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1 Introduction
The field of reverse mathematics is devoted to ascertaining the proof-theoretic strengths of various results when they are assumed
as axioms. In particular, given a fixed language, we can compare axiomatic systems (that is, sets of statements) A and A′ in
that language by asking whether every sentence in A′ can be proven in A and vice versa. One may also ask whether A ∪ A′ is
a consistent set of sentences. In the past century, these questions have primarily been asked about set theory. One of the great
achievements of twentieth-century logic was the demonstration that the axiom of choice is independent of the other axioms of
Zermelo-Fraenkel set theory; that is, appending either it or its negation to the other axioms of ZF yields a consistent axiomatic
system. It is also well-known that the axiom of choice is equivalent to several other results, such as the well-ordering theorem,
over ZF. This simply means that, if we take the axioms of ZF and the axiom of choice as axioms, we can prove the well-ordering
theorem, and if we take ZF and the well-ordering theorem as axioms we can prove the axiom of choice.

Here we examine such questions in a different language, the language of second-order arithmetic. Though not really a second-
order language, the language of second-order arithmetic has two types of variables, numbers and sets, with relations correspond-
ing to order, addition, and multiplication. It turns out that much of mathematics can be encoded in the language of second-order
arithmetic, and given any theorem or set of theorems provable in the full axiomatic system of second-order arithmetic, we can
consider the axiomatic system consisting of those statements and ask what can be proved from it.

Remarkably, most results fall into one of a few distinct classes of axiomatic strength. Subsystems of the axiomatic system
of second-order arithmetic are considered to be the same if all of the axioms of one can be proved in the other and vice versa.
Quite a few results are provable in a base system called RCA0 corresponding to ‘computable’ mathematics, and those that are
not usually induce one of four other ‘Big Five’ subsystems subsystems of the full axiomatic system of second-order arithmetic.

Hindman’s theorem is a well-known combinatorial result, and like many known characterizations of Big Five subsystems, it
is phrased as a statement about the existence of a set of natural numbers. It is known that Hindman’s theorem lies near one of
the Big Five systems, ACA0, in terms of proof-theoretic strength, but it is not known whether it is equivalent to ACA0. This is
the primary open question about the proof-theoretic strength of Hindman’s theorem, though there has also been significant recent
work on the proof-theoretic strength of certain restrictions of Hindman’s theorem by Carlucci.

There are close relationships between the hierarchy of subsystems of second-order arithmetic and the order of the Turing degrees,
which we introduce below. From the perspective of computability theory, the status of Hindman’s theorem is quite uncertain; in
terms of reverse mathematics, the position of Hindman’s theorem has very nearly been ascertained.
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2 Second-Order Arithmetic
The language of second-order arithmetic, often denoted L2, is a first-order, two-sorted language with a capital type and a minis-
cule type. It contains constant symbols 0 and 1 of miniscule type, binary function symbols + and · that operate on letters of
miniscule type and output a letter of miniscule type, a binary relation symbol < between letters of miniscule type, and a bi-
nary relation symbol e with first argument of miniscule type and second argument of capital type. This completes the formal
description of the language. We will follow the custom of writing +(a, b) as a + b, ·(a, b) as ab, and < (a, b) as a < b. The
capital letters are to be interpreted as sets of natural number and the miniscule letters are to be interpreted as numbers, with e
representing set membership. We will usually refer to capital letters as set variables and miniscule letters as number variables. It
should be stressed that we are working with full first-order logic when reasoning with L2; there is no reason why we must adopt
a constructive or otherwise restricted logical standpoint when studying arithmetic.

A (well-formed) formula in L2 is Σ0
0 if it contains no set quantifiers, the scope of any universal number quantifier ∀n is of

the form (n ≤ m =⇒ Q), and the scope of every existential number quantifier is of the form (n ≤ m ∧Q), where Q is some
well-formed formula; such quantifiers are said to be bounded. A formula is Π0

0 if it is Σ0
0. For k > 0, a formula is Σ0

k if it is of
the form ∃n(∼ Θ), where n is a miniscule letter variable and Θ is a Σ0

k−1 formula. A formula is Π0
k if it is of the form ∀n(∼ Θ),

where n is a miniscule letter variable and Θ is a Π0
k−1 formula. A formula is ∆0

k if it is equivalent to both a Σ0
k formula and a Π0

k

formula. The following (meta-mathematical) lemma is easily seen by induction.

Lemma 1. For any k ∈ ω, a formula Θ is Σ0
k if and only if ∼ Θ is Π0

k.

The statement that a number is prime is ∆0
0, for we can write it as ϕ(n) = ∀j(j < n =⇒ (∀k(k < n =⇒ (∼ (jk = n))))).

Notationally, we will abbreviate ∀n(n < m =⇒ Q) to ∀(n < m)Q and similarly for bounded existential quantifiers, in which
case the above becomes (∀j < n)(∀k < n)(∼ (jk = n)). We will also use symbols such as ≤ and 6= with their usual meaning.

The axioms of RCA0 are the following statements in L2, where ϕ is a Σ0
1 formula and ψ is a ∆0

1 formula in which X does
not occur:

1. ∀n(n+ 0 = n)

2. ∀n(0n = 0)

3. ∀n(∼ (n < 0))

4. ∀n(∼ (n+ 1 = 0))

5. ∀n∀m(n+ 1 = m+ 1 =⇒ n = m)

6. ∀n∀m(m+ (n+ 1) = (m+ n) + 1)

7. ∀n∀m(n(m+ 1) = nm+ n)

8. ∀n∀m(n < m+ 1 ⇐⇒ (n = m ∨ n < m))

9. ∀m∃n((∼ ϕ(0)) ∨ (ϕ(n) ∧ (∼ ϕ(n+ 1)) ∨ ϕ(m))

10. ∃X∀n(neX ⇐⇒ ψ(n))

If we had let ϕ,ψ be arbitrary formulae in L2 (maintaining the restriction that X does not appear in ψ), we would have instead
obtained Z2, the full axiomatic system of second-order arithmetic. If we had required only that ϕ,ψ contain no set quantifiers
(such formulae are said to be arithmetical) we would have obtained ACA0. A subsystem of Z2 is any collection of statements in
L2 that are provable in Z2. An ω−model of any such subsystem is a model where the universe of number variables is the usual
set of natural numbers ω, the universe of set variables is some subset of P(ω), and e is interpreted as the membership relation ∈ .

Before proceeding further, let us see why these three systems are important. It turns out that RCA0 is the weakest system in
which a substantial body of mathematics can be developed. This is essentially because it allows us to form sets for which the
criteria for membership can be computably determined. When the real numbers are appropriately defined in L2, we are able to
prove the Baire category theorem, the intermediate value theorem, and the existence of an algebraic closure for every countable
field. Simpson proves these results in Subsystems of Second-Order Arithmetic.

Perhaps the best argument for why RCA0 should be used as the base axiomatic system is that its minimal ω−model contains
precisely the computable sets. Intuitively, bounded number quantifiers can be computably verified, and Σ0

1 sets are ‘computably
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enumerable’ because membership in such a set can be decided by running a possibly nonterminating search for a number which
satisfies a computable condition. By the above lemma it follows that a ∆0

1 set is computably enumerable and its complement
is computably enumerable, so it is computable (we will discuss computability more in the next section; for now simply think
of a set as computable if there is an algorithm for determining if a number we are given is in the set). This is all formally and
systematically developed in Simpson. (One should note that axiom 9, the induction axiom, is irrelevant in ω−models, where
induction automatically holds for all formulae, and thus the above argument only justifies treating the comprehension axiom 10
as a computable condition; axioms 1-8 must certainly be satisfied by anything called arithmetic.) The formal connection arises
from the fact that the formation rules for partial recursive functions can all be expressed in L2 and the existence of the resulting
functions can be proved from RCA0.

The system ACA0 is almost as natural. It is a conservative extension of Peano (first-order) arithmetic; indeed, its first-order
part, concerning statements only about numbers, is the same as that of Peano arithmetic. Like RCA0, ACA0 can be equiva-
lently described by many statements using RCA0 as a base system. By our above argument, unbounded existential quantifiers
correspond to computably enumerable sets. Repeatedly applying this, we get that every set definable via an arithmetical formula
is computable in some finite iterate of the Turing jump. Indeed we find that the minimal ω−model of ACA0 consists of sets
computable with oracle ∅(n) for some n < ω.

We will concern ourselves only with subsystems of Z2 at least as strong as RCA0. In terms of ω−models, this means that
we will only address questions regarding the inclusion of certain sets in the model, and as our prior statements about the connec-
tion between the comprehension axiom of RCA0 and computability relativize, whenever an ω−model of RCA0 (and a fortiori
any system at least as strong) contains some X ⊂ ω, if Y is computable from X we must also have Y in the model. (Consider an
appropriate ∆0

1 formula with X as a free variable and Y as the set thus defined.) We reiterate that all of these statements can be
precisely justified, and they are in Simpson. Because we only wish to consider subsystems in which RCA0 holds, we will write
HT for the axiomatic subsystem of Z2 consisting of RCA0 and Hindman’s theorem.

Naturally, the above connections with computability theory are very powerful, and they are essential to our study of ω−models
of subsystems of Z2. But they make little sense in other models. However, we can approximate applications of computability
with formulae in L2 using universal lightface Π0

1 formulae. We will not examine the existence or properties of such formulae,
but they are essential in generalizing results proven about ω−models to all models of a subsystem of Z2. In particular, they are
used to derive, from the results of Blass, Hirst, and Simpson, the statements that HT proves ACA0 and that HT is provable
in ACA+

0 . In fact, they allow us to enumerate ‘recursive’ functions like we do with universal Turing machines, and this means
that, if we have a statement involving quantification over all recursive functions, we can rewrite the statement using our indexing
of recursive functions so that the quantification is of a number variable. This allows us to apply induction if we are assuming
ACA0.1 When we embark on the main part of the argument, we will repeatedly implicitly use this. If you feel uncomfortable
with discussing recursive functions (with or without oracles) in a setting that is not the ‘true’ natural numbers, you can either
think of the argument as applying only to ω-models of second-order arithmetic or as applying over ACA, a subsystem of Z2

that allows for arithmetical comprehension and arbitrary induction, as either will allow results proved by induction to go through
when there are set quantifiers involved. But the argument is legitimate in the general case.

Though we will concern ourselves primarily with results that can be clearly formulated in L2, we should note that, when defini-
tions are made correctly, large bodies of mathematics can be expressed within L2. Essentially any structure that can be ‘countably
controlled’, such as a separable metric space, can be interpreted in L2 in such a way that standard theorems can be proven in
Z2. But the machinery necessary to describe such applications is complex and centers around some technical arguments about
encoding tuples and sets of natural natural numbers as natural numbers in a way amenable to use in RCA0, so we will exclude
such applications of second-order arithmetic. It is worth noting, however, that the structure of subsystems of Z2 is often most
easily seen through expressions as results in topology or analysis, and one of the major reasons why it is difficult to place Hind-
man’s theorem and other Ramsey-type theorems within the hierarchy is that there is no known equivalent expression in terms of
continuous mathematics.

Without going through the technical arguments mentioned above, we should briefly address pairing maps, as they are rele-
vant to the statement of Hindman’s theorem in L2. If one wants to discuss pairs or tuples of natural numbers in L2, one must
define them to be abbreviations for something that is expressible in L2, a natural number or a set of natural numbers. We call
a ‘function’ that tells us how such tuples correspond to natural numbers a pairing map. There are many pairing maps if we do
not require the pairing map to be surjective. Simpson uses (n,m) as an abbreviation for (n + m)2 + n. (It is not really a ‘map’
in the language of second-order arithmetic, as it is not a number of a set of natural numbers!) Proceeding in this way we can

1The Blass, Hirst, Simpson paper is quite light on details, but this is the mechanism they are fundamentally relying on to push the argument through in ACA0

instead of ACA.
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encode arbitrarily many copies of N in N by repeatedly pairing, so that (a, b, c) is encoded as the natural number ((a, b), c).
Thus we can consider functions from N to N as subsets of N itself once we have fixed a pairing map. We should also note
that one may encode arbitrary finite sets as natural numbers; again, there are many ways to do this, but the most natural is easily
seen to be the map that takes a finite set S to

∑
i∈S 2i. This is not the encoding that we take in the development of second-order

arithmetic, as we do not have the notion of such a sum before defining an encoding of finite sets as natural numbers, but the idea
is fundamentally the same. We should remark here also that the term ‘finite’ refers to a formula expressible in L2, not an external
set-theoretic notion: we say that a set S is bounded if and only if there is some n such that m ∈ S =⇒ m < n. More concisely,
∃n∀m[m ∈ S =⇒ m < n]. (Recall that we do not need to explicitly restrict the quantifiers to natural numbers, as this is
exactly what we mean when we quantify a miniscule letter in L2.) When we refer to a finite sum of elements in our discussion of
Hindman’s theorem, we are referring to a finite set in this internal, arithmetic sense.

3 Remarks on Computability
The definability of certain sets within subsystems of Z2 is closely connected to their computablity-theoretic properties. So it is
worthwhile giving a brief overview of the theory of computability here. The account is drawn primarily from Davis, which is
generally an excellent reference for computability theory. Other good accounts can also be found in Weber and Rogers. Note
that, in this section, we are only discussing the usual natural number system ω.

The formal model of computation we use is that of the Turing machine (or, rather, a formalization of Turing machines within set
theory). Given a fixed, countable collections of distinct sets q0, q1, ..., S0, S1, ... and some distinct sets L and R (which may be
selected c whichever way one chooses), an instruction set is a finite set of ordered quadruples where the first component is some
qi, the second component is some Si, the third component is either some qk, Sj , L, or R, and the fourth component is some qk,
where no two elements of the instruction set have the same first and second components. For example, an instruction set could
consist of the tuples (q2, S0, S3, q5), (q6, S1, L, q6), (q8, S2, q4, q5), and (q2, S2, S4, q3). A Turing machine with an oracle is an
ordered pair (S,M), where S is an instruction set and M ⊂ N. A Turing machine with oracle µ is a Turing machine with an
oracle with second component equal to µ. A Turing machine is a Turing machine with oracle ∅. A simple Turing machine with
an oracle is a Turing machine with an oracle which contains no quadruple where the third component is a state qi. This completes
the formal description of Turing machines.

The idea is that a Turing machine with an oracle acts on some infinite tape (with squares indexed by the integers) on which
some symbols (Si’s) are printed by having a read/write head which scans one square on the tape at a time. If it is in state qi and is
reading symbol Sj and there is some quadruple in the machine with first two components being qi and Sj , that ‘instruction’ tells
the machine what to do: it either changes which square is scanned or it replaces the symbol currently in the square with another
symbol. A total state is an ordered triple (T, s, r), where T is a function from Z to the set of symbols S0, S1, ..., s is one of the
states q0, q1, ..., and r is an integer. We interpret T to indicate the state of the tape at a given time, s the state of the machine, and
r the square that the machine is scanning.

Given a Turing machine with an oracle (S,M), we define a relation → (which would perhaps be more accurately denoted
→(S,M)) on the set of total states by saying (T, s, r)→ (T ′, s′, r′) if and only if one of the following hold:

1. S contains a quadruple of the form (s, T (r), L, qk) and T ′ = T, s′ = qk, r
′ = r − 1

2. S contains a quadruple of the form (s, T (r), R, qk) and T ′ = T, s′ = qk, r
′ = r + 1

3. S contains a quadruple of the form (s, T (r), Sj , qk) and T ′(n) = T (n) if n 6= r, T ′(r) = Sj ,s′ = qk, and r′ = r

4. S contains a quadruple of the form (s, T (r), qj , qk), the cardinality of the set T−1(S1) is in M, T ′ = T, s′ = qj , r
′ = r

5. S contains a quadruple of the form (s, T (r), qj , qk), the cardinality of the set T−1(S1) is finite but not in M, T ′ = T, s′ =
qk, r

′ = r

Because of our stipulation that an instruction set cannot have distinct elements that agree in both the first and second compo-
nents, it follows that, for any total state (T, s, r), there is at most one total state (T ′, s′, r′) such that (T, s, r) → (T ′, s′, r′). A
computation is a (finite or infinite) sequence γ of total states such that, for all natural numbers n, γ(n) → γ(n + 1), where γ is
either defined on all of N or, if m is the greatest natural number on which it is defined, there is no total state (T, s, r) such that
γ(m) → (T, s, r). In the latter case we say that the computation terminates or halts, and the output (or result) on input γ(0) is
T. In the former case we say that the machine gives no output on input γ(0). For each total state, there is a unique computation
γ such that γ(0) is equal to that total state (if one assumes that there is no terminating computation beginning with that total
state, one may recursively define an infinite sequence that forms a computation; uniqueness follows immediately from our prior
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remarks).

If we interpret an input (initial total state) (T, s, r) where s = q0, r = 0, and there is some natural n such that T (x) = S1

if 0 ≤ x < n and T (x) = S0 otherwise as the natural number n, we can interpret the machine with an oracle as a partially
defined function on the natural numbers, where if the machine terminates the output is the number of S1’s that appear in the final
state and if the machine does not terminate the function is not defined on that input. We can also allow machines to act on tuples
of natural numbers by encoding a tuple as a string of strings of S1’s with appearances of S0 separating them, where the length
of each string of S1’s encodes a natural number. Note that, if M = ∅, we can rewrite any machine with oracle M as a simple
machine by just replacing appearances of (qk, Sj , ql, qm), with (qk, Sj , Sj , qm). We say that a partially defined function on the
natural numbers (or on some finite product of copies of the natural numbers) is M−computable or computable in M if there is a
Turing machine with oracle M that returns no output precisely when the original function is not defined and, where the original
function is defined, the Turing machine outputs the appropriate value. A function is said to be computable if it is computable in
∅ or, equivalently, if it can be computed by a simple Turing machine. A set of natural numbers is said to be M−computable if its
characteristic function is M−computable.

We will hereafter ignore the above formalism. This is because of the Church-Turing thesis, which states that any function
computable by an algorithm is computable. So if we describe a precise algorithm in words, we assume that it could be translated
to the language of Turing machines. This is acceptable because, in each case where people have attempted to formalize an al-
gorithm as a Turing machine, they have succeeded, and moreover every reasonable attempt at defining computable functions is
equivalent to the Turing machine construction. The number of alternate formalizations is great, and for an introduction to many
of them one should see Weber.

We chose the Turing machine formalism here because it has the clearest intuitive connection to computability; the image of
a head following instructions based on symbols it reads is very compelling. However, to prove that all computable functions are
definable in ω−models of RCA0, one does not use this characterization, but rather a definition that gives the set of functions
computable from an oracle S as the smallest set of functions from the finite products of the natural numbers to natural numbers
that includes constant maps, the successor function, and the characteristic function of S, and which is closed under operations
corresponding to ‘recursion’ (defining the action on n + 1 in some clear way from the action on n). But the chosen operations
we require closure over appear to be arbitrary, which is why the Turing machine model seems more natural.

It is generally accepted that every algorithm can be written as a Turing machine. Similarly, though the ways in which we can use
oracles originally appears very limited, it essentially captures the entire notion of being able to refer to externally provided values.

If the oracle is itself computable, then it does nothing, as instead of referring to the oracle the machine could simply run
through the computation to see if the number of S1’s was in M and proceed accordingly. It is easy to see that every set M
is M−computable. In fact it is not difficult to see that this induces a pre-order on the set of sets of natural numbers by declaring
N ≤T M if N is M−computable, and we will repeatedly use the transitivity of this order below without reference. (But actually
writing out Turing machines for all of these things is quite tedious; see Davis for explicit constructions.) The equivalence classes
over this pre-order are called Turing degrees. There are many open questions about the order structure; for instance, it is not
known whether the set of Turing degrees admits a nontrivial automorphism. For more information about these open questions see
Montalbán. Many mathematicians will naturally feel uncomfortable with proofs that rely on the Church-Turing thesis, but it is
really no different from the ways in which we usually do mathematics. Papers are not written in formal languages; they indicate,
in words, enough information so that the informed reader could translate them into the relevant formal proof structure without
difficulty.

For any fixed oracle M, we can effectively enumerate all Turing machines with oracle M. That is, we can list the programs
ϕM0 , ϕ

M
1 , ... with oracle M in such a fashion that one can write a universal Turing machine UM such that, for all natural numbers

e and n, UM (e, n) = ϕMe (n) (where we interpret equality to include the statement that, wherever one side is defined, the other
is defined as well). We will omit the details of this construction, but it boils down to fixing an encoding between natural numbers
and programs that can be computed algorithmically; that is, at the beginning, U decodes e into a set of instructions, and then
it proceeds to act on n where, at each step, the machine checks the set of instructions it determined from e at the beginning to
determine how it should act before returning to the relevant square and proceeding accordingly. The existence of such a U gives
us an effective listing of all programs with oracle M . We let M ′ be the Turing jump of M ; that is, M ′ ⊂ N is given by e ∈ M ′

if and only if ϕMe halts on input e. One may naturally ask whether M ′ depends on the way in which we listed the machines
with oracle M. Of course there is no canonical way to encode instructions as natural numbers, so there is no canonical way to
effectively list the Turing machines. Hence we have not defined the set M ′ canonically, only with respect to the effective listing
we fixed. However we have no issue with writing M ′ because, if we used some other listing and obtained some other jump
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N, we would have that N is M ′-computable and M ′ is N−computable. We will never be interested in the actual set M ′, only
its computability properties, so one may choose whatever M ′ one likes. It is always true that M is M ′-computable, but M ′ is
never M−computable. Halting sets are very central in computability theory and were one of the primary objects studied in the
classical theory of computability developed by Turing, Post, Kleene, and Church. Note that the above implies that there is no
maximal Turing degree with respect to the order defined above. Of course the Turing jump can be iterated: the second jump of a
set X ⊂ N is (X ′)′ and so on. We denote the n-th jump of X by X(n).

Any two Turing degrees have a least common upper bound, or join, with respect to the Turing order: given X,Y ⊂ N, the
join X ⊕ Y consists of even numbers n such that n/2 ∈ X and odd numbers m such that (m − 1)/2 ∈ Y. We leave it as an
exercise to the reader to see that this operation is well-defined (choosing different representatives from the Turing degrees of X
and Y give elements of the same Turing degree as the join) and it is a least upper bound for {X,Y }.

The Turing order captures the intuitive notion of a problem being ‘even more noncomputable’ than another. For example, the
word problem for finitely presented groups is even more noncomputable than the halting problem: neither can be computed, but
given an oracle for the word problem (when appropriately encoded in the natural numbers), one can compute the halting problem,
though the converse is not the case. One may also think of adjoining algebraic elements to fields: there is no square root or fourth
root of 2 in Q, but there is a square root of 2 in Q[ 4

√
2] while there is no fourth root of 2 in Q[

√
2].2

One could consider allowing oracles that are subsets of any finite product of copies of N, but this would not add anything
because we have pairing maps that allow us to computably and injectively (in some increasing manner) embed products of N in
N itself. (This is also how we can encode complex information about ordered pairs when working in second-order arithmetic,
and is thus essential for defining e.g. the real numbers.)

On a final, notational note, we should say that the term ‘recursive’ is often used as a synonym for ‘computable’ both in this
thesis and in the literature, and ‘f is recursive in Y ’ means ‘f is computable in Y ’ or, equivalently, ‘f is Y -computable’.

4 König’s Lemma
We devote this short section to a discussion of König’s lemma and weak König’s lemma, as they are important both to our proof
of Hindman’s theorem and the general structure of subsystems of second-order arithmetic. Assume we have fixed some encoding
of finite sequences of natural numbers as natural numbers in RCA0; we assume that finite sequences have some (possibly empty)
initial segment {0, 1, ..., k − 1, k} of N as their domain. Then we say that a tree is a set T of such finite sequences where, if
f ∈ T and g is some finite sequence such that the domain of g is contained in the domain of f and, for all k in the domain of g,
g(n) = f(n), we must have g ∈ T (note that T is really a set of natural numbers when this is formalized in RCA0). A tree is
infinite if it has infinitely many elements, and a tree is finitely-branching if, whenever f has domain {0, 1, ..., k}, f ∈ T, there are
only finitely many g ∈ T such that g has domain {0, 1, ..., k + 1} and g(n) = f(n) for all n ≤ k. A path in a tree is a sequence
h such that, for all k ∈ N, the restriction of h to the set of natural numbers less than k is an element of T.

Theorem 2 (König’s Lemma). The following is provable in ACA0. If T is a finitely-branching infinite tree, there is a path in T.

Proof. Let S be the set of finite sequences f ∈ T such that there are infinitely many g ∈ T that extend f (that is, their do-
mains contain the domain of f and the restriction of g to the domain of f is equal to f ). (When one writes the defining formula
for S, using the encoding of finite sequences as numbers, the only quantifiers that appear are numerical and thus the arithmeti-
cal comprehension guaranteed by ACA0 insures the existence of S.) Now for each finite sequence h defined for numbers less
than n, define Sh to be the set consisting of numbers m such that the finite sequence g given by g(j) = h(j) for j < n and
g(n) = m is in S. (Again we are relying on our encoding of finite sequences to see that this set formation is really arithmeti-
cal.) Take f0 to be the empty sequence, and for all n take fn+1 to be the finite sequence defined on natural numbers less than
n+1 by fn+1(m) = fn(m) form < n and fn+1(n) = 0 if Sfn = ∅; if Sfn 6= ∅, take fn+1(n+1) to be the least element of Sfn .

We can show by induction that Sfn 6= ∅ for all n, as we know from our hypotheses that Sf0 is nonempty, and if Sfn 6= ∅,
we can conclude fn+1 ∈ S. Now we use the finite branching assumption to find the finite set F consisting of numbers j such
that extending fn+1 by taking n + 1 to j yields an element of T. By the definition of a tree, we know that, if g is any extension
of fn+1, either g = fn+1 or g(n + 1) ∈ F (because the restriction of g to {0, ..., n + 1} must be in T ). This implies that, if g
is an extension of fn+1, then either g = fn+1 or g is an extension of some finite sequence h defined on {0, ..., n + 1} with h

2The analogy can be carried further: just as the algebraic closure of Q is not a finite extension, one cannot choose finitely many oracles from which every
function from the natural numbers to itself can be computed. In fact one cannot even choose a countable number of oracles such that every function from the
natural numbers to itself can be computed from one of the oracles, and more could be said in this vein. This is essentially because the number of instruction sets
is countable, so there are only countably many functions that one can compute from a given oracle.
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extending f and h(n+ 1) ∈ F. There are only finitely many such h’s, so if each such h only has finitely many extensions in T, it
follows that fn+1 only has finitely many extensions in T, which is impossible since fn+1 ∈ S. (Here we may appear to be using
the set-theoretic notion of a finite union of finite sets being finite, but this is easily established within RCA0, as if we have upper
bounds B1, ..., Bs for all sets in the union, then max{Bj} is an upper bound for the union.) Consequently there is some h for
which there are infinitely many extensions, and thus h ∈ Sfn+1

. This completes the induction.

It follows immediately from this that each fn is in S, so each fn is in T, and we can define a path f by declaring that (j, n) ∈ f
if and only if (j, n) ∈ fj+1. †

It turns out that, over RCA0, König’s lemma is actually equivalent to ACA0; that is, we can prove all of the axioms of ACA0

if we assume RCA0 and König’s lemma. However, there is an important restriction of König’s lemma that is not equivalent to
ACA0. A tree T is said to be binary if, whenever f ∈ T, the image of f is contained in {0, 1}.

Theorem 3 (Weak König’s Lemma). The following is provable in ACA0. Every infinite binary tree has a path.

Of course the weak version follows immediately from the stronger. In fact it induces a strictly weaker subsystem of Z2

than full König’s lemma does; this is one of the Big Five subsystems and is called WKL0. It is equivalent, for instance, to the
statement that every continous function on [0, 1] ⊂ R is bounded, as well as to the Gödel completeness theorem. (As is generally
true when we reason in reverse mathematics, the statements in the language of second-order arithmetic differ somewhat from
the usual formalizations of these statements.) Note that WKL0 is not equivalent to RCA0; that is, weak König’s lemma is not
provable in RCA0. See Simpson and Hirschfeldt for more complete discussions of variants of König’s lemma.

5 Hindman’s Theorem
Originally proved by Hindman in 1972, the theorem states

Theorem 4 (Hindman). If {Ci}ki=1 is some finite partition of N, there is some i and an infinite set X ⊂ N such that, whenever
x1, ..., xn are distinct elements of X ,

∑
xj ∈ Ci.

A finite partition is called an instance of the Hindman problem, and X is a Hindman solution. Before proving Hindman’s
theorem, we will show a somewhat surprising result of Blass, Hirst, and Simpson. Before doing so, though, we need a technical
lemma. To each natural number n we associate a set B(n) ⊂ N such that m ∈ B(n) if and only if 2m appears in the binary
expansion of n. We say that a set X is separated if, whenever n < m are in X, each element of B(n) is less than each element of
B(m).

Lemma 5. For any infinite set X ⊂ N, there is an infinite separated set Y computable in X such that each element y of Y can
be written as a distinct sum of (finitely many) elements zy1 , ..., z

y
n(y) of X such that the sets of zy’s are disjoint. In particular,

FS(Y ) ⊂ FS(X).

Proof. We sketch the ideas and leave the details to the reader. Put X0 = X . In what follows, we will refer to the n−th digit of a
number in its binary expansion as its n−th coordinate. We will define a sequence of sets {Xn} and a partial sequence of natural
numbers {bn}. For each j > 0, we divide into cases to define Xj :

1. If there is no element of Xj−1 less than 2j+1 with k-th coordinate equal to 1 for some k < j, put Xj = Xj−1 and leave
bj−1 undefined.

2. If s < j is the smallest natural number such that there is some u ∈ Xj−1 with u < 2j+1 and s ∈ B(u), and there are an
odd number of elements of Xj−1 with s-th coordinate equal to 1 and all lower coordinates equal to 0, say a1 < ... < an,
let Xj consist of elements of Xj−1 with s-th coordinate equal to zero, elements of Xj−1 with s−th coordinate equal to 1
and some lower coordinate equal to 1, and a2k + a2k+1 for 0 < k ≤ n/2. Put bj−1 = a1.

3. If s < j is the smallest natural number such that there is some u ∈ Xj−1 with u < 2j+1 and s ∈ B(u), and there are an
even number of elements of Xj−1 with s-th coordinate equal to 1, say a1 < ... < an, let Xj consist of elements of Xj−1
with s-th coordinate equal to zero, elements of Xj−1 with s−th coordinate equal to 1 and some lower coordinate equal to
1, and a2k + a2k+1 for 0 < k < n/2. Put bj−1 = a1.

4. If s < j is the smallest natural number such that there is some u ∈ Xj−1 with u < 2j+1 and s ∈ B(u), if there is an
infinite number of elements of Xj−1 with s-th coordinate equal to 1 and all lower coordinates equal to 0, say a1 < ..., let
Xj consist of elements of Xj−1 with s-th coordinate equal to zero, elements of Xj−1 with s−th coordinate equal to 1 and
some lower coordinate equal to 1, and a2k + a2k+1 for k > 0. Put bj−1 = a1.
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The above list could be streamlined significantly, but the significant point is that we want to pair off elements so that, when we
add them later, we reduce to sums of distinct elements of X. Losing a single element at the end of an even pairing is unimportant.
The key is that it can be determined in finite time whether a bm is defined for each bm, but if this search ends and there is some
element with coordinate 1 in the relevant position that was outside the bounds, that element is preserved until it enters the scope
of a later search; it is not added to others.

It is worth noting that the above is actually, contrary to appearance, a computable (relative to Xj−1) construction of Xj : for
any natural number m, we can compute the coordinates of each number in Xj−1 less than 2j+1; if none have a 1 coordinate in
any position less than j, we know that m ∈ Xj if and only if m ∈ Xj−1. Otherwise we know which k is under consideration
and, if m ∈ Xj−1, k ∈ B(m), and k is not the least element of B(m), we know m ∈ Xj . We also know m ∈ Xj if m ∈ Xj−1
and k /∈ B(m). Otherwise we can enumerate the elements of Xj−1 less than or equal to m and determine which of them have
k−th coordinate equal to 1 and no lesser coordinates equal to 1, and m is in Xj if and only if it appears as one of the paired sums
of these elements. This implies, by induction, that all Xn’s are computable relative to X.

Note that the collection of bn’s is infinite, as otherwise we would have a finite bound on some Xn = Xn+1 = ... (as the
scope function we chose, 2j+1, becomes arbitrarily large), and it is clear from induction that each Xn is infinite. Also, at each
coordinate k, note that eventually all elements of Xn will have 0 k−th coordinate; this can be seen by induction on k, as if each
element of Xn has all lower coordinates equal to 0 whenever n ≥ N, if all elements of xN have k−th coordinate 0, then it is
clear that all further Xn’s only contain elements with k−th coordinate 0; otherwise, choose the least element y ∈ xN with k−th
coordinate equal to 1; it is unaffected when bm’s are chosen corresponding to larger k−values, and thus once n is large enough
that y < 2n, it will be chosen as a bm at some M ; then it is clear that, when n > M, all elements of Xn have k−th coordinate
equal to 0. Consequently if we let cn = bn whenever λ(bn) > µ(bm) wheneverm < n and bm is defined, cn undefined otherwise,
we obtain an infinite partial sequence of cn’s, for we have already established that the bn’s form an infinite collection and, given
any N, all of the bn’s will eventually have first N coordinates equal to 0.

We leave it to the reader to verify that the collection of cs’s is computable from X (because all of the Xj’s are computable
from X; from each Xj we can verify whether there will be some bj , and if there is a bj , one may computably enumerate bm’s
until either some m is found such that n = bm and λ(n) > µ(bk) for k < m or n = bm and there is some k < m with
λ(n) ≤ µ(bk) or neither of these occurs before some m is found such that bm is defined and µ(m) > λ(n), in which case n is
not a cs; such an m must eventually arise because the cs’s are unbounded).

Now let Y be the collection of cs’s. We have just shown that Y is computable from X, and from its construction we know
that every element of Y is a sum of distinct elements of X , with no element of X appearing in the sum for multiple elements of
Y. Also by construction Y is separated and we are done. †

The lemma is due to Hindman.3

Theorem 6. For any S ⊂ N, there is a partition of N computable in S such that any Hindman solution X satisfies S′ ≤T X.

Of course, S′ denotes the Turing jump of S.

Proof. Choose a program M for a Turing machine with oracle S that computes a partial function f : N → N such that the
range of f is the halting set for some fixed enumeration of the Turing machines with oracle S (the halting set is the set of natural
numbers e for which ϕSe halts on input e). Define λ(n) = minB(n), µ(n) = maxB(n). A pair of natural numbers (r, s) is said
to be a gap in n if r, s ∈ B(n) and r < t < s =⇒ t /∈ B(n). Such a gap is short if there is some x ≤ r such that x ∈ S′ butM
does not halt on input x in s or fewer steps. And it is very short if there is some x ≤ r such that x ∈ S′,M halts on input x in
µ(n) or fewer steps, butM does not halt in s or fewer steps. Of course every very short gap is a short gap. Let SG(n) denote
the number of short gaps in n, and let V SG(n) be the number of very short gaps in n.

We claim that V SG is a computable function relative to X . It is clear that B(n) is computable. To determine whether a
gap (r, s) is very short, on each x ≤ r, run M for at most s steps (of course we stop before then if M halts in fewer steps).
IfM has not halted, continue runningM so that it has performed, in total, no more than µ(n) steps; if a 1 is then output, we
know that (r, s) is a very short gap. There are only finitely many x ≤ r, so we can repeat this for all such x. Performing this for
all gaps in n,we determine exactly which gaps are very short and we can then count them. This shows the computability of V SG.

Now we color N by declaring the set of n such that V SG(n) is even to be one color and the set of n such that V SG(n) is
odd another color. We know that this coloring is computable relative to X . Let X be a solution for this Hindman problem. Then

3It should be said that the original proof in [7] is much shorter and of a different character; I wrote this one before coming across Hindman’s original argument.
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we can use the lemma to compute a solution Y relative to X with disjoint, increasing binary expansion sets. It will suffice to
show that we can compute S′ ≤T Y.

We claim that, for all m that can be written as a finite sum of elements of Y, SG(m) is even. We can choose some n ∈ Y
such that n > m and, for all x ≤ µ(m), if x ∈ S′, thenM halts on x in λ(n) or fewer steps. This is simply because the restric-
tion of λ to Y is unbounded by choice of Y. The gaps of n+m consist of the gaps of n, the gaps of m, and the gap (µ(m), λ(n))
(as m is a sum of elements of Y less than n, all of which have disjoint binary expansions, we know µ(m) < λ(n)). A gap in n is
short if and only if the same gap is short in n+m, and the same holds form. Further, any short gap inm is very short in n+m by
choice of n. And a gap in n is very short in n if and only if it is very short in n+m, as µ(n+m) = µ(n). Finally, wee see that the
gap (µ(m), λ(n)) is not very short in m+ n directly from the choice of n. Consequently V SG(n+m) = SG(m) + V SG(n).
But V SG(n + m), V SG(n) have the same parity because they are both finite sums of elements in Y and hence have the same
color by the fact that Y is a solution to the Hindman problem. This proves that SG(m) is even.

Now, if n,m ∈ Y with m < n, x ≤ µ(m), we claim that if x ∈ S′, our machine M halts on x in λ(n) or fewer steps.
The claim is the statement that (µ(m), λ(n)) is not short. If it were, we would have SG(n + m) = SG(n) + SG(m) + 1, im-
possible since the left side is even and the right side is odd. So we can compute S′ by finding n,m ∈ Y with x ≤ µ(m) < λ(n)
(we can do this relative to X) and runningM on input x for λ(n) steps. If a 1 is output, x ∈ S′; otherwise, x /∈ S′. †

Our prior discussion of ω−models of ACA0 then gives us the following result:

Corollary 7. Every ω−model of Hindman’s theorem is a model of ACA0.

And when we abstract from Turing jumps to their analogue defined using universal lightface Π0
1 formulae:

Corollary 8. All axioms of ACA0 are provable in HT.

This is the best lower bound of the strength of the subsystem of Z2 induced by Hindman’s theorem currently known. But we
now turn to proving Hindman’s theorem itself in a suitable subystem of Z2; in doing so, we will obtain computability bounds
for the necessary operations, and this will give us sufficient criteria for a collection of subsets of N to form an ω−model of HT.
The proof we give is Hindman’s original argument in [6]; the computability- and proof-theoretic analysis was first established by
Blass, Hirst, and Simpson in [2], and we closely follow their argument.

We must now introduce some notation. For each X ⊂ N we write FS(X) for the set of natural numbers obtainable as fi-
nite (nonempty) sums of distinct elements of X. We will say that a sequence 〈xi〉∞1 is separated if it is strictly increasing and its
image is separated. In this case we define a map τ : FS(〈xi〉∞1 )→ N by τ(

∑
j∈F xj) =

∑
j∈F 2j−1. (The −1 in the exponent

is just to correct for the fact that we chose our sequences to begin with index 1.) It is easy to see that τ is bijective and preserves
addition. All of the sequences we address in the following argument are strictly increasing, so we will not state this explicitly
each time. Note that an increasing sequence has the same Turing degree as its image, for if we are given the sequence as an
oracle, we can compute membership of a given number m in the image by simply enumerating the values of the sequence until
an output is obtained that is greater than or equal to m. Conversely we can compute the n-th term in the sequence from the set
from dovetailing computations until n 1’s are output, say the greatest is u; then the computation continuous on natural numbers
less than u until they have all converged, and the n-th number to output 1 is then selected. (Note here that we are implicitly using
a pairing function when discussing the Turing degree of the sequence.)

If X is a separated infinite set, using the same argument as in the previous lemma but replacing the coordinates with respect
to binary powers with coordinates with respect to an increasing enumeration x1, x2, ... of X, we obtain the following result:

Lemma 9. If 〈xi〉∞1 is separated, 〈yi〉∞1 a sequence such that FS(〈yi〉) ⊂ FS(〈xi〉), there is an increasing sequence 〈zi〉∞1
computable in the join of 〈xi〉, 〈yi〉 such that τ(〈zi〉) is separated and FS(〈zi〉) ⊂ FS(〈yi〉).

Note that we need the oracle 〈xi〉 to compute coordinates with respect to 〈xi〉; previously, B(n) was simply a computable
function. If we restate this in terms of subsystems of second-order arithmetic, using the extended notion of computability
mentioned earlier, we find that it is provable in RCA0.

Lemma 10. The following is provable in RCA0. If 〈xi〉∞1 is separated, 〈yi〉∞1 a sequence such that FS(〈yi〉) ⊂ FS(〈xi〉), there
is an increasing sequence 〈zi〉∞1 recursive in the join of 〈xi〉∞1 and 〈yi〉 such that τ(〈zi〉) is separated and FS(〈zi〉) ⊂ FS(〈yi〉).

We are here using the correspondence between ‘Y is computable in X’ and ‘given X, the existence of Y is provable in
RCA0’. But if one examines our proof of the original lemma, it is clear that it can be formalized entirely as a construction
of Y in terms of X within RCA0; we just stated it in terms of a computability relation. (This is why we went to the trouble
of bounding our quantifiers when recursively defining the Xj’s.) So this is perhaps closer to what we proved directly than the
original statement we gave. Now we move into the main part of the argument. We say that a subset of the ‘real’ natural numbers
ω is arithmetical if it is computable from ∅(n) for some natural number n.
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Theorem 11. The following is provable in ACA0. Let k > 0 and suppose we have an indexed collection of sets A(i, n) for
0 < i ≤ k and n > 0 such thatA(i, n+1) ⊂ A(i, n) for all i, n. Then there is some S ⊂ {1, ..., k}, a sequence 〈xj〉∞1 computable
in 〈A(i, n)〉, and some M such that, whenever n ≥ M , 〈ym〉∞1 a sequence in 〈A(i, n)〉 with FS(〈ym〉) ⊂ FS(〈xm〉), we have
FS(〈ym〉) ∩A(i, n) 6= ∅ if and only if i ∈ S.

Proof. The proof is by induction, though we must be somewhat careful about what the induction hypothesis is. Fix k and
consider 1 ≤ µ ≤ k. We want to show by induction that there is some sequence 〈xjµ〉j with some Mµ such that, whenever
n, r ≥ M, 1 ≤ i ≤ µ, 〈ym〉∞1 a sequence with FS(〈ym〉) ⊂ FS(〈xm〉), we have FS(〈ym〉) ∩ A(i, n) 6= ∅ if and only if
FS(〈ym〉) ∩A(i, r) 6= ∅.

If µ = 1 and there is some number n and a sequence 〈xj〉∞1 such that FS(〈xn〉) ∩ A(1, n) = ∅, put M1 = n. Otherwise
put M1 = 1 with 〈xj〉∞1 some arbitrary increasing sequence computable in 〈A(1, n)〉. It is not too difficult to see that these M1

must satisfy the conclusions, for if FS(〈xn〉) ∩ A(1, n) = ∅, it is clear that the intersection of any subset of FS(〈xn〉) with
A(1, n) is the empty set, and the fact that the sets are decreasing implies that all further A(1,m) are also empty. In the case
where there is no such 〈xj〉∞1 , note that every possible 〈ym〉 is computable from 〈A(i, n)〉, so from the assumptions for this case
we have FS(〈ym〉) ∩A(1, n) 6= ∅.

Now for the induction. Suppose the claim is valid for µ. To see that it is valid for µ + 1 whenever µ < k, note that we
have already obtained some 〈xnµ〉,Mµ that apply when 1 ≤ i ≤ µ. If there is some sequence 〈ym〉 recursive in 〈A(i, n)〉i,n with
FS(〈ym〉) ⊂ FS(〈xn〉) and FS(〈ym〉) ∩ A(µ + 1, N) = ∅ for some N, choose 〈xn,µ+1〉 = 〈ym〉 and put Mµ+1 = Mµ + N.
If there is no such 〈ym〉, let 〈xn,µ+1〉 = 〈xnµ〉 and Mµ+1 = Mµ. One may check that these have the requisite properties by the
same reasoning as in the base case. This proves that the result holds when µ = k, as desired. Then define S by

S = {s ∈ N : s ≤ k ∧ (∃c ∈ N)(∀d ∈ N)[d ≥ c =⇒ FS(〈ym〉) ∩A(s, n) 6= ∅]}.

The formula is arithmetical and comprehension applies, so we are done.
†

Note that, if we dropped all requirements involving computability from the theorem, the result would not be provable in
ACA0 by the same method, for there would truly be no way of reducing the set quantifiers to number quantifiers. The result
would, however, be provable in ACA.

Now whenever we have a finite partition α of N consisting of sets A1, ..., Am, we associate double sequences of sets Fα, F ′α, Uα
by declaring, for 0 < k < n, that F ′α(k, n) is the set of natural numbers x such that x ≥ n and there is some i such that {k, x, x+
k} ⊂ Ai. We similarly declare Fα(1, n) = F ′α(1, n) for all n > 1 and subsequently Fα(k, n) = F ′α(k, n)\∪k−1j=1 F

′
α(j, n). Then,

for i = 1, ...,m, we declare Uα(i, n) = (Ai ∩ {x ∈ N : x ≥ n})\ ∪n−1k=1 Fα(k, n).

Note that we may equivalently regard the computability-theoretic strength of a partition α consisting of A1, ..., Am as the join of
their Turing degrees or the characteristic function of the set of pairs (i, n) where n ∈ Ai.

Theorem 12. The following is provable in ACA0. If α is a partition consisting of A1, ..., Aq, such that, for every n ∈ N and
every 〈tσ〉∞1 recursive in α, ∪n−1k=1Fα(k, n) does not contain FS(〈tσ〉), then there are sequences 〈xn〉, 〈µn〉 (both sequences of
numbers), sequences 〈yn,m〉m recursive in α for each n, and a sequence of sets 〈Un,m〉m recursive in α for each n such that the
following hold:

1. For each n, 〈yn,m〉m is separated.

2. If p ≥ µn, n ∈ N, and 〈zm〉 is a sequence recursive in α such that FS(〈zm〉) ⊂ FS(〈yn,m〉), then FS(〈zm〉)∩Un,p 6= ∅.

3. For each n, there is some i such that, if p ≥ µn, then Un,p+1 ⊂ Un,p ⊂ Ai.

4. If n > 0, then µn >
∑n

1 xj .

5. If n > 0 and p ≥ µn, then Un,p ⊂ Un−1,p.

6. If n > 0, p ≥ µn, x ∈ Un,p, then x+ xn ∈ Un−1,µn−1
.

Proof. It is clear that the Uα(i, n) defined above satisfy the hypotheses of Theorem 11, so we obtain appropriateM,S, and 〈wm〉.
Suppose for contradiction that S = ∅. Then FS(〈wm〉∞1 )∩Uα(i,M) = ∅ for all i (taking 〈yk〉 in Theorem 11 to be 〈wm〉 itself).
From the definition of the Uα’s, we see that the union ∪iUα(i,M) contains all natural numbers that are greater than or equal to
M and not contained in ∪M−11 Fα(i,M). If we define the set 〈ck〉∞1 to be the elements of 〈wm〉 greater than M, we then find that
each element of FS(〈ck〉) is greater than M and none are in ∪iUα(i,M), whence we find FS(〈ck〉) ⊂ ∪M−11 Fα(i,M), which
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is impossible by assumption. Thus S 6= ∅.

Fix some i ∈ S (say i is the least element of S) and put x0 = 0, µ0 = M, 〈y0,m〉∞1 a separated sequence computable in 〈Uα(j, n)〉
(and thus computable in α, as one may easily see that 〈Uα(j, n)〉 is computable in α) with FS(〈x0,m〉) ⊂ FS(〈wm〉). (This
is possible by Lemma 5, which is provable in RCA0.) Whenever p ≥ µ0 put U(0, p) = Uα(i, p) (one may choose U(0, q) for
q < µ0 arbitrarily; for concreteness we say U(0, q) = ∅ in such cases). It is easy to check that these designations satisfy all of
the requirements 1-6.

We will now recursively define our sequences. Suppose we have defined our sequences 〈xn〉, 〈µn〉, 〈yn,m〉m, 〈Un,m〉m for
k < n. We now want to define them at n. Because 〈yn−1,m〉m is separated by assumption, it has some natural map τ :
FS(〈yn−1,m〉m)→ N. Suppose p ≥ µn−1. We now claim that, for each sequence 〈bm〉 recursive in α, FS(〈bm〉m) ∩ τ(U(n−
1, p)) 6= ∅. Suppose for contradiction that there is such a 〈bm〉 such that the intersection is empty. By Lemma 5 (which, as
we mentioned before, is provable in RCA0 and thus certainly provable in ACA0), we may assume without loss of generality
that 〈bm〉 is separated. As τ is a bijection, it has an inverse (which may be easily defined within ACA0), so taking the image
of both sides over τ−1 gives τ−1(FS(〈bm〉m)) ∩ U(n − 1, p) = ∅. Because 〈bm〉 is separated, we can rewrite the left side as
FS(〈τ−1(bm)〉) ∩ U(n− 1, p), so

FS(〈τ−1(bm)〉) ∩ U(n− 1, p) = ∅.

But of course each τ−1(bm) is contained in FS(〈yn−1,m〉), and thus FS(〈τ−1(bm)〉) ⊂ FS(〈yn−1,m〉 because 〈bm〉 is sepa-
rated. But this contradicts our assumption that condition 2 holds at n− 1. This proves that FS(〈bm〉m) ∩ τ(U(n− 1, p)) 6= ∅.

Suppose now for contradiction that there are arbitrarily long intervals {t ∈ N : a ≤ t ≤ b} that have nonempty intersec-
tion with τ(U(n− 1, µn−1)). We can then construct a sequence 〈ak〉∞1 recursively in U(n− 1, µn−1) (and thus recursively in α)
by taking a1 to be the least element of N\Un−1,p and, whenever a1, ..., as−1 have been defined, taking as to be the least natural
number greater than all a1, ..., as−1 such that the interval {t : as ≤ t ≤ as +

∑s−1
u=1 au} is disjoint from τ(U(n − 1, µn−1)).

(Such an as exists precisely by our assumption that there are arbitrarily long intervals disjoint from τ(U(n − 1, µn−1)).) It is
then obvious from the construction that FS(〈as〉) ∩ τ(Un−1,p) = ∅, which, as we have shown above, is impossible. So we
have some least upper bound B0 on the length (difference between endpoints) of intervals disjoint from τ(U(n − 1, µn−1)); let
B = B0 + 3 (this choice of B is computable in Un−1,p because one may computably find the least number with a property that
can be computably verified). Now we know that, for all x ∈ N, {x + 1, ..., x + B} ∩ τ(Un−1,µn−1) 6= ∅ (as the left side is an
interval of length greater than B0).

Put µ′n = max{µn−1, τ−1(B) + 1 +
∑n−1
j=1 xj}, and take r to be the largest integer such that r − 1 ∈ B(B) (i.e. 2r−1 ≤ B).

Note that these must be recursive in the join of 〈yn−1,m〉m and Un−1,µn−1
. For each 1 ≤ j ≤ B and p ≥ µ′n, put

V (j, p) = {x ∈ τ(Un−1,p) : 2r|x ∧ x+ j ∈ τ(Un−1,µn−1
)}.

Define also V (0, p) = {x ∈ τ(Un−1,p) : 2r - x}. From our prior discussion of the properties of B, we have that, for each
p, τ(Un−1,p) = ∪Bj=0V (j, p) (since, if x ∈ τ(Un−1,p) and 2r|x, {x + 1, ..., x + B} is not disjoint from τ(Un−1,µn−1

) and so
there is some 1 ≤ j ≤ B such that x ∈ V (j, p). Because we assumed that Un−1,p+1 ⊂ Un−1,p, we have V (j, p+ 1) ⊂ V (j, p).
If p < µ′n, let V (j, p) = V (j, µ′n). We can now apply Lemma 11 to each 〈V (j, p)〉p. This gives us a set S′ ⊂ {0, ..., B}, a
sequence 〈hk〉∞1 , and a natural number T (all with the complexity properties stated in Lemma 11) such that, whenever p ≥ T
and 〈cm〉 any sequence recursive in α such that, if FS(〈cm〉) ⊂ FS(〈hk〉), then FS(〈cm〉) ∩ V (j, p) 6= ∅ if and only if j ∈ S′.
Again using Lemma 10, we may assume that 〈hk〉 is separated.

We claim that S′ 6= ∅. For if S′ = ∅, we have that whenever p ≥ T, 〈cm〉 recursive in α such that FS(〈cm〉) ⊂ FS(〈hr〉),
then FS(〈cm〉) ∩ V (j, p) = ∅ for all j, so

FS(〈cm〉) ∩ τ(Un−1,p) = FS(〈cm〉) ∩ (∪jV (j, p)) = ∅,

because we know τ(Un−1,p) = ∪Bj=0V (j, p). But we have previously shown this is impossible. (It is easy to see that this rea-
soning goes through in ACA0.) Hence S′ 6= ∅, as desired. Moreover 0 /∈ S′, for the set that is obtained by removing the least
r+ 1 elements of 〈hr〉 is recursive in α (since it is recursive in 〈hr〉, so recursive in the double sequence 〈V (j, q)〉, which is itself
recursive in Un−1,p, which is recursive in α by its construction) and, by the separation of 〈hr〉, all of its elements are divisible by
2r, and thus all sums of its elements are divisible by 2r, so its finite sum set is disjoint from V (0, p) and the claim follows from
choice of S′. Consequently we have that S′ contains some positive integer.
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Let w be the least element of S′. Define xn = τ−1(w) and let µn = max{µn−1, T}. For all m define yn,m = τ−1(hm)
and, for p ≥ µn, define U(n, p) = τ−1(V (w, p)).

Verifying that these satisfy the requisite properties is now a straightforward exercise (as, of course, the construction was made
so that this part of the argument is nearly trivial). We may assume n > 0 as we have already dealt with the base case. By the
definition of τ and the fact that both 〈rk〉 and 〈yn−1,m〉m are separated, condition 1 holds at n. Condition 2 just follows from the
fact that

τ(FS(〈zm〉) ∩ Un,p) = τ(FS(〈zm〉)) ∩ τ(Un,p)

= FS(〈τ(zm)〉) ∩ V (w, p) 6= ∅

by choice of w. As for condition 3, because V (w, p+ 1) ⊂ V (w, p) whenever p ≥ µn, we have that Un,p+1 ⊂ Un,p for such p.
We obtained an i for the base case, and as we claim that that i works for all n, we may assume that condition 3 holds at n − 1
with that i. Then, if p ≥ µn, we get that τ(Un,p) = V (w, p) ⊂ τ(Un−1,p), and therefore Un,p ⊂ Un−1,p ⊂ Ai, where the last
inclusion uses the fact that µn−1 ≤ µn. So much for condition 3. Now condition 4 follows from the definition of µ′n, since τ and
τ−1 are increasing functions and w ≤ B. For condition 5, we again use the fact that Un,p is contained in the domain of τ and
τ(Un,p) = V (w, p) ⊂ τ(Un−1,p) from the construction of the V ’s whenever p ≥ µn. Regarding condition 6, note that whenever
p ≥ µn and x ∈ Un,p, our choice of r and the fact that w ≤ B forces τ(x) ∈ V (w, p) to imply B(τ(x)) ∩ B(τ(xn)) = ∅, as
B(τ(x)) contains nothing less than r by definition of V (w, p). This means that, when written as finite sums of distinct elements
of 〈yn−1,m〉m, the expressions for x and xn involve disjoint subsets of 〈yn−1,m〉m (this comes directly from the definition of τ ).
But this gives us that x+xn ∈ FS(〈yn−1,m〉m) and, in particular, τ(x+xn) = τ(x) + τ(xn). So we have a sum of w and some
element of V (w, p), which is in Un−1,p by construction of V. The proof is complete.

†

Lemma 13. The following is provable in ACA0. If A1, ..., Aq form a partition α of N such that, for every n ∈ N and every
sequence 〈ym〉∞1 recursive in α, FS(〈ym〉) is not contained in ∪n−1k=1Fα(k, n), there is some 1 ≤ 1 ≤ q and a sequence 〈xn〉∞1
in N such that FS(〈xn〉) ∩Ai = ∅.

Proof. We take i and 〈xn〉∞1 from Theorem 12. Let F be a finite subset of N. We wish to show that
∑
j∈F xj /∈ Ai. Take t to

be the smallest element of F and r to be the largest element. Pick some x ∈ Ur,µr
, where µr is also as in Theorem 12 (note that

Ur,µr 6= ∅ is an immediate consequence of condition 3 in the theorem). Let F1 = {r} and, for m > 1, let Fm be the union of
Fm−1 and the singleton set containing the greatest element of F\Fm if such an element exists; else, let Fm = Fm−1. We will
show by induction that, for all m, x+

∑
n∈Fm

xn ∈ Ut−1,µt−1
. It is clear from Theorem 12 that x+ r ∈ Ut−1,µt−1

⊂ Ur−1,µr
,

so the base case is done. And if Fm = Fm−1, where the statement holds for m − 1, it obviously holds for m as well, so there
is nothing to prove here. So we may assume that Fm = Fm−1 ∪ {s}, where s /∈ Fm−1. If t′ is the least element of Fm−1,
we know that x +

∑
n∈Fm−1

∈ Ut′−1,µt′−1
by the inductive hypothesis. By Theorem 12, we have Ut′−1,µt′−1

⊂ Us,µs , so
x+

∑
n∈Fm

xn = xs + (x+
∑
n∈Fm−1

xn) ∈ Us−1,µs−1
, also by the theorem. This completes the induction. Note that Fm = F

for sufficiently large m, as we would otherwise have an infinitely long strictly decreasing sequence, which is impossible. So this
proves that x+

∑
n∈F xn ∈ Ut−1,µt−1 ⊂ Ai, and the theorem also gives us that x ∈ Ai.

Note that x ∈ Ur,µr
⊂ U0,µr

= Uα(i, µr) from the definition of U0,µr
. And, because ∪n−1k=1Fα(k, n) = ∪n−1k=1F

′
α(k, n) for

all n, Uα(i, µr) is disjoint from ∪µr−1
k=1 F ′α(k, µr). Hence Uα(i, µr) is disjoint from F ′α(

∑
n∈F xn, µr) (note that

∑
n∈F xn < µr

by construction of µr). Hence x /∈ F ′α(
∑
n∈F xn, µr). And this immediately implies that {x,

∑
n∈F xn, x +

∑
n∈F xn} is not

contained in Ai. By our prior remarks, this is only possible if
∑
n∈F xn /∈ Ai, as desired. †

Let us pause to remark here that we have done very little to modify the substance of Hindman’s proof to this point: the proof
was already essentially arithmetical. The only modifications we have made are restrictions to recursive sequences, which do little
to alter the character of the arguments.

Lemma 14. The following is provable in ACA0. If α is a partition of N consisting of A1, ..., Aq, there is some n ∈ N and some
sequence 〈xm〉∞1 such that FS(〈xm〉) ⊂ ∪n−1k=1Fα(k, n).

Proof. We induct on q. If q = 1, there is little to prove, as Fα(1, 2) consists of all natural numbers greater than 1. Now assume
for contradiction that q > 0, the conclusion holds for all partitions consisting of q − 1 sets, and the conclusion does not hold for
α. By Lemma 13 and 10, we obtain some 1 ≤ i ≤ q and a separated sequence 〈ym〉∞1 such that FS(〈ym〉) ∩ Ai = ∅. Write
τ : FS(〈ym〉) → N for the natural map and assume without loss of generality that i > 1. For all 1 < j ≤ q, put Bj = τ(Aq),
and put B1 = {0} ∪ τ(A1). It is clear that Bi = τ(Ai) = ∅ and the Bj’s partition N, so they form a partition β of N consisting
of q − 1 sets (some of which may be empty). By the inductive hypothesis, we can find a sequence 〈zm〉∞1 and a number r
such that FS(〈zm〉) ⊂ ∪r−1k=1Fβ(k, r); as usual, we can assume without loss of generality that it is separated, and by simply
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excluding the first r + 1 elements and re-indexing we may assume without loss of generality that 2r divides all of the zm. Put
n = τ−1(r), xm = τ−1(zm) for all positive integers m. Naturally, we claim that FS(〈xm〉) ⊂ ∪n−1k=1Fα(k, n). As τ takes the
sum of distinct elements of 〈ym〉 to a sum of corresponding powers of 2 and 〈zm〉 is separated, we know that, when we apply τ
to any element c of FS(〈xm〉), we obtain the corresponding element of FS(〈zm〉). Then we clearly have τ(c) ∈ FS(〈zm〉) ⊂
∪r−1k=1Fβ(k, r), whence we have {k, τ(c), τ(c) + k} ⊂ Bj for some 0 < k < r and 1 ≤ j ≤ q. Because k, τ(c) > 0, we can
conclude that {k, τ(c), τ(c) + k} ⊂ τ(Aj) for such a j. for So {τ−1(k), c, c+ τ−1(k)} ⊂ Aj , as our assumption that 2r|zm for
all m implies 2r|τ(c), and each element of B(k) is less than or equal to 2r since k < r, so B(τ(c)) ∩ B(k) = ∅ and thus τ−1

preserves the addition. Moreover c ≥ n because τ, τ−1 are order-preserving and τ(c) ≥ τ(n) = r from the definition of F ′β .
This proves that c ∈ F ′α(k, n) ⊂ ∪n−1κ=1F

′
α(κ, n) = ∪n−1κ=1Fα(κ, n). As c was arbitrary, this proves FS(〈xm〉) ⊂ ∪n−1κ=1Fα(κ, n),

a contradiction.4 †

Now we turn to the more interesting analysis of where ACA0 does not fully carry us through Hindman’s proof. For each
X ⊂ N and j ∈ N, write Xj = {n : (n, j) ∈ X} and Xj = {n : ∃m∃i(n = (m, i) ∧ n ∈ X ∧ i < j)}, where (·, ·)
denotes an aforementioned pairing map. The system ACA+

0 consists of ACA0 and all formulae of the form ∃X∀j∀n(n ∈
Xj ⇐⇒ ϕ(n,Xj)), where ϕ is an arithmetical formula not containing X as a free variable. This axiom extends arithmetical
comprehension by allowing us to essentially form a set that contains information about satisfying an infinite family of arithmetical
formulae simultaneously. We will see that this is exactly what we need to carry out the rest of the argument. In the context of
ω−models, this is equivalent to stating that, if X is contained in the model, the ω−th jump of X is also in the model. (We do
not define the ω-th jump, as it is not particularly relevant to the proof-theoretic analysis, but the aforementioned references on
computability address it.)

Lemma 15. The following is provable in ACA+
0 . If A1, ..., Aq form a partition α of N, there is a function fα : N → N such

that, for each r > 0, there is some 1 ≤ i ≤ q and 〈yj〉rj=1 such that the following hold:

1. FS(〈yj〉) ⊂ Ai.

2. 〈yj〉 is separated.

3. For all 1 ≤ j ≤ r, yj ≤ fα(j).

Proof. We will inductively define a sequence of partitions of N. Let α1 = α. Suppose n ≥ 1 and αn has been defined.
By Lemma 14, we can find some pn ∈ N and a sequence 〈xn,m〉∞m=1 such that FS(〈xn,m〉m) ⊂ ∪pn−1k=1 Fαn(k, pn). Write
τn : FS(〈xn,m〉m) → N for the natural map. We can assume without loss of generality that 〈xn,m〉m is separated, and by
removing some initial terms if necessary, we may assume that, for all m, each element of B(p) is less than each element of
B(τ(xn,m)). For 1 < k < pn, let Ck = τn(Fαn

(k, pn)), and put C1 = {0} ∪ τn(Fαn
(1, pn)) (recall that images of sets over

functions are defined in ACA0 via the formula ∃m(f(m) = n)). Note that Fαn(k, pn) may not be contained in the domain of
τn. But by the containment FS(〈xn,m〉m) ⊂ ∪pn−1k=1 Fαn(k, pn), we have that the Ck’s form a partition of N; call this partition
αn+1. Now, for each m, define T (n,m) = τ−1n (m); this requires ACA+

0 , as for any fixed n the sequence T (n, ·) is definable in
ACA0, but in order to uniformly define T we need to iterate along N. (Formally writing down how this follows from ACA+

0 gets
a bit messy, but it essentially follows from the fact that we can regard the double sequence T (n,m) as a set of natural numbers
T ′ given by ((n,m), p) ∈ T ′ if and only if p = T (n,m), and j is arithmetically recoverable from (T ′)j .) We now define f
by declaring f(n, 1) = T (n, 1) and f(n,m + 1) = T (n, f(n + 1,m)) whenever m > 0. We will show that, for each n ∈ N,
〈f(n,m)〉m satisfies the conclusions of the lemma for αn. We do this by inducting on r. If r = 1, just put y1 = f(n, 1) and take
i to be such that f(n, 1) ∈ Ai. Now suppose that r > 1 and suppose that the conclusions hold at r − 1. Let n ≥ 1 be arbitrary.
Write 〈wj〉r−1j=1 and 1 ≤ k < pn be given by the inductive hypothesis for αn+1 at r− 1. Take i to be the unique number such that
k ∈ An,i, where we use An,i to denote the i−th set in the partition αn. Put y1 = k and, for 1 < j ≤ r, put yj = τ−1n (wj−1).
Because the wj’s are separated, 〈τ−1(wj)〉 is separated with respect to the basis 〈wj〉, so applying τn to a finite sum of distinct
yj’s gives a finite sum of distinct wj’s, whence the definition of αn+1 gives us that τn maps a finite sum of distinct wj’s to an
element of τn(Fαn

(k, pn)). As τn is injective, it follows that the sum of elements wj’s must be in Fαn
(k, pn), whence we have

that the sum is in An,i and adding y1 to the sum yields another element of An,i; as we chose y1 to be in An,i, we have satisfied
the first property. The second property follows (separation of 〈ym〉 just follows from tracing back definitions and using the fact
that each 〈xn,m〉m is separated.

To verify the third property, note that y1 = k ≤ pn − 1 ≤ f(n, 1). Then, if j > 1, we have wj−1 ≤ f(n + 1, j − 1) by
the inductive hypothesis, so yj ≤ f(n, j) follows from applying τ−1n to both sides, as τ−1n is an increasing function. As we have
shows that f(n,m) satisfies the lemma for all αn, it follows that f(1, ·) = fα satisfies the conclusions for α1 = α, as desired.
(This proof is rather strange in that it uses induction to ultimately prove something about the base case!)

†
4This is not really a proof by contradiction, as we tried to show P =⇒ Q, so we assumed P, and clearly (P ∧Q) =⇒ Q. The body of the proof showed

(P∧ ∼ Q) =⇒ Q; together, they allow us to conclude (P ∧ (Q∨ ∼ Q)) =⇒ Q, so P =⇒ Q.
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Lemma 16. The following is provable in ACA+
0 . If A1, ..., Aq forms a partition α of N, there is a function fα : N → N and

some 1 ≤ k ≤ q such that, for every r, there is some 〈yj〉rj=1 such that FS(〈yj〉) ⊂ Ak and yj ≤ fα(j) whenever 1 ≤ j ≤ r.

Proof. Take fα to be as in Lemma 15. For each r ∈ N, write σ(r) for the least i satisfying the conclusions of Lemma 15 (we
will not use that it is the least i, but we need some method of choice). As the codomain of σ is {1, ..., q}, there must be some
k ∈ {1, ..., q} for which there are infinitely many r with σ(r) = k (see our prior comments about cardinalities in second-order
arithmetic). Now, for each r, we can choose some r′ such that r ≤ r′ and ι(r′) = k. Take 〈yj〉rj=1 to be the restriction of the
least finite sequence of length r′ guaranteed by choice of r′ and the fact that σ(r′) = k (here ‘least’ is with respect to some fixed
encoding of finite sequences as natural numbers). One sees that k and 〈yj〉rj=1 have the requisite properties directly from the
conclusions of Lemma 15.

†

Now we are ready to prove Theorem 4 (Hindman’s theorem) in ACA+
0 .

Proof. Write α for the partition C1, ..., Ck. Take i, fα as in 16. We now define a tree T by declaring that a finite sequence 〈xi〉n1
is in T if and only if it is increasing, FS(〈xi〉n1 ) ⊂ Ai, and xj ≤ fα(j) for all xj . Note that T is finitely branching because, if
〈xi〉n1 ∈ T and 〈yi〉n+1

1 ∈ T is an extension of 〈xi〉, then yn+1 ≤ fα(n+ 1); clearly, there are only finitely may such 〈yi〉. Now
König’s lemma implies that T has an infinite path, say 〈xm〉∞1 . As any finite sum of distinct elements of 〈xm〉∞1 is a finite sum
of distinct elements of 〈xm〉n1 for some n and FS(〈xm〉n1 ) ⊂ Ai since 〈xm〉n1 ∈ T , it follows that FS(〈xm〉∞1 ) ⊂ Ai, as desired.

†

6 Current State of Affairs and Future Directions
The main current question about Hindman’s theorem from a proof-theoretic standpoint is whether it is provable in ACA0. Of
course we are also interested in whether it proves ACA+

0 , but ACA0 is a much more important subsystem of Z2. At any rate
showing that Hindman’s theorem is equivalent to either one implies that it is not equivalent to the other. There are two primary
heuristic reasons why it is unlikely that Hindman’s theorem is equivalent to ACA0. The first is that Carlucci recently showed
that, if one considers the statement that HT≤34 implies ACA0 (over the base system RCA0). That is, the statement that, for every
coloring of N with (at most) four colors, there is an infinite set and a particular color such that any sum of one, two, or three
distinct elements of that set is of that fixed color, which appears to be much weaker than the full Hindman’s theorem, is sufficient
to prove ACA0. So if Hindman’s theorem were equivalent to ACA0, it would be no stronger than this extreme restriction. The
second reason why it is unlikely that Hindman’s theorem is provable in ACA0 is that ACA0 has a minimal ω-model. If one
considers the intersection of all collections of subsets of ω that form ω−models of ACA0, one obtains a collection of subsets of
ω that forms an ω-model for ACA0. In particular, the sets in this intersection are those computable from ∅(n) for some natural n.
But we conjecture that Hindman’s theorem does not have a minimal ω−model. Let us consider how an ω−model for Hindman’s
theorem might be constructed. We start out with the computable sets. Then, for each Hindman problem where the partition
consists only of computable sets which does not have a computable solution, we pick some Hindman solution and adjoin it to our
collection. We further enlarge our collection by saying that, if there are S1, ..., Sn in the collection such that J ≤T S1⊕ ...⊕Sn,
we adjoin J as well. Now we can define more Hindman problems using the sets we just adjoined as well as the computable sets,
and for each Hindman problem that does not have a solution among the sets we have already considered, we choose a solution and
adjoin it, enlarging to include sets of lower Turing degree, etc. Iterating this process and taking the union of all of the collections
we obtain clearly gives us an ω−model for Hindman’s theorem. But there were many arbitrary choices made. If it were the case
that every Hindman problem has a solution that is a lower bound for all solutions to that problem (i.e. M is a solution such that,
whenever N is a solution M ≤T N ), we could always choose such lower bounds when enlarging our collections and we would
in fact obtain a minimal ω−model for Hindman’s theorem. But there is no reason why this should be the case (though it has not
been proven that there is a Hindman problem with no such lower bound solution as far as I can tell). Different solutions can be
wildly unrelated. In fact, it is not even clear whether each Hindman problem has a Turing-minimal solution (that is, a solution M
such that there is no solution N with N <T M ). So such a construction will not go through, and if one makes different choices,
there is no reason why the resulting collections of subsets should be related. We are not suggesting that the most promising
avenue to proving that Hindman’s theorem is not provable in ACA0 is showing that it has no minimal ω−model (though we are
not suggesting that this is not the case, either). But it is a fairly strong heuristic reason why we should not expect Hindman’s
theorem to be provable in ACA0.

Note that the question of the proof-theoretic strength of Hindman’s theorem is not quite the same as the question of what the
ω−models of Hindman’s theorem look like. It is perfectly possible that, say, all ω−models of Hindman’s theorem are models
of ACA+

0 , but ACA+
0 is not provable from Hindman’s theorem. And even in terms of ω−models, answering the question of

which model Hindman’s theorem is simpler than determining the minimal complexity of Hindman solutions; that is, if it were
the case that, for every coloring, there is a Hindman solution computable in the second Turing jump of that coloring and there
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is some coloring such that every solution computes the second Turing jump of that coloring, Hindman’s theorem would have
exactly the same ω−models as ACA0. But the same would be true if every coloring has a Hindman solution computable in, say,
the fifth jump of that coloring and there were a coloring such that all Hindman solutions compute the fifth jump of that coloring,
and for the same reasons. This is why we said earlier that the status of Hindman’s theorem is murkier from a computability-
theoretic perspective than from a proof-theoretic one. While ACA0 and ACA+

0 are closely related systems, we have essentially
no knowledge of how complicated Hindman solutions become from a computability perspective. (Either of the aforementioned
examples could be the case as far as we know.) At this stage, it remains likely that these questions about Hindman’s theorem will
be answered when a topological equivalent is found. Blass, Hirst, and Simpson show that Hindman’s theorem is closely related to
the Auslander-Ellis theorem in topological dynamics, and if some variant of the Auslander-Ellis theorem is obtained that can be
shown to be proof-theoretically equivalent to Hindman’s theorem, it seems likely that an exact placement of Hindman’s theorem
would follow shortly. Alternatively, one may note that we only used an axiom of ACA+

0 that is not an axiom of ACA0 at one
point in the entire proof, and it is possible that this may be circumvented by a clever trick; such an argument could immediately
yield a proof of Hindman’s theorem in ACA0.
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