW complex because one of the cells of C may not be homeomorphic to a
ball.
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While in Theorem 5.6, we characterized all spheres in S(2,5) with g3 = 1, for & > 3, the
question of which spheres in S(k — 1,2k — 1) can have g = 1 remains open. Recall the definition
of K(i,d—1) € S(i,d — 1): for fixed integers d and i, write d = gi + r with 1 <7 < ¢, and define

K(i,d—1):=(00c")*" * do". In particular, the unique sphere in S(2,5) with g3 = 1 is K(2,5).
Using the fact that h;(9c®) = 1 for all 0 < j < i, together with the identity hj(A xT') =
> o<t<j he(A)hj—(T') for all j, one can easily prove the following result.

Lemma 6.2. Let 2i < d < 3i. Then
j+1 fo<j<r

gi(K(i,d—1))=qr+1 ifr+1<j<i
d+1-2j ifi+1<j<d/2

In particular, for k > 3, we have gi(K(i,2k — 1)) = 1 whenever % <i<k.

In light of Theorem 5.6, it is natural to pose the following question.

Question 6.3. Let k > 4, and let A € S(k— 1,2k — 1) be a sphere with gp(A) = 1. Must A be a
join of boundary complexes of simplices?

Finally, we note that among all spheres in S(i,d — 1), the sphere K(i,d — 1) simultaneously
minimizes all the f- and h-numbers; see [8, 23]. This observation leads to another natural question.

Question 6.4. In S(i,d — 1), does K(i,d — 1) simultaneously minimize all the g-numbers? If so,
18 it the unique minimizer?

In the class of PL flag (d — 1)-spheres, K(1,d—1)—namely the octahedral (d — 1)-sphere—is indeed
the unique minimizer of all g-numbers [26]. All other cases remain open.
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