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Combinatorics Problems 

Math 380 - Problems from K. Bogart guided discovery approach  
adopted from Rosa Orellana 

1 Basic Counting Principles 

1. Five schools are going to send their baseball teams to a tournament, in which each team must play 

each other team exactly once. In this problem, we are interested in counting the total number of 

games. 

(a) How would you represent a game between two schools? (These are the elements of a set.) 

(b) Write a set that contains all the games played using your notation in part (a). 

(c) Partition the set in a way that would help you count the total number of games. 

(d) How many games are played in total? (Note: this is the same as finding the size of your set in 

part (b)). 

2. Now some number n of schools are going to send their baseball teams to a tournament, and each 

team must play each other team exactly once. Let us think of the teams as numbered 1 through n. 

(a) How many games does team 1 have to play in? 

(b) How many games, other than the one with team 1, does team two have to play in? 

(c) How many games, other than those with the first 𝑖 −  1 teams, does team 𝑖 have to play in? 

(d) In terms of your answers to the previous parts of this problem, what is the total number of 

games that must be played? 

3. One of the schools sending its team to the tournament has to send its players from some distance, 

and so it is making sandwiches for team members to eat along the way. There are three choices 

for the kind of bread and five choices for the kind of filling. Here we are interested in counting the 

number of distinct sandwiches that can be made. 

(a) How would you represent a sandwich? 

(b) Describe a set that contains all possible different sandwiches that can be made. 

(c) Partition the set in part (b) in a way that would help you count the number of different 

sandwiches. 

(d) How many kinds of sandwiches are available? 

4. (a) If 𝑀 is an m-element set and N is an n-element set, how many ordered pairs are there whose 

first member is in M and whose second member is in N? 

(b) Clearly explain how Problem 3 can be viewed mathematically as asking you to count the 

number of ordered pairs from two sets. 
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5. Since a sandwich by itself is pretty boring, students from the school in Problem 3 are offered a 

choice of a drink (from among five different kinds), a sandwich, and a fruit (from among four 

different kinds). 

(a) How would you represent a lunch consisting of a sandwich, a drink and a fruit? 

(b) Describe a set that contains all possible lunches. 

(c) How would you partition the set in (b) to help you count the number of lunches possible?  

(d)  In how many ways may a student make a choice of the three items now? 

6. The coach of the team in Problem 3 knows of an ice cream parlor along the way where she plans 

to stop to buy each team member a triple-decker cone. There are 12 different flavors of ice cream, 

and triple-decker cones are made in homemade waffle cones. Having chocolate ice cream as the 

bottom scoop is different from having chocolate ice cream as the top scoop. 

(a) How would you represent a triple-decker cone? 

(b) Describe a set that contains all triple-decker cones. 

(c) How many possible ice cream cones are going to be available to the team members if you can 

choose same flavors? 

(d) Describe a set that contains all triple-decker cones with three different kinds of ice cream. 

(e) How many cones with three different kinds of ice cream will be available? 

7. The idea of a function is ubiquitous in mathematics. A function f from a set S to a set T is a 

relationship between the two sets that associates exactly one member 𝑓(𝑥) of T with each element 

x in S. We will come back to the ideas of functions and relationships in more detail and from 

different points of view from time to time. 

(a) Using f, g, ..., to stand for the various functions, list all the different functions from the set {1,2} 

to the set {𝑎, 𝑏}. For example, you might start with 𝑓(1)  =  𝑎, 𝑓(2)  =  𝑏. 

(b) How many functions are there from the set {1,2} to the set {𝑎, 𝑏}? 

(c) How many functions are there from the three-element set {1,2,3} to the two-element set 

{𝑎, 𝑏} ? Can you think of a method for counting all the functions without listing all the 

functions? 

(d) How many functions are there from the two-element set {𝑎, 𝑏}  to the three-element set 

{1,2,3}? 

(e) How many functions are there from a three-element set to a 12-element set? 

8. A function f is called one-to-one or an injection if whenever x is different from y, 𝑓(𝑥) is different 
from 𝑓(𝑦). 

(a) How many one-to-one functions are there from a 3-element set to a 2-element set? 
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(b) How many one-to-one functions are there from a 2-element set to a 3-element set? 

(c) How many one-to-one functions are there from a 3-element set to a 12-element set? 

9. Re-do Problem 6(c) by representing a triple-decker cone as a function. 

(a) What is the domain of your function? 

(b) What is the codomain of your function? 

(c) What is the rule? Give a verbal description of your function. 

(d) Using your observations about the number of functions in Problem 7(e) conclude how many 

triple-deckers are there. 

(e) Re-do Problem 6(e) by showing that a solution amounts to counting all the one-to-one 

functions between two sets. Carefully explain how one-to-one functions correspond to triple-

deckers with distinct flavors. 

10. A group of hungry team members in Problem 6 notices it would be cheaper to buy three pints of 

ice cream for them to split than to buy a triple-decker cone for each of them, and that way they 

would get more ice cream. 

(a) In how many ways can they choose three pints of different flavors out of the 12 flavors?  (How 

is this problem different from Problem 6 (e)?) 

(b) In how many ways may they choose three pints if the flavors don’t have to be different? 

11. (Sum Principle) Two sets are said to be disjoint if they have no elements in common. For example, 

{1,3,12} and {6,4,8,2} are disjoint, but {1,3,12} and {3,5,7} are not. Three or more sets are said to 

be mutually disjoint if no two of them have any elements in common. 

(a) What can you say about the size of the union of a finite number of mutually disjoint finite sets? 

(b) Choose one example in the previous problems that can be solved by the counting principle in 

part (a). Explain the problem you have chosen using the principle. 

12. (Product Principle) Disjoint subsets are defined in Problem 11(a). 

(a) What can you say about the size of the union of m mutually disjoint sets, each of the same size 

n? 

(b) Choose one example in the previous problems that can be solved by the counting principle in 

part (a). Explain the problem you have chosen using that principle. 

(c) Prove that the Product Principle follows from the Sum Principle. 

13. (General Product Principle) If we make a sequence of n choices for which 

o there are 𝑘1 possible first choices, and 
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o for each way of making the first 𝑖 −  1 choices, there are 𝑘𝑖  ways to make the 𝑖-th choice,  

 

then in how many ways may we make our sequence of choices?  State your answer.  Prove it for 

𝑛 = 2. You do not need to prove your answer for all 𝑛 at this time. 

14. (a) Use the general product principle to justify your answer to the question “How many functions 

are there from a three-element set [3]  =  {1,2,3} to a 12-element set [12]? 

(b) Based on the examples you have seen so far, make a conjecture about the number of functions 

from the set [𝑚]  =  {1,2, . . . , 𝑚}  to the set [𝑛]  =  {1,2, . . . , 𝑛}  and use the general product 

principle to prove it. 

15. In how many ways can we pass out k distinct pieces of fruit to n children (with no restriction on 

how many pieces of fruit a child may get)? 

16. A tennis club has 2n members. We want to pair up the members in twos for singles matches. 

(a) Find the number of ways to do it for n = 1,2,3 and 4. Explain how you can find the answer for 

n = 4, if you knew the answer for n = 3. 

(b) In how many ways may we pair up all the members of the club if there are 2n members? 

(c) Suppose that in addition to specifying who plays whom, for each pairing we say who serves 

first. Now in how many ways may we specify our pairs? 

17. A roller coaster car has n rows of seats. 

(a) Suppose that you could seat only 1 person in each row. In how many ways, could you seat n 

people in the roller coaster? 

(b) Suppose that you could seat 2 people on each row. If n men and n women get into the roller 

coaster car with a man and a woman in each row, in how many ways may they choose their 

seats? 

18. How many subsets does a set S with n elements have? Try to think of a subset as a sequence of 

choices as in the general product principle. 

19. Another name for a list, in a specific order, of k distinct things chosen from a set S is a k-element 

permutation of S. We can also think of a k-element permutation of S as a one-to-one function (or, 

in other words, injection) from [𝑘]  =  {1,2, …, 𝑘} to S. 

(a) How many k-element permutations does an n-element set have? (For this problem it is natural 

to assume 𝑘 ≤  𝑛.) 

(b) However, the question makes sense even if 𝑘 >  𝑛 . What is the number of k-element 

permutations of an n-element set if 𝑘 >  𝑛? 
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(c) Your answer to part (a) should be a product of k numbers. This number is called the k-th falling 

factorial and we use the symbol 𝑛𝑘  to denote it. Notice that by convention we will set 𝑛0 = 1. 

Write your answer to part (a) as a quotient of factorials. 

20. (a) Assuming 𝑘 ≤  𝑛, in how many ways can we pass out k distinct pieces of fruit to n children if 

each child may get at most one? 

(b) What is the number if k > n? Assume for both questions that we pass out all the fruit. 

Functions and directed graphs 

21. Diagraphs are very useful in helping us visualize functions with finite domain and codomain.  

(a) Draw a diagraph of the function with domain {Alice, Bob, Dawn, Bill} and codomain {𝐴, 𝐵, 𝐶, 𝐷} given by 

𝑓(𝑥)  =  the first letter of the name 𝑋. 

(b) Is the function in part (a) one-to-one? Explain your answer. 

(c) A function 𝑓 ∶  𝑆 →  𝑇 is called an onto function or surjection if each element in T is equal to 𝑓(𝑥) for 

some 𝑥 ∈  𝑆 (i.e., every element in T has to be mapped to by the function). Is the function in part (a) 

onto? Explain your answer. 

22. (a) Choose a set 𝑆 and a set 𝑇 so that you can draw the diagraph of a function from 𝑆 to 𝑇 that is one-to-one 

but not onto. Draw the diagraph of such function. 

(b) Choose a set S and a set T so that you can draw the diagraph of a function from S to T that is onto but 

not one-to-one. Draw the diagraph of such function. 

(c) Choose a set S and a set T so that you can draw the diagraph of a function from S to T that is both one-

to-one and onto. Draw the diagraph of such function. 

 

23. (a) Study Figure 1.3 and state a test that gives the properties the arrows and vertices in a diagraph must 

possess so that the diagraph represents the diagraph of a function f from S to T. 

(b) What does the diagraph of a one-to-one function (injection) from a finite set S to a finite set T must look 

like? State a test. 

(c) What does the diagraph of an onto function look like? State a test. 

(d) What does the diagraph of a one-to-one and onto function from a finite set S to a finite set T look like? 

24. A permutation of a set S is a one-to-one function from S onto S. How many permutations does an n-element 

set have? Justify your answer. 

25. (a) What can you say about the size of S relative to the size of T if there is a function 𝑓 ∶  𝑆 →  𝑇 that is one-

to-one? 

(b) What can you say about the size of S relative to the size of T if there is a function 𝑓 ∶  𝑆 →  𝑇 that is onto? 
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The Bijection Principle 

26. (The bijection principle) A function that is one-to-one and onto is called a bijection. State something that 

must be true about the size of S and the size of T if there is a function 𝑓 ∶  𝑆 →  𝑇 that is one-to-one and onto 

(i.e., f is a bijection). 

27. The binary representation of a number m is a list, or string 𝑎1𝑎2  … 𝑎𝑘  of zeros and ones such that 𝑚 =

𝑎12𝑘−1 + 𝑎22𝑘−2 + ⋯ + 𝑎𝑘20. Let S be the set of the binary representations of the numbers between 0 and 

2𝑛  −  1, and T be the set of all subsets of an n-element set (for simplicity just take [𝑛]  =  {1,2, . . . , 𝑛} as your 

n-element set). Note that the empty set is a subset of any set. 

(a) for 𝑛 =  2 and 𝑛 =  3, write the set of binary representations of the numbers 0 and 2𝑛  −  1  and the 

set of all possible subsets of [𝑛] . Find a bijection for these two examples from the set of binary 

representations to the set of subsets. 

(b) Generalize your example to the case of an arbitrary n by describing a bijection from S to T. 

(c) Show that the function you described in (b) is one-to-one and onto. 
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(d) What does knowing that there is a bijection between S and T tell you about the number of subsets of 

the 𝑛-element set [𝑛]? 

 

• The number (𝑛
𝑘

) is called the binomial coefficient and it is read “n choose k”. 

• The number (𝑛
𝑘

) is defined as the number of subsets of size k chosen from an n-element set. 

• Example: (3
2
) = 3 since there are 3 subsets of {1,2,3} with 2 elements, i.e. , {1,2}, {1,3}, and 

{2,3}. 

28. Let C be the set of k-element subsets of [n] that contain the number n, and let D be the set of k-element 

subsets of [n] that don’t contain n. 

(a) Let C’ be the set of (𝑘 −  1)-element subsets of [𝑛 −  1]. Describe a bijection from C to C’. (A verbal 

description is fine.) 

(b) Let D’ be the set of k-element subsets of [𝑛 − 1]  =  {1,2, . . . , 𝑛 − 1}. Describe a bijection from D to 𝐷’. (A 

verbal description is fine.) 

(c) Based on the two previous parts, express the sizes of C and D in terms of binomial coefficients involving 

𝑛 −  1 instead of n. 

(d) Apply the sum principle to C and D and obtain a formula that expresses (𝑛
𝑘

) in terms of two binomial 

coefficients involving 𝑛 −  1. The formula you have just derived is called Pascal’s relation and it is the 

basis for the famous Pascal’s triangle. 

 

29. (a) In Figure 1.4 the first eight rows of Pascal’s triangle are given, write the next row. 

(b) Read Problem 10(a) again. Notice that it asks you to choose 3 elements from a 12-element set. The 

answer is (12
3

). Extend Pascal’s triangle just enough (only do necessary values) to verify the answer that 

you got back in Problem 10(a). 

 

 

30. For each subset A  of [𝑛]  =  {1,2, . . . , 𝑛}, define a function (traditionally denoted by 𝜒𝐴 ) as follows.1  

𝜒𝐴 = {
1 if 𝑖 ∈ 𝐴 
0 if 𝑖 ∉ 𝐴.

 

                                                                    
1 The symbol  𝜒   is the Greek letter chi that is pronounced Ki, with the i sounding like “eye.” 
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(a) For practice, consider the function 𝜒{1,3}: [4] → {0,1} for the subset {1,3} of the set {1,2,3,4}. What are 

𝜒{1,3}(1), 𝜒{1,3}(2),  𝜒{1,3}(3), and 𝜒{1,3}(4)? 

 

(b) Note that we have assigned to each subset 𝐴 of [𝑛] a function 𝜒𝐴 . This defines a function 𝑓  with 

domain 𝑆 the subsets of [𝑛] and codomain 𝑇 the functions 𝑔: [𝑛] → {0,1}. The rule is given by 𝑓(𝐴) =

𝜒𝐴. Explain why 𝑓 is a bijection. 

 

(c)  Find the size of T by counting the functions. 

 

(d)  Why does the fact that 𝑓 is a bijection prove that [𝑛] has 2𝑛  subsets? 

 

The quotient principle 

31. Let’s return to the problem about choosing ice cream. 

(a) What is the difference between the number of ways to stack ice cream in a triple decker cone with three 

different flavors of ice cream and the number of ways to simply choose three different flavors of ice 

cream? 

(b) In particular, how many different triple decker cones use vanilla, chocolate, and strawberry? Notice 

that changing the flavors does not change the answer. 

(c) Using your answer to part (b), compute the number of ways to choose three different flavors of ice 

cream (out of twelve flavors) from the number of ways to choose a triple decker cone with three 

different flavors (out of twelve flavors). 

(d) What would be the answer to part (c) if we generalized to having k-decker cones out of n possible 

flavors and choosing k flavors out of n flavors? 

32. Based on your answer to Problem 31(d), how many k-element subsets does an n-element set have? Recall 

that we defined this number to be (𝑛
𝑘

). (This problem will provide you with a formula for this number). 

33. From your answer to Problem 32 you can easily check that (𝑛
𝑘

) and ( 𝑛
𝑛−𝑘

).  are equal. That is, the number of 

k-element subsets of an n-element set and the number of (𝑛 −  𝑘)-element subsets of an n-element set are 

equal. 

(a) Give a bijection from the set S containing k-element subsets of [n] to the set T containing (𝑛 −  𝑘)-

element subsets of [𝑛]. 

(b) Prove that the function that you gave in part (a) is one-to-one and onto. 

34. In how many ways can we pass out k (identical) ping-pong balls to n children if each child may get at most 

one? 

35. A basketball team has 12 players. However, only five players play at any given time during a game. 

(a) In how many ways may the coach choose the five players? 
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(b) To be more realistic, the five players playing a game normally consist of two guards, two forwards, and 

one center. If there are five guards, four forwards, and three centers on the team, in how many ways 

can the coach choose two guards, two forwards, and one center? 

(c) What if one of the centers is equally skilled at playing forward? 

36. In how many ways may n people sit around a round table? When people sit at a round table, all that really 

matters is who is to the right of each person. This means that if the sitting arrangement simply differs by 

rotating the people around the table (people get up, move in order to the right a number of spaces, and sit 

back down) then the sitting arrangements are the same. There are at least two ways to do this problem. Try 

to find them both. 

 

37. Look at Table 1.2. In this table the 3-element permutations of {𝑎, 𝑏, 𝑐, 𝑑, 𝑒} are given, i.e., the list of ways to 

make lists of length 3 from the five elements {𝑎, 𝑏, 𝑐, 𝑑, 𝑒} . In this problem we will generalize the 

observations made in this table to k-element permutations of an n-element set S. The idea is that we want 

to partition those permutations into blocks. The way that we do this is that for every k-element subset A of 

S we form a block, 𝐵𝐴 . In the example, when 𝑘 =  3 and 𝑛 =  5 the blocks are the rows of the table (e.g. 

𝐵{𝑎,𝑏,𝑐} =  {𝑎𝑏𝑐, 𝑎𝑐𝑏, 𝑏𝑎𝑐, 𝑏𝑐𝑎, 𝑐𝑎𝑏, 𝑐𝑏𝑎}). 

(a) How many permutations are there in a block, 𝐵𝐴? 

(b) What is the number of k-element permutations of S? Recall that you computed this in problem 19a. 

(c) Describe a bijection between the set of blocks of the partition and the set of k-element subsets of S. 

Briefly explain why it is a bijection. 

(d) What formula does this give you for the number (𝑛
𝑘

)  of 𝑘-element subsets of an n-element set? 

38. (a) How many permutations are there of n people? 

(b) Let’s return to Problem 36. Describe a way to partition the n-element permutations of the n people into 

blocks so that there is a bijection between the set of blocks of the partition and the set of arrangements 

of the n people around a round table. 

(c) How big are the blocks in part (b)? 

(d) How does this give the answer to problem 36? 
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39. (Quotient Principle) In the last two problems we have used the product principle in a new way. Remember 

that the product principle says: “If we partition a set into m blocks each of size n, then the set has size mn”. 

In the last two problems we knew the size of the set and the size of the blocks but we didn’t know the 

number of blocks. If we let p stand for the size of the set and q for the number of blocks and r for the size of 

the blocks, what is the number of blocks? 

40. Suppose a necklace is made of n distinct beads without a clasp (this means you don’t know the beginning 

or the end). Assume someone can pick up the necklace, move it around in space and put it back down, giving 

an apparently different way of stringing the beads that is equivalent to the first. 

(a) How can you get a list of beads from a necklace? 

(b) How many permutations of the beads are there? 

(c) Describe a way to partition the set of permutations of the beads into blocks that give equivalent 

necklaces. 

(d) Using your answers to parts (a) through (c), determine the number of distinct necklaces that can be 

made. 

41. We now return to Problem 16 to try to find new ways to think about it in terms of the quotient principle. 

(a) In Problem 16(a) you found a solution to the problem of the number of ways to pair up all the members 

of the club. Find another solution that involves binomial coefficients. 

(b) Find another solution to part (a) using permutations. 

(c) Give two new answers to 16(b) where we also wanted to specify who serves first. 

42. In how many ways may we attach two identical red beads and two identical blue beads to the corners of a 

square that is free to move in 3-dimensional space? 

Lattice Paths and Catalan Numbers 

43. In a part of a city, all streets run either north-south or east-west, and there are no dead ends. Suppose we are 

standing on a street corner. 

(a) In how many ways may we walk to a corner that is two blocks north and two blocks east, using as few 

blocks as possible? This can be done by listing all possible paths. 

(b) In how many ways may we walk to a corner that is four blocks north and six blocks east, using as few 

blocks as possible? To answer this question, try to connect this problem to subsets (or binary 

sequences). 

44. Problem 43 has a geometric interpretation in a coordinate plane. A lattice path in the plane is a “curve” made 

up of line segments that either go from a point (𝑖, 𝑗) to the point (𝑖 +  1, 𝑗) or from a point (𝑖, 𝑗) to the point 

(𝑖, 𝑗 +  1), where i and j are integers. (Thus, lattice paths always move either up or to the right.) The length 

of the path is the number of such line segments. 

(a) List all the lattice paths from (0,0) to (2,2). 

(b) What is the length of a lattice path from (0,0) to (𝑚, 𝑛)?  

(c) How many such lattice paths of that length are there? 
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(d) How many lattice paths are there from (𝑖, 𝑗) to (𝑚, 𝑛), assuming 𝑖, 𝑗, 𝑚, and n are integers? 

45. Another kind of geometric path in the plane is a diagonal lattice path. Such a path is a path made up of line 

segments that go from a point (𝑖, 𝑗) to (𝑖 +  1, 𝑗 +  1) (this is often called an upstep) 𝑜𝑟 (𝑖 +  1, 𝑗 −  1) (this 

is often called a downstep), where again i and j are integers. (Thus, diagonal lattice paths always move 

towards the right but may move up or down.) 

(a) List all the diagonal lattice paths from (0,0) to (4,0). 

(b) Describe which points can be reached from (0,0) by diagonal lattice paths. 

(c) What is the length (i.e., the number of steps) of a diagonal lattice path from (0,0) to (𝑚, 𝑛)? 

(d) Assuming that (𝑚, 𝑛) is such a point, how many diagonal lattice paths are there from (0,0) to (𝑚, 𝑛)? 

46. A school play requires a ten-dollar donation per person; the donation goes into the student activity fund. 

Assume that each person who comes to the play pays with a ten-dollar bill or a twenty-dollar bill. The teacher 

who is collecting the money forgot to get change before the event. If there are always at least as many people 

who have paid with a ten as a twenty as they arrive the teacher won’t have to give anyone an IOU for change. 

Suppose 2𝑛 people come to the play, and exactly half of them pay with ten-dollar bills. 

(a) Describe a bijection between the set of sequences of tens and twenties people give the teacher and the 

set of lattice paths from (0,0) to (𝑛, 𝑛). 

(b) Describe a bijection between the set of sequences of tens and twenties that people give the teacher and 

the set of diagonal lattice paths from (0,0) and (2𝑛, 0). 

(c) In each case, what is the geometric interpretation of a sequence that does not require the teacher to 

give any IOUs? 

47. Notice that a lattice path from (0,0) to (𝑛, 𝑛) stays inside (or on the edges of) the square whose sides are the 

x-axis, the y-axis, the line 𝑥 =  𝑛 and the line 𝑦 =  𝑛. In this problem we will compute the number of lattice 

paths from (0,0) to (𝑛, 𝑛) that stay inside (or on the edges of) the triangle whose sides are the x-axis, the line 

𝑥 =  𝑛 and the line 𝑦 =  𝑥. For example, in Figure 1.7 we show the grid of points with integer coordinates 

for the triangle whose sides are the x-axis, the line 𝑥 =  4 and the line 𝑦 =  𝑥. 

(a) List all the lattice paths that stay below the 𝑥 =  𝑦 line (it can touch the line) from (0,0) to (𝑛, 𝑛) for 

𝑛 =  2 and 𝑛 =  3. 

(b) For 𝑛 =  2 in part (a) of Problem 44 you listed all the paths that go from (0,0) to (2,2). Partition this 

set into two parts, those in part (a) and the rest. 

(c) Explain why the number of lattice paths from (0,0) to (𝑛, 𝑛) that go outside the triangle is the number 

of lattice paths from (0,0) to (𝑛, 𝑛) that either touch or cross the line 𝑦 =  𝑥 +  1. 

(d) Find a bijection between lattice paths from (0,0) to (𝑛, 𝑛) that touch (or cross) the line 𝑦 =  𝑥 + 1 and 

lattice paths from (−1,1) to (𝑛, 𝑛). Hint: Do examples for small n to find the rule for the function. 

(e) From part (d), what is the number of lattice paths from (0,0) to (𝑛, 𝑛) that touch (or cross) the line 𝑦 =

 𝑥 +  1? 

(f) Based on your answers to the previous parts of this problem, give a formula for the number of lattice 

paths from (0,0) to (𝑛, 𝑛) that do not cross the line 𝑦 =  𝑥. The number of such paths is called a Catalan 
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Number and is usually denoted by 𝐶𝑛 . Make sure to simplify your answer so that it can be written as a 

binomial coefficient divided by an integer. 

 

48. A diagonal lattice path that never goes below the y-coordinate of its first point is called a Dyck Path. We will 

call a Dyck Path from (0,0) to (2n,0) a Catalan Path of length 2n. 

(a) For 𝑛 =  2 and 𝑛 =  3 list the diagonal Catalan paths. 

(b) Find a bijection to show that the number of Catalan paths described in this problem and the number of 

lattice paths in Problem 47 are the same. You do not need to write a formal proof, but make sure to 

clearly define the bijection. 

49. Your formula for the Catalan Number can be expressed as a binomial coefficient divided by an integer. 

Whenever we have a formula that calls for division by an integer, an ideal combinatorial explanation of the 

formula is one that uses the quotient principle. The purpose of this problem is to find such an explanation 

using diagonal lattice paths.2 From Problem 48 we know that number of Catalan Paths of length 2n is the 

Catalan Number Cn. 

(a) If a Dyck Path has n steps (each an upstep or downstep), why do the first k steps form a Dyck Path for 

each nonnegative 𝑘 ≤  𝑛? 

(b) Thought of as a graph of a function, a diagonal lattice path can have many local maxima and minima, 

and can have several absolute maxima and minima, that is, several highest points and several lowest 

points. What is the y-coordinate of an absolute minimum point of a Dyck Path starting at (0,0)? Explain 

why a Dyck Path whose rightmost absolute minimum point is its last point is a Catalan Path. 

(c) Let D be the set of all diagonal lattice paths from (0,0) to (2𝑛, 0). (Thus, these paths can go below the x-

axis.) Suppose we partition D by letting  𝐵𝑖  be the set of lattice paths in D that have i upsteps (perhaps 

mixed with some downsteps) following the last absolute minimum. For 𝑛 =  2 list all the blocks of this 

partition. 

(d) How many blocks does this partition have? 

                                                                    
2 The result we will derive is called the Chung-Feller Theorem; this approach is based on a paper of Wen-jin Woan “Uniform Partitions of 

Lattice Paths and Chung-Feller Generalizations,” American Mathematics Monthly 58 June/July 2001, p. 556. 
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(e) Give a succinct description of the block 𝐵0 . 

(f) How many upsteps are there in a Catalan Path? 

(g) We are going to give a bijection between the set of Catalan Paths and the block 𝐵𝑖  for each i between 1 

and n. (This is going to prove that all the blocks have the same size). 

• Fix an integer i between 1 and n. 

• Take a Catalan path and break it into three pieces. 

– The piece F (for “front”) consists of all steps before the i-th upstep in the Catalan path. 

– The piece U (for “up”) consists of the i-th upstep. 

– The piece B (for “back”) is the portion of the path that follows the i-th upstep. 

Thus, we can think of the path as FUB. Define a function that takes FUB to BUF. Draw a path for at least 

n = 6, label the parts F, U, and B and show what path you would get after you apply the function. 

(h) Show that the function that takes FUB to BUF is a bijection from the set of Catalan Paths onto the block 

Bi of the partition. (Notice that BUF can go below the x axis.) 

(i) Explain how you have just given another proof of the formula for the Catalan Numbers. 

Binomial Theorem 

50. We know that (𝑥 +  𝑦)2  =  𝑥2  +  2𝑥𝑦 +  𝑦2. Multiply both sides by (𝑥 +  𝑦) to get a formula for (𝑥 +  𝑦)3 

and repeat to get a formula for (𝑥 +  𝑦)4. Do you see a pattern? If so, what is it? If not, repeat the process to 

get a formula for (𝑥 +  𝑦)5 and look back at Figure 1.4 (Pascal’s triangle) to see the pattern. Conjecture a 

formula for (𝑥 +  𝑦)𝑛. 

51. When we apply the distributive law n times to (𝑥 +  𝑦)𝑛, we get a sum of terms of the form 𝑥𝑖𝑦𝑛−𝑖  for various 

values of the integer i. 

(a) The following questions walk you through the proof of the Binomial Theorem (the conjecture you made 

in Problem 50). It basically helps you find the coefficient of 𝑥𝑖𝑦𝑛−𝑖 . 

i. Expand the product (𝑥1  +  𝑦1)(𝑥2  +  𝑦2)(𝑥3  +  𝑦3). 

ii. What do you get when you substitute x for each 𝑥𝑘  and y for each 𝑦𝑘? 

iii. Now imagine expanding 

(𝑥1  +  𝑦1)(𝑥2  +  𝑦2) ··· (𝑥𝑛 + 𝑦𝑛). 

Once you apply the commutative law to the individual terms you get, you will have a sum of terms 

of the form 

𝑥𝑘1
𝑥𝑘2

 ··· 𝑥𝑘𝑖
·  𝑦𝑗1

𝑦𝑗2
··· 𝑦𝑗𝑛−𝑖

. 

What is the set {𝑘1, 𝑘2, . . . , 𝑘𝑖}  ∪  {𝑗1, 𝑗2, . . . , 𝑗𝑛−𝑖}? 

iv. In how many ways can you choose the set {𝑘1, 𝑘2, … , 𝑘𝑖} (Notice that this is the set of indices 

of  the x’s)? 

v. Once you have chosen {𝑘1, 𝑘2, . . . , 𝑘𝑖} how many choices do you have for {𝑗1, 𝑗2, . . . , 𝑗𝑛−𝑖}? 
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vi. If you substitute x for each 𝑥𝑘  and y for each 𝑦𝑘 , how many terms of the form 𝑥𝑖𝑦𝑛−𝑖   will you 

have in the expanded product 

 (𝑥1  +  𝑦1)(𝑥2  +  𝑦2) ··· (𝑥𝑛 +  𝑦𝑛) =  (𝑥 +  𝑦)𝑛? 

vii. How many terms of the form 𝑥𝑛−𝑖𝑦𝑖will you have? 

(b) Explain how you have just proved your conjecture from Problem 50. The theorem you have proved is 

called the Binomial Theorem. 

52. What is ∑ (10
𝑖

)3𝑖10
𝑖=1  ? 

53. What is  (𝑛
0

) − (𝑛
1

) + (𝑛
2

) − ⋯ ± (𝑛
𝑛

)  if 𝑛 is an integer bigger than 0? 

54. Consider the following identity: 

∑ (𝑚
𝑖

)𝑘
𝑖=0 ( 𝑛

𝑘−𝑖
) = (𝑚+𝑛

𝑘
). 

(a) Use the Binomial Theorem to prove that the identity is true. 

(b) Give a counting argument to show that the two numbers are the same. 

55. From the symmetry of the binomial coefficients, it is not too hard to see that when n is an odd number, the 

number of subsets of {1,2, . . . , 𝑛} of odd size equals the number of subsets of {1,2, . . . , 𝑛} of even size. Is it true 

that when n is even the number of subsets of {1,2, . . . , 𝑛} of even size equals the number of subsets of odd 

size? Why or why not? 

The pigeonhole principle 

56. American coins are all marked with the year in which they were made. How many coins do you need to have 

in your hand to guarantee that on (at least) two of them, the date has the same last digit? 

57. Show that if we have a function from a set of size n to a set of size less than n, then f is not one-to-one. 

58. Let f be a function from a set S to a set T both finite. 

(a) Consider the sets 𝐵𝑗  =  {𝑖 | 𝑓(𝑖)  =  𝑗} for each 𝑗 ∈  𝑇. What can you say about the union of all the non-

empty 𝐵𝑗? 

(b) What can you say about f if one of the  𝐵𝑗 ′s has more than one element? 

(c) What can you say about f if the number of non-empty  𝐵𝑗 ’s is smaller than the number of elements in T? 

(d) Use the pigeonhole principle to show that if S and T are finite sets of the same size, then a function f 

from S to T is one-to-one if and only if it is onto. 

59. There is a generalized pigeonhole principle which says that if we partition a set with more than 𝑘𝑛 elements 

into n blocks, then at least one block has at least 𝑘 + 1 elements. Prove the generalized pigeonhole principle. 

60. All the powers of five end in a five, and all the powers of two are even. Show that there exists an integer n 

such that if you take the first n powers of an arbitrary prime other than two or five, one of the powers must 

have “01” as the last two digits. 
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61. Show that in a set of six people, there is a set of at least three people who all know each other, or a set of at 

least three people none of whom know each other. (We assume that if person A knows person B, then person 

B knows person A.) 

62. Draw five circles labeled Al, Sue, Don, Pam, and Jo. Find a way to draw red and green lines between people 

so that every pair of people is joined by a line and there is neither a triangle consisting entirely of red lines 

or a triangle consisting of green lines. What does Problem 61 tell you about the possibility of doing this with 

six people’s names? What does this problem say about the conclusion of Problem 61 holding when there are 

five people in our set rather than six? 

 

 

2 Applications of induction in combinatorics 

Proving formulas 

63. Use Pascal’s relation and the facts that (𝑛
0

) = 1  and (𝑛
𝑛

) = 1, to prove the formula for (𝑛
𝑘

) using induction on 

n. 

64. Use the fact that (𝑥 + 𝑦)𝑛 = (𝑥 + 𝑦)(𝑥 + 𝑦)𝑛−1 to give an inductive proof of the binomial theorem. 

65. Suppose that f is a function defined on nonnegative integers such that 𝑓(0)  =  3 and 𝑓(𝑛)  =  2𝑓(𝑛 −  1). 

Find a formula for 𝑓(𝑛) and use induction to prove that you are correct. 

66. Prove the formula for the number of functions from the set [𝑚] to the set [𝑛] using induction (do not use the 

general product principle). 

67. The expression 

1 +  3 +  5 + ···  + (2𝑛 −  1) 

is the sum of the first n odd integers (notice that the n-th odd integer is 2𝑛 − 1). Experiment a bit with the 

first few positive integers and conjecture a formula for this sum in terms of n. Use induction to prove that 

your formula is correct. 

68. Experiment with various values of n in the sum 

 

Conjecture a formula for this sum and prove your guess by induction. 

69. Suppose that f is a function on the nonnegative integers such that 𝑓(0)  =  0 and 𝑓(𝑛)  =  𝑛 +  𝑓(𝑛 −  1). 

Prove by induction that 𝑓(𝑛) =
𝑛(𝑛+1)

2
  . 

70. Prove by induction on n that the size of the union of n mutually disjoint sets is the sum of their sizes assuming 

that the statement is true for 𝑛 =  2. 
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Recurrence Relations 

71. Let 𝑠𝑛 be the number of subsets of an n-element set and let  𝑠𝑛−1 be the number of subsets of an (𝑛 −  1)-

element set. Without assuming that 𝑠𝑛 = 2𝑛 ,  find a formula that relates  𝑠𝑛  and 𝑠𝑛−1. Prove that your formula 

is correct. 

72. Let 𝑏𝑛  be the number of bijections from an n-element set to an n-element set and 𝑏𝑛−1 be the number of 

bijections from an (𝑛 −  1) −element set to an (𝑛 −  1)-element set. 

(a) Explain why 𝑏𝑛 = 𝑛𝑏𝑛−1. 

(b) How does this relate to Problem 24? 

73. Prove that there is only one solution to 𝑠𝑛 = 2𝑠𝑛−1 if we assume that 𝑠0 = 1. 

74. A first-order recurrence relation is one which expresses 𝑎𝑛  in terms of  𝑎𝑛−1  and other functions of n, but 

which does not include any of the terms 𝑎𝑖  for 𝑖 <  𝑛 −  1 in the equation. 

(a) Which of the recurrences below are first-order recurrences? 

i. sn = 2sn−1 

ii. 𝑏𝑛 = 𝑛𝑏𝑛−1  

iii. 𝑎𝑛 = 𝑎𝑛−1 + 7  

iv. 𝑎𝑛 = 3𝑎𝑛−1 + 2𝑛  

v. 𝑎𝑛  =  𝑎𝑛−1 +  3𝑎𝑛−2 

vi. 𝑎𝑛  =  𝑎1𝑎𝑛−1 + 𝑎2𝑎𝑛−2 + ⋯ + 𝑎𝑛−1𝑎1 

(b) Show that there is one and only one sequence 𝑎𝑛 (defined for all nonnegative integers n) that satisfies: 

• a first order recurrence and 

• 𝑎0  =  𝑎 for a fixed constant a. 

75. The “Towers of Hanoi” puzzle has three rods rising from a rectangular base with n rings of different sizes 

stacked in decreasing order of size on one rod. A legal move consists of moving a ring (that has nothing on 

it) from one rod to another so that it does not land on top of a smaller ring. Let 𝑚𝑛  be the minimum number 

of moves required to move all the rings from the initial rod to another rod that you choose. Give a recurrence 

for 𝑚𝑛. 

 

76. We draw n mutually intersecting circles in the plane so that each one crosses each other exactly twice and 

no three intersect in the same point. (As examples, think of Venn diagrams for two or three mutually 

intersecting sets.) 
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(a) Find a recurrence for the number 𝑟𝑛  of regions into which the plane is divided by n circles. (Note that 

one circle divides the plane in two regions.) (b) Find a formula for 𝑟𝑛 . 

(c) For what values of n can you draw a Venn diagram showing all possible intersections of n sets using 

circlers to represent each of the sets? 

77. Consider the recurrences (i) to (v) in Problem 74a and Problem 75. 

(a) Which of these recurrences have constant coefficient? 

(b) Which of these recurrences are homogeneous? 

78. Find a formula in terms of 𝑏, 𝑑, 𝑎0  and n for the general term 𝑎𝑛  of a sequence that satisfies a constant 

coefficient first order linear recurrence 𝑎𝑛  =  𝑏𝑎𝑛−1  +  𝑑  and prove that you are correct. Your formula 

might contain a summation. 

79. (finite geometric series) If your answer to 78 contains the sum ∑ 𝑑𝑏𝑖𝑛−1
𝑖=0 , then do the following to obtain a 

formula without a summation. 

(a) Expand (1 −  𝑥)(1 +  𝑥), (1 −  𝑥)(1 +  𝑥 +  𝑥2)  and (1 −  𝑥)(1 +  𝑥 + 𝑥2  +  𝑥3).  What is (1 −

 𝑥)(1 +  𝑥 +  𝑥2  + ···  + 𝑥𝑛) equal to? 

(b) Based on part (a), what do you expect (1 − 𝑏) ∑ 𝑑𝑏𝑖𝑛−1
𝑖=0  to be? Prove that you are correct. 

 

Graphs and trees 

 

80. Look at Figure 2.2 and answer the following questions: 

(a) For each of the graphs in Figure 2.2, what is the degree of the vertices? 

(b) For each graph, is the number of vertices of odd degree even or odd? 

81. The sum of the degrees of the vertices of a (finite) graph is related in a natural way to the number of edges. 
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(a) What is the relationship? 

(b) Find a proof that what you say is correct that uses induction on the number of edges. 

(c) Find a proof that what you say is correct that uses induction on the number of vertices. 

(d) Find a proof that what you say is correct that does not use induction. 

82. What can you say about the number of vertices of odd degree in a graph? 

83. The following questions are to familiarize you with basic graph theory terminology: 

(a) A walk in a graph is an alternating sequence 𝑣0𝑒1𝑣1  ··· 𝑒𝑖𝑣𝑖  of vertices and edges such that edge 𝑒𝑖  

connects vertices 𝑣𝑖−1  and 𝑣𝑖 . Notice that in a walk vertices and edges can repeat in the sequence. Find 

an example of a walk in the left-most graph in Figure 2.2. 

(b) A graph is connected if, for any pair of vertices, there is a walk starting at one and ending at the other. 

Which of the graphs in Figure 2.2 are connected? 

(c) A path in a graph is a walk with no repeated vertices. Find the longest path you can in the third graph 

of Figure 2.2. 

(d) A cycle in a graph is a walk (with at least one edge) whose first and last vertex are equal but which has 

no other repeated vertices or edges. Which graphs in Figure 2.2 have cycles? 

(e) What is the largest number of edges in a cycle in the second graph in Figure 2.2? 

(f) What is the smallest number of edges in a cycle in the third graph in Figure 2.2? 

(g) A connected graph with no cycles is called a tree. Which graphs, if any in Figure 2.2. are trees? 

84. Draw some trees and based on your examples, make a conjecture about the relationship between the 

number of vertices and edges in a tree. Prove your conjecture. 

85. What is the minimum number of vertices of degree one in a finite tree? What is it if the number of vertices 

is bigger than 1? Prove that you are correct. 

86. In a tree on any number of vertices, given two vertices, how many paths can you find between them? Prove 

that you are correct. 

87. (a) How many labelled trees are there on the vertex set {1,2}? 

(b) How many labelled trees are there on the vertex set {1,2,3}? See Figure 2.3 below to see the possible 

ways to label the vertices of a tree with 1, 2, and 3. 

 

(c) How many labelled trees are there on four vertices? 

(d) How many labelled trees are there on five vertices? 

(e) You don’t have a lot of data to guess from, but try to guess a formula for the number of labelled trees 

with vertex set {1,2, . . . , 𝑛}. You don’t have to prove it, just make a guess that works for your data. 
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Sequences from labeled trees 

The following algorithm produces a sequence from a labeled tree: Given a tree with two or more vertices 

labelled with positive integers obtain a sequence 𝑏1, 𝑏2, . .. by removing one vertex at the time (creating terms 

of the sequence) until two vertices remain. 

(i) If the tree has only two vertices, then the sequence consists of one term, the largest label of the two (e.g. if 

2 and 7 are the labels then the sequence consists of 7). 

(ii) If the tree has more than two vertices, then to obtain the i-th term of the sequence 𝑏𝑖 , remove the vertex 

of degree one 𝑎𝑖  with the smallest label and set 𝑏𝑖  equal to the label to which 𝑎𝑖   is connected. If the new 

tree has two vertices, then the last term of the sequence is the largest of the two labels. Otherwise, repeat 

this step. 

88. Answer the following questions based on the algorithm that produces the sequence above: 

(a) Draw a tree with at least 8 vertices and label it with numbers 1 through the number of vertices and 

compute the sequence corresponding to it. 

(b) How long will the sequence of 𝑏𝑖 ’s be if it is computed from a tree with n vertices (labelled with 1 

through n)? 

(c) What can you say about the last member of the sequence of 𝑏𝑖′s? Be very precise, you should be able to 

tell exactly what the number is if you use the labels 1 through n. 

(d) Can you tell from the sequence of 𝑏𝑖 ’s what 𝑎1  is? (Note: 𝑎1  is the first vertex removed). 

(e) How many possible sequences are there? Use parts (b) and (c) to answer this question. 

(f) Show that the algorithm produces a bijection from labeled trees to sequences. 

89. The sequence produced by the algorithm is called the Prüfer code. 

(a) What can you say about the vertices of degree one from the Prüfer code for a tree labeled with numbers 

1 through n. 

(b) What can you say about the Prüfer code for a tree with exactly two vertices of degree 1 (and perhaps 

some vertices of other degrees as well)? 

(c) What can you say about the degree of the vertex labelled i from the Prüfer code of the tree? 

90. What is the number of labeled trees on n vertices with three vertices of degree 1? Do this by counting the 

number of Prüfer codes possible. 
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Spanning Trees 

 

91. A tree whose edges are some of the edges of a graph G and whose vertices are all of the vertices of the graph 

G is called a spanning tree of G. Prove that every connected graph has a spanning tree as follows: 

(a) Start with the graph G and work down towards the spanning tree.  

(b) Start with the vertices of G and work up towards the spanning tree. 

A tree whose edges are some of the edges of a graph G and whose vertices are all of the vertices 
of the graph G is called a spanning tree of G . 
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92. Read the information boxed above on the deletion/contraction for spanning trees and answer the following: 

(a) How do the number of spanning trees of G not containing the edge e and the number of spanning trees of 

G containing e relate to the number of spanning trees of G − e and G/e? 

There are two operations on graphs that we can apply to get a recurrence (though a more general 
kind than those we have studied for sequences) which will let us compute the number of spanning 
trees of a graph. The operations each apply to an edge e of a graph G . The first is called deletion ; 
we delete the edge e from the graph by removing it from the edge set. Figure 2.5 shows how we 
can delete edges from a graph to get a spanning tree. 

The second operation is called contraction . Contractions of three different edges in the same 
graph are shown in Figure 2.6. Intuitively, we contract an edge by shrinking it in length until its 
endpoints coincide; we let the rest of the graph “go along for the ride.” To be more precise, we 
contract the edge e with endpoints v and w as follows: 

( a ) remove all edges having either v or w or both as an endpoint from the edge set, 

( b ) remove v and w from the vertex set, 

c ) ( add a new vertex E to the vertex set, 

) ( d add an edge from E to each remaining vertex that used to be an endpoint of an edge whose 
other endpoint was v or w , and add an edge from E to E for any edge other than e whose 
endpoints were in the set { v,w } . 

We use G − e ( read as G minus e ) to stand for the result of deleting e from G , and we use G/e 
( read as G contract e to stand for the result of contracting ) e from G . 
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(b) Use #(𝐺) to stand for the number of spanning trees of G (so that, for example, #(𝐺/𝑒) stands for the 

number of spanning trees of 𝐺/𝑒). Find an expression for #(𝐺) in terms of #(𝐺/𝑒) and #(𝐺 −  𝑒). This 

expression is called the deletion-contraction recurrence. 

(c) Use the recurrence of the previous part to compute the number of spanning trees of the graph in Figure 

2.7. 

 
 

 

 

3 Distribution Problems 

93. Suppose we wish to place k distinct books onto the shelves of a bookcase with n shelves. For simplicity, 

assume for now that all of the books would fit on any of the shelves. Also, let’s imagine that once we are 

done putting books on the shelves, we push the books on a shelf as far to the left as we can, so that we are 

only thinking about how the books sit relative to each other, not about the exact places where we put the 

books. Since the books are distinct, we can think of the first book, the second book and so on. 

(a) How many places are there where we can place the first book? 

(b) When we place the second book, if we decide to place it on the shelf that already has a book, does it 

matter if we place it to the left or right of the book that is already there? 

(c) How many places are there where we can place the second book? 

(d) In how many ways may we place the i-th book into the bookcase? 

(e) In how many ways may we place all the books? 

94. Suppose we wish to place the books in Problem 93 (satisfying the assumptions we made there) so that 

each shelf gets at least one book. Now in how many ways may we place the books? 

95. In how many ways may we distribute k identical books on the shelves of a bookcase with n shelves, 

assuming that any shelf can hold all the books? 

A multiset chosen from a set S may be thought of as a subset with repeated elements allowed. To determine a 

multiset we must say how many times (including, perhaps, zero) each member of S appears in the multiset. 

The number of times an element appears is called its multiplicity. For example, if we choose three identical 

red marbles, six identical blue marbles and four identical green marbles, from a bag of red, blue, green, white 

and yellow marbles then the multiplicity of a red marble in our multiset is three, while the multiplicity of a 

yellow marble is zero. The size of a multiset is sum of the multiplicities of its elements. For example, if we 

choose three identical red marbles, six identical blue marbles and four identical green marbles, then the size 

of our multiset of marbles is 13. 
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96. (a) List the multisets of size three that can be obtained from a 3-element set. 

(b) What is the number of multisets of size k that can be chosen from an n-element set? (Try to relate this 

problem to Problem 95.) 

97. Your answer in the previous problem should be expressible as a binomial coefficient. Since a binomial 

coefficient counts subsets, find a bijection between subsets of something and multisets chosen from a set 

S. 

98. How many solutions are there in nonnegative integers to the equation 𝑥1  + 𝑥2  + ⋯ + 𝑥𝑚  =  𝑟, where m 

and r are constants? 

99. In how many ways can we distribute k identical objects to n distinct recipients so that each recipient gets 

at least m objects? 

100. In how many ways may we put k identical books onto n shelves if each shelf must get at least one book? 

A composition of the integer k into n parts is a list of n positive integers that add to k. 

101. (a) List all the compositions of 5 with three parts. 

(b) How many compositions are there of an integer k into n parts? 

102. Your answer in Problem 101 can be expressed as a binomial coefficient. This means it should be possible 

to interpret a composition as a subset of some set. Find a bijection between compositions of k into n parts 

and certain subsets of some set. Explain explicitly how to get the composition from the subset and the 

subset from the composition. 

103. Explain the connection between compositions of k into n parts and the problem of distributing k identical 

objects to n recipients so that each recipient gets at least one. 

 

We will say that a set of ordered lists of elements of a set S is a broken permutation of S if each element of S is 

in one and only one of these lists. The number of broken permutations of a 

k-element set with n blocks is denoted by 𝐿(𝑘, 𝑛). The number 𝐿(𝑘, 𝑛) is called a Lah Number. 

¯ 

104. The objective of this problem is for you to find a formula for the Lah numbers. In how many ways may we 

stack k distinct books into n identical boxes so that there is a stack in every box? 

Stirling Numbers 

We use the notation 𝑆(𝑘, 𝑛) to stand for the number of partitions of a k element set with n blocks. For historical 

reasons, 𝑆(𝑘, 𝑛) is called a Stirling Number of the second kind. 

105. (a) List the set partitions of a 4-element set into two blocks. 

(b) In a partition of the set [𝑘], the number k is either in a block by itself, or it is not. How does the number 

of partitions of [𝑘] with n parts in which k is in a block with other elements of [k] compare to the number 

of partitions of [𝑘 −  1] into n blocks? Find a two-variable recurrence for 𝑆(𝑘, 𝑛), valid for k and n larger 

than one. 
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106. (a) What is 𝑆(𝑘, 1) ? 

(b) What is 𝑆(𝑘, 𝑘) ? 

(c) Create a table of values of 𝑆(𝑘, 𝑛) for k between 1 and 5 and n between 1 and k. This table is sometimes 

called Stirling’s Triangle (of the second kind). 

(d) How would you define 𝑆(𝑘, 0) and 𝑆(0, 𝑛)? (Note that the previous question includes 𝑆(0, 0).) 

(e) How would you define 𝑆(𝑘, 𝑛) for 𝑛 >  𝑘 ? 

(f) Now for what values of k and n is your two variable recurrence valid? 

 

107. Extend Stirling’s triangle enough to allow you to answer the following question and answer it. (Don’t fill in 

the rows all the way; the work becomes quite tedious if you do. Only fill in what you need to answer this 

question.) A caterer is preparing three bag lunches for hikers. The caterer has nine different sandwiches. In 

how many ways can these nine sandwiches be distributed into three identical lunch bags so that each bag 

gets at least one? 

108. The question in Problem 107 naturally suggests a more realistic question; in how many ways may the 

caterer distribute the nine sandwiches into three identical bags so that each bag gets exactly three? Answer 

this question. 

109. Find a formula for 𝑆(𝑘, 𝑘 −  1). 

110. Find a recurrence for the Lah numbers 𝐿(𝑘, 𝑛) similar to the one for Stirling numbers of the second kind. 

111. The total number of partitions of a k-element set is denoted by 𝐵(𝑘) and is called the k-th Bell number. 

Thus 𝐵(1)  =  1 and 𝐵(2)  =  2. 

(a) Show, by explicitly exhibiting the partitions, that 𝐵(3)  =  5. 

(b) Find a recurrence that expresses 𝐵(𝑘)  in terms of 𝐵(𝑛)  for 𝑛 <  𝑘  and prove that your formula is 

correct. 

(c) Find 𝐵(𝑘) for 𝑘 =  4,5,6. 

112. (a) Given a function 𝑓 from a 𝑘-element set K to an 𝑛-element set, we can define a partition of K by putting 

x and y in the same block of the partition if and only if 𝑓(𝑥)  =  𝑓(𝑦). How many blocks does the partition 

have if 𝑓 is onto? 

(b) How is the number of functions from a 𝑘 -element set onto an 𝑛 -element set related to a Stirling 

number? Be as precise in your answer as you can. 

113. How many labeled trees on n vertices have exactly 3 vertices of degree one? In chapter 2, you used the 

Pr�̈�fer code to give an answer. Now use the Stirling number of the second kind to count the number of 

Pr�̈�fer codes. 

114. Each function from a 𝑘-element set K to an n-element set 𝑁 is a function from K onto some subset of N. If J 

is a subset of N of size j, you know how to compute the number of functions that map onto J in terms of 

Stirling numbers. Suppose you add the number of functions mapping onto J over all possible subsets J of N. 

What simple value should this sum equal? Write the equation this gives you. 
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115. In how many ways can the sandwiches of Problem 107 be placed into three distinct bags so that each bag 

gets at least one? 

116. In how many ways can the sandwiches of Problem 108 be placed into distinct bags so that each bag gets 

exactly three? 

 

4 The principle of Inclusion-Exclusion 

174. In a biology lab study of the effects of basic fertilizer ingredients on plants, 16 plants are treated with potash, 

16 plants are treated with phosphate, and among these plants, eight are treated with both phosphate and 

potash. No other treatments are used. 

(a) How many plants receive at least one treatment? 

(b) If 32 plants are studied, how many receive no treatment? 

175. (a) Find a formula for the size |𝐴 ∪ 𝐵| of the union 𝐴 ∪ 𝐵 of any two (finite but not necessary disjoint) sets 

A and B in terms of the sizes |𝐴|, |𝐵| and |𝐴 ∩  𝐵|. 

(b) If A and B are subsets of some “universal” set U, express the size of the complement 𝑈 −  (𝐴 ∪  𝐵) in 

terms of the sizes |𝑈|, |𝐴|, |𝐵| and |𝐴 ∩  𝐵|. 

176. In Problem 174, there were just two fertilizers used to treat the sample plants. Now suppose there are three 

fertilizer treatments, and 15 plants are treated with nitrates, 16 with potash, 16 with phosphate, 7 with 

nitrate and potash, 9 with nitrate and phosphate, 8 with potash and phosphate and 4 with all three. Now 

how many plants have been treated? If 32 plants were studied, how many received no treatment at all? 

177. Give a formula for the size of 𝐴 ∪ 𝐵 ∪ 𝐶 in terms of the sizes of 𝐴, 𝐵 and C and the intersections of these sets. 

Here it might be useful to draw the Venn diagram. 

178. Conjecture a formula for the size of a union of sets 

 

in terms of the sizes of the sets Ai and their intersections. To write the conjecture, you can use ⋂ 𝐴𝑖𝑖:𝑖∈𝐼  to 

mean the intersection over all the elements i in the set I.  (For Example, If 𝐼 =  {1,3,4,6}, then  ⋂ 𝐴𝑖𝑖:𝑖∈𝐼 = 𝐴1 ∩

𝐴3 ∩ 𝐴4 ∩ 𝐴6 .) If you choose you can also use something like: 𝑃𝐼:𝐼⊆[4],|𝐼|=2  |⋂ 𝐴𝑖𝑖:𝑖∈𝐼  | = |𝐴1 ∩ 𝐴2| + |𝐴1 ∩

𝐴3| + |𝐴1 ∩ 𝐴4| + |𝐴2 ∩ 𝐴3| + |𝐴2 ∩ 𝐴4| + |𝐴3 ∩ 𝐴4| to mean the sum of the sizes of intersections of any two 

subsets). Write the nicest formula that you can for your conjecture. 

179. The formula you gave in Problem 178 is what is called the principle of inclusion-exclusion for union of 

sets. Use induction to prove the principle of inclusion-exclusion for sets. 

180. Another way to prove the Principle of inclusion-exclusion is by showing that every element is counted 

exactly once in the formula for 𝐴1 ∪ 𝐴2 ∪···∪ 𝐴𝑛  given in Problem 178. In this exercise you will verify that 

the number of times that you count at element 𝑎 ∈  𝐴1  ∪  𝐴2  ∪ ··· ∪  𝐴𝑛  in the formula of Problem 178 is 1. 

(a) Suppose that 𝑎 occurs in j of the sets 𝐴𝑠. In how many intersections of k sets will it occur? Note that here 

1 ≤ k ≤ n. 
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(b) Use your answer in part (a) to write a formula using binomial coefficients for the number of times that 

a is counted in the formula of Problem 178 for the size of 𝐴1 ∪ 𝐴2 ∪···∪ 𝐴_𝑛 . 

(c) Use the Binomial Theorem and part (b) to verify that a is counted exactly once in the formula of Problem 

178. 

181. A group of n students goes to a restaurant carrying backpacks. The manager invites everyone to check their 

backpack at the check desk and everyone does. While they are eating, a child playing in the check room 

randomly moves around the claim check stubs on the backpacks. We will try to compute the probability 

that, at the end of the meal, at least one student receives his or her own backpack. This probability is the 

fraction obtained by dividing the number of ways in which at least one student gets his or her own backpack 

back by the total number of ways to return the backpacks. 

(a) What is the total number of ways to pass back the backpacks? 

(b) In how many ways can at least 𝑘 ≤  𝑛 specified students get their correct backpack? 

(c) Let Ai be the set of distributions in which student i gets the correct backpack. 

i. Give a description for what 𝐴1  ∪  𝐴2 means. 

ii. Give a description for what 𝐴1  ∩  𝐴2 means. 

(d) Using the notation in part (c) give a concise statement for the meaning of the following: 

i. . 

 ii. ⋂ 𝐴𝑖𝑖:𝑖∈𝑆 , where S is a subset of [n]. 

(e) Give a formula for . 

(f) Use the formula you obtained in Problem 178 to compute . 

(g) Use your answer to (a) and (f) to compute the probability that at least one student gets the correct 

backpack. 

(h) What is the probability that no student gets his or her own backpack? (Hint: if p is the probability that 

something occurs, 1 − p is the probability that it doesn’t occur) 

(i) As the number of students becomes large, what does the probability that no student gets the correct 

backpack approach? [Hint: What is the Taylor expansion of 𝑒𝑥?] 

 

 

 

 

 

 

 


