
Math 327A Homework #4.5 Never due 1

This homework will not be collected but this material will appear on the midterm.

Reading assignment: Read carefully the lecture notes. In addition, read §2.4 and pages 228–230
of §9.1. (You can skip Theorem 2.32 and everything after Theorem 2.33 in §2.4. This is the theorem
we call the Bolzano-Weierstrass Theorem.)

Written assignment: Solve the following problems.

1. Determine whether the statement is TRUE or FALSE. Justify your answer with a proof or
counterexample.

(a) If {an} and {bn} are monotone, then {an + bn} is monotone.

(b) If {an} and {bn} are monotone, then {anbn} is monotone.

(c) If {an} is monotone, then {an} converges.
(d) Every subsequence of a bounded sequence is bounded.

(e) Every subsequence of a monotone sequence is monotone.

(f) Every sequence of non-negative real numbers has a convergent subsequence.

(g) If {an} has a convergent subsequence, then {an} converges.
(h) If {an} is bounded, then {an} is Cauchy.

2. Determine whether the sequence is monotonic. Prove you are correct.

(a)

{
n

n+ 1

}
(b)

{
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n2
+

(−1)n
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}
3. (a) Show that a monotone sequence is bounded if it has a bounded subsequence.

(b) Suppose that the sequence {an} is monotone and that it has a convergent subsequence.
Show that {an} converges.

4. Suppose {an} converges to a and |a| < 1. Prove that {(an)n} converges to 0. [NOTE: You
may not simply apply the Power Property for Limits. Why not? Also, the theorem proved
in class that, if |c| < 1, then lim cn = 0, does not apply directly (though it may prove useful).
Why not?]

5. Suppose x is a real number such that 0 < |x| < 1.

(a) Show that there is a y > 0 such that |x| = 1

1 + y
.

(b) Prove that |xn| ≤ 1
ny for all n ∈ N.

(c) Prove that
√
nxn converges to 0.

(d) Prove that, if 0 < u < 1, then {nun} converges to 0. [HINT: for all n, nun =
(√

nun/2
)2
.]


