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Polytopes are very simple objects (defined as the convex hull of a finite set of
points in Rd, or equivalently as a bounded intersection of finitely many closed half-
spaces in Rd), yet they have a very rich and continuously developing theory. While 3-
dimensional polytopes are well understood, a lot of facts that are obvious in dimension
three are either false or unknown in higher dimensions. (For instance, does every d-
dimensional centrally symmetric polytope have at least 3d faces? Can the number of
i-dimensional faces of a polytope be smaller than both the number of its vertices and
the number of its top-dimensional faces? These questions are still open except for a
few small values of d.)

In this course, we will mainly concentrate on certain combinatorial and geometric
aspects of polytopes. Specifically, depending on time and interest, we’ll discuss some
of the following topics:

(1) Introduction to polytopes: convex sets in general (separation theorem,
Radon’s and Carathéodory’s theorems); polarity, equivalence of H-polytopes
and V-polytopes, the face lattice of a polytope.

(2) Graphs of polytopes — “classical” results: Steinitz’s theorem for 3-
polytopes; Balinski’s theorem; reconstructing simple polytopes from their
graphs.

(3) Graphs of polytopes — last decade’s results: Santos’s counterexam-
ple to the Hirsch conjecture; positive results towards the polynomial Hirsch
conjecture.

(4) Face numbers of simplicial polytopes: the Dehn-Sommerville relations;
the upper and the lower bound theorems; the g-theorem and its consequences;
face numbers of centrally symmetric polytopes.

(5) Volumes and high-dimensional polytopes: the weak perfect graph con-
jecture; the Brunn-Minkowski inequality; almost spherical sections of the cube
and the octahedron.

Books: There will be no official textbook. Instead, we’ll use quite a few sources
(including several recent papers). Some of the textbooks that will be handy are

(1) Lectures on polytopes by Günter Ziegler, revised first edition.
(2) Convex polytopes by Branko Grünbaum, 2nd edition, 2003.
(3) Lectures on Discrete Geometry by Jǐŕı Matoušek, 2002.
(4) A course in convexity by Alexander Barvinok, 2002.
(5) Lectures on Discrete and Polyhedral Geometry by Igor Pak, available at

http://www.math.ucla.edu/∼pak/book.htm

The first four books (and a few others) are on reserve in the library.

Grades: Grading will be mostly based on homework problem sets. A part of your
grade may also come from presenting a research article. We will have several (about
three–five?) such presentations.
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