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Abstract
In recent decades, mathematics has been the most basic and important part of capital and investment. Through the calculation and help
of theoretical mathematics and statistics, mathematicians have created
a huge system in the field of finance. However, with the continuous
popularity of Mathematics for the masses, a large number of Pseudo
mathematics also appeared in life.
This paper is an explicit review of the references listed in the end.
The proofs and ideas in the paper are mainly credited to Bailey and
de Prado [2], while the contributions of other mathematicians will be
explicitly as the discussion procedds.
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Introduction

This paper will analyze and prove the concept of share ratio in finance, and
discuss two mathematical models mintrl and minbtl which are beneficial to investment. I hope this article can make people who are interested in investment
have a preliminary understanding of this concept.
In this article, I will first clarify the concept of Sharpe ration and estimation, and discuss the probability distribution of Sr in the case of IID normal
1

returns. So that you can understand track record length and use this mathematical model in practice. Finally, I will also give a brief introduction to
the minimum backtest length. Through the comparison of the two models,
readers will be able to understand the differences and common points of the
two models in detail.

2

Sharpe ratios

2.1 Sharpe ratio and Estimation
We will begin our journey with the introduction to Sharpe ratios. Sharpe
ratio is the ratio of the excess expected return of an investment to its return
volatility or standard deviation. First we define Sharpe ratio (SR) the ratio
of the excess expected return to the standard deviation of return. Here we
denote µ the mean and σ 2 the variance. Then we have:
µ ≡ E(Rt )

(1)

σ 2 ≡ V ar(Rt )

(2)

µ − Rf
(3)
σ
In the equation above the Rf denotes the risk free rate. Since the mean and
the variance are the population moments of the distribution of the risk free
rate.
SR ≡

ˆ to denote the Sharpe ratio and the esti*In this paper I will use SR and SR
mator of the Sharpe ratio instead of ζ.

With the basic information of the sharp ratio, we then will talk about the
ˆ :
estimator of the Sharp ratioSR
For a sample of returns (R1 , R2 , R3 , ...RT ), we have the sample mean and variance:
T
1X
µ̂ =
Rt
(4)
T t=1

2

T
1X
2
ˆ
σ =
(Rt − µ̂)2
T t=1

(5)

ˆ
And thus we then get the expression for the estimator of the Sharpe ratio (SR)
:
ˆ for SR is defined as the ratio between
Definition 1 : The basic estimator SR
the sample mean µ̂ and the sample standard deviation σ̂
ˆ = µ̂ − Rf
SR
σ̂

(6)

Definition 2 : Suppose that a strategy’s excess returns rt , are IID2
rt v N (µ, σ 2 )

(7)

µ√
q
(8)
σ
where N represents a Normal distribution with mean µ and variance σ 2 , the
equation (8) is defined as the annualized Sharpe ratio (SR) where q is the number of returns per year. With techniques like ”large-sample” or ”asymptotic”
ˆ can be derived.
statistical theory, the distribution of SR
SR =

In the next few sections, we will look at the present statistical distribution of
ˆ under the standard assumptions that returns are IID normal returns and
SR
non-normal returns
2.2 Distribution under IID normal returns
In this section we will talk about the probability distribution of SR in the case
of IID Normal returns.
Theorem 2.1 : (Central limit theorem) Suppose that we have IID random variables X1 , X2 , X3 ... with finite mean E[X1 ] = µ and finite variance
V ar(X1 ) = σ 2 . Let Sn = X1 + ... + Xn . Then for any fixed −∞ 6 a 6 b 6 ∞
we have :
Sn − nµ
√
6 b) = Φ(b) − Φ(a) =
lim P (a 6
n→∞
σ n

3

Z
a

b

y2
1
√ e− 2 dy
2π

(9)

In statistics, the Central limit theorem is able to show the probability distribution of normalized sum of random variables must converge to the standard
normal distribution, regardless of how each of the random variable variables is
distributed.

Now with assumptions that returns are IID and with finite mean and variance,
the estimators µ̂ and σˆ2 in (4) and (5) have the following normal distributions
in large sample:
√
T (µ̂ − µ) va N (0, σ 2 )
(10)
√
T (σ̂ 2 − σ 2 ) va N (0, 2σ 4 )
(11)
Here va means that the relationship is asymptotic. Then in order to derive
the distribution in the case of IID Normal returns, we set a column-vector of
the Normal "
distribution
parameter θ.
#
" #
µ
µ̂
We set θ =
and the estimator θ̂ =
σ
σ̂
Then by (10) (11) we get
√

T (θ̂ − θ) va N (0, Vθ )

(14)

"

#
σ2 0
with the variance V arθ =
0 2σ 4
ˆ With the
Now it is time for us to compute the asymptotic distribution of SR.
date above, Here we will apply Delta method to do this.
Theorem 2.2 : (Delta method) If there is a sequence of random variables Xn
satisfies
√
n(Xn − θ) va N (0, σ 2 )
(16)
where θ and σ 2 are finite valued constants and va denotes convergence in
distribution, then
√
0
n(g(Xn ) − g(θ)) va N (0, σ 2 ∗ [g (θ)]2 )
0

(17)

for any function g satisfying the property that g (θ) exists and is non-zero
valued.
0
Proof : assume that g (θ), by mean value theorem, there exist a θe between Xn
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and θ that
0
e n − θ)
g(Xn ) = g(θ) + g (θ)(X

(18)

since Xn va θ and θe between Xn and θ
0
thus θe va θ under the assumption that g (θ) continues,
by continuous mapping theorem
0

0

e va g (θ)
g (θ)
then we multiply

√

(19)

n on both side of (18) and yields
√

√
0
e n(Xn − θ)
n(g(Xn ) − g(θ)) = g (θ)

(20)

by (16) and the assumption, we then prove that
√
0
n(g(Xn ) − g(θ)) va N (0, σ 2 ∗ [g (θ)]2 )

(21)

By applying the delta method with (14), we then get
√

ˆ − g(θ)) va N (0, Vg )
n(g(theta)

∂g
=
∂θ0
Vg =

"

1
σ
− 2σµ̂3

(22)

#

∂g ∂g
Vθ
∂θ ∂θ0

(23)
(24)

combine (22) (23) (24) we get
1
2
ˆ − SR) va N (0, 1 + 2 SR )
(SR
n

(25)

then let us goes back to the Definition 2 and apply the number of returns per
year q here, we then get the point estimate of the annualized Sharpe ratio:
ˆ q va N (√qSR, qVg )
SR

5

(26)

ˆ q → N (SR,
SR
a

1+

SR2
2q

y

)

(27)

So far, we have got a very interesting result. (26)(27) tells that in the case
of normal IID, SR estimator follows the normal distribution and is affected
by the number of returns. This result tells us that as the number of returns
increases, we will get a more stable feedback. This result is also the reason
that in the investment industry, enterprises are often required to have a record
of more than three years.

Our next aim is to discuss about the question that in order to make sure that
the Sharpe ratio is above a given threshold, then how long the minimum record
length (MinTRL) we should have.

3

Track Record Length (MinTRL)

Our next aim is to discuss about the question that in order to make sure that
the Sharpe ratio is above a given threshold, then how long the minimum record
length (MinTRL) we should have.
3.1 Incorporating non-normality
In order to solve this problem, we will briefly discuss the Incorporating nonnormality, the confidence band finally reach our point to solve the problem of
Track Record Length.
I will not give a detailed proof of the conclusion from Mertens (2002) here, but
I have cited the research in the Reference page.
Definition 3 : The skewness of a random variable X is the third standardized
moment γ3
X −µ 3
µ3
E[(X − µ)3 ]
γ3 = E[(
) ]=
=
(28)
3
σ
σ3
(E[(X − µ)2 ]) 2

6

where µ denotes the mean, σ denotes standard deviation,E denotes the expectation and µ3 denotes the third central moment
Definition 4 : The kurtosis is the fourthe standardized moment, defined as;
Kurt[X] = E[(

X −µ 4
µ4
E[(X − µ)4 ]
) ]=
=
σ
σ4
(E[(X − µ)2 ])2

(29)

where µ denotes the mean, σ denotes standard deviation,E denotes the expectation and µ4 denotes the fourth central moment
Mertens’ study shows that the Sharpe ratio estimator will follow a Normal
distribution though the Normality assumption on returns might fall.
1 + 12 SR2 − γ3 SR +
a
ˆ
(SR − SR) → N (0,
n
where the skewness γ3 =
4
and kurtosis γ4 = E[r−µ]
σ4

γ4−3
SR2
4

)

(30)

E[r−µ]3
σ3

3.2 Track record length
With the expression (30) now we are able to do a analyze of the length the
track record to be to contain statistical confidence for a Sharpe ratio to be
above a given threshold, which we are now able to determine lots of practical
things such as a investor will not make his decision if the track record is shorter
than MinTRL.
Definition 5 : The minimum track record length (MinTRL) is the period the
track record should be in order to have statistical confidence that its Sharpe
ratio is above a given threshold:
ˆ +
M inT RL = n∗ = 1 + [1 − γˆ3 SR

Zα
γˆ4 − 1 ˆ 2
SR ](
)2
∗
ˆ
4
SR − SR

(31)

From the expression (31) we could observe that as SR gets smaller, we then
are supposed to encounter a longer track record.
Hence the Definition 5 shows that the period track record plays a important
role in our investment strategies.
3.3 Practical Example of MinTRL
To take an example from Bailey, we are now going to discuss that for an ob7

served annualized Sharpe of 2, how long should the MinTRL be for a weekly
strategy?
figure 1.jpeg

Figure 1
From the figure 1 from Bailey, we find at observed annualized Sharpe of 2, to
reach to weekly IID Normal returns, everyone are supposed to contain a 2.83
years as minimum record length.
3.4 Code for MinTRL calculation in this section we will the code from
Bailey. Hence when meet similar problem when we are doing a investment, we
could use the code below to test a rough result of the minimum track record
length.
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4

Minimum Backtest Length (MinBTL)

Till this point, we have reached the last topic of this paper.
In this section, instead of MinTRL which serves to evaluate a strategy’s track
record, we will talk about the concern with overfitting prevention when comparing multiple strategies.

Proposition 1. With a group of IID random variables, XvZ, n = 1, 2, ... n,
where Z is the CDF of the Standard Normal distribution, the expected maximum of the group of IID random variables can be approximated for a large N
as
1
1
(32)
E[maxN ] ≈ (1 − γ)Z −1 [1 − ] +−1 [1 − e−1 ]
N
N
where γ is the Euler-Mascheroni constant
Proof: assume a group of IID random variables, zn v Z, n=1, ... , N, by
applying the Fisher-Tippett-Gnedenko theorem to Gaussin distribution, we
then get
maxN − α
6 x] = G[x]
(33)
limN →∞ P rob[
β
where Z −1 is the inverse of the Standard Normal CDF
−x
G[x] = e−e is CDF for Standard Gumbel distribution
and α = Z −1 [1- N1 ], β = Z −1 [1 − N1 e−1 ] - α
the limit of expectation of normalized maxima from a distribution in the Gumbel Maximum Domain of Attraction is
limN →∞ E[

maxN − α
]=γ
β

(34)

then for the sample sufficient large, we can approximate
E[maxN ] ≈ (1 − γ)Z −1 [1 −

1
1
] + γZ −1 [1 − e−1 ]
N
N

(35)

where N ¿ 1
from (27), we consider the situation that SR = 0, µ = 0 and y = 1, we then
ˆ →a N (0,1)
obtain that SR
then now let us consider the situation that SR = 0, µ = 0 while y neq 1

10

By applying proposition 1 with annualized Sharpe ratio y −1/2 , we obtain the
optimal strategy with an IS annualized Sharpe ratio that
E[maxN ] ≈ y −1/2 ((1 − γ)Z −1 [1 −

1
1
] +−1 [1 − e−1 ])
N
N

(36)

From a different aspect from MinTRL, MinBTL helps us to understand that
if the configurations are more independent, then the higher the acceptance
threshold should be for the backtested result to be trust.
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