The Circle Has a Hole In It

An Invitation to (Algebraic) Topology

Brendan Murphy

Abstract

Topology is the study of shape independent of geometry. Abstracting away from
the concrete realization of a space as a subset of R™ gives us the tools to argue
at a higher level, without getting into too many awkward details. But once we’ve
forgotten about distance, angle, and orientation, what intrinsic properties are left?
In this paper we develop machinery from algebraic topology in order to show that
the circle and line are topologically distinct, and in doing so formalize the notion
of what it means for a space, like the circle, to have a hole.
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1 Introduction

In an introductory analysis course, a student learns to think about space in
a more abstract way than they may have before. It dawns upon the student
that the real line and the open interval (0,1) are in many ways similar,
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especially in a “local” sense. When learning vector calculus, this student
learns the basics of differential forms, and discovers that on an annulus closed
differential forms may fail to be exact. Later, when this student studies
complex analysis, they find a similar phenomenon. Harmonic functions have
conjugates on some domains, like disks, but not always on more complicated
domains, like annuli. The contour integral of a function along two curves is
the same when one can be continuously deformed into the other.

Each of these examples has at its core algebraic topology. The Poincare
Lemma (not proven here) says that closed forms are the same as exact forms
on a space S if the identity map on S is “homotopic” to a constant function.
Global harmonic conjugates on a domain D always exist if and only if all
paths in D are path-homotpic, and two contours give the same integral if
they are homotopic.

This paper introduces concepts from algebraic topology and category the-
ory, focusing on homotopy. Our motivating problem is showing that the circle
and the interval are different on a very fundamental level, in that they are
topological spaces which are not “homeomorphic”. The first five sections
of this paper set the stage for the meat of the paper in sections 6 and 7.
A reader with prior exposure to topology and category theory should most
likely skip ahead to these sections and look back at lemmas as they are used.
In section 6, we develop the idea of the fundamental groupoid, which de-
tects the number of holes in a space, and in section 7 we prove the Seifert
van-Kampen Theorem (Theorem [7.3| and Theorem 7.7) that suffices to com-
pute the fundamental groupoid in a variety of situations. In particular, it
allows us to show that the circle and the interval have different fundamental
groupoids, and from this we conclude in Corollary 7.9 that the circle and the
interval are topologically distinct.

2 Topology

The fundamental object of topology is that of a space.

Definition 2.1. A space is a set X such that for any x € X, there is a
family of subsets of X called “neighborhoods” of x, such that

N1. If A is a neighborhood of z, then = € A.

N2. The whole space X is a neighborhood of z.
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N3. If A is a neighborhood of x and A C B, then B is a neighborhood of
x.

N4. If A and B are neighborhoods of x, then so is AN B.

N5. For any neighborhood A of X, there is a neighborhood B of x con-
tained in A such that B is a neighborhood of each of its points.

We refer to this collection of neighborhoods as a “topology” on X. We
can make the familiar real line R into a space by saying that a set N is
a neighborhood of some point x when it contains an interval (a,b) which
also contains x. Axioms N1 and N2 are immediately satisfied, as is N3, and
since the intersection of two open intervals is once again an open interval
we get N4 immediately. Finally N5 is satisfied because an interval (a,b) is
automatically a neighborhood of any of its points. In analysis, a set is open
if it contains a ball around each of its points, which we can now restate as
that set being a neighborhood of each of its points.

Definition 2.2. A subset U of a space X is open if it is a neighborhood of
each of its points.

This definition allows us to state axiom N5 more succinctly: any neigh-
borhood of x must contain an open set containing x. Some basic results
about open sets are as follows.

Lemma 2.1. Suppose X is a space. Then the following properties holds:
(a) The whole space X and the empty set are open.
(b) If U and V are open sets of X, soisUNV.

(c) If A is some possibly infinite set and {Uy}en is a family of open sets
of X, then so is the union J,., Ua.

Proof. For (a), note that X is open since it is a neighborhood of all its points
by N2, and the empty set is vacuously a neighborhood of all its points. To
show (b), suppose you have some x € AN B. Then x € A and z € B, so A
and B are neighborhoods of z. But then by N4, so is AN B. Finally for (c),
suppose € (J,c, Ux. Then for some fixed Ao, we must have x € Uy,. Since
Uy, is open, this shows it is a neighborhood of z. But then (J,_, Ux contains
a neighborhood of z, so by N3 it is a neighborhood of z. [
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Definition 2.3. The interior of a subset S of a space X, written Int S, is
the set of all points of which S is a neighborhood.

Immediately we see that Int S C S, since any point of which S is a
neighborhood is contained in S. Also taking the interior is monotone, i.e. if
A C B C X then Int A C Int B (this is immediate from N3). We have the
following characterization of the interior:

Lemma 2.2. The interior of some set S is the largest open set contained in
S. Formally,
msS= |J U

UCS,U open

Proof. We first show Int .S contains all open sets contained in S. Suppose U
is an open subset of S. Then for any z € U, U is a neighborhood of z, so
by axiom N3 so is S, which means z is in the interior of S. We now show
Int S is open. If z is in the interior of S, then S is a neighborhood of x, so by
axiom N5 there is an open set U containing x contained in S. But as we just
noted, U C Int S, so by axiom N3 Int .S is also a neighborhood of x. Since
Int S is a neighborhood of all of its points, it is open. O

As a corollary, we see IntU = U for any open U, and in particular
IntInt S = Int S for any S. Dual to the open sets are the closed sets. The
way we think of closed sets in analysis is in terms of limits and sequences,
but this are insufficient without a way to measure distance. We do have an
equivalent characterization of closedness which generalizes better to arbitrary
topological spaces, given below.

Definition 2.4. A subset C of a space X is closed if X \ C' is open.

We also have a dual to Lemma [2.1 Each of the following properties can
be proven from Lemma by applying DeMorgan’s Laws.

Lemma 2.3. Suppose X is a space. Then the following properties holds:
(a) The empty set and the whole space X are closed.
(b) If C' and K are closed sets of X, sois C' UK.

(c) If A is some possibly infinite set and {C)}ren is a family of closed sets
of X, then so is the intersection ()¢, Ua.
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Following this pattern, there is a dual to the interior of a subset. The
interior is formed by taking away all points which are not “interior points”,
i.e. points which the set is a neighborhood of. The closure is found by adding
in all “closure points”. Inuitively, a closure point of S is a point which is
arbitrarily close to the points in S, in that no neighborhood, no matter how
small, will seperate S from the point.

Definition 2.5. The closure of a subset S of a space X, written S, is the
set of all points which have no neighborhoods disjoint from S.

More positively, we have that for any « € S and any neighborhood N of
x, there is some point y € S N N. The precise way that this is dual to the
interior is given below

Lemma 2.4. For any subset S of a space X,
X\ S=Int(X\S9).

Proof. A point z is in X \ S if and only if there is some neighborhood N
of x which is disjoint from S. But N being disjoint from S is equivalent to
being contained in X \ S, and there being a neighborhood of = contained in
X'\ S is the same as saying X \ S is itself a neighborhood of z, or equivalently
x € Int(X\9). O

This gives us immediately that the closure of any set is closed (as the name
suggests), because its complement is open. And by writing A = X \Int(X\ A)
and using the monotonicity of the interior, we get that A C B if A C B.
Also, S C S since

X\S=Int(X\S)CX\S.

Lemma 2.5. The closure of set S is the smallest closed set containing in S.

Formally,
5= (1 ¢
CDS,C closed

Proof. ad We’ve already shown that the closure of S is a closed set containing
S, so it suffices to show it is contained within any other closed set containing
S. Suppose C'is closed and S C C. Then X \ C'is open and X \ C C X'\ 5,
so by Lemma , X\ C CInt(X\S) = X\S, which means S C C as
desired. O
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We immediately get from this that C' = C if C is closed, and S = S
always. These five notions (neighborhood, open, closed, interior, closure) are
almost all of the primitives from which the rest of topology is built. There
is still one important concept left, though. As we will see in section 4, a
mathematical theory comes not just with objects but also maps.

Definition 2.6. If X and Y are spaces, and f : X — Y is a function between
them as sets, then f is continuous if for any open set U of Y, the preimage
f~YU) is open in X.

This is the same as saying preimages of closed sets are closed, since preim-
ages commute with the complement. We also have an equivalent definition
in terms of neighborhoods.

Lemma 2.6. A function f : X — Y is continuous if and only if for any
point z € X and neighborhood N of f(x) in Y, the preimage f~'(N) is a
neighborhood of = in X.

Proof. First suppose f is continuous. Suppose we have some x € X and a
neighborhood N of f(y) in Y. Then there is an open subneighborhood U of
f(x), and by continuity f~1(U) is also open. But also z € f~}(U) since U is
a neighborhood of f(x), and so f(z) € U. Since U is an open set containing
x, it is a neighborhood of z, and since f~1(U) C f~1(N) so is f~1(N).

Now suppose that for any point z € X and neighborhood N of f(z)in Y,
the preimage f~1(N) is a neighborhood of z in X, and let U be an open set in
Y. Let f~Y(U) and suppose € V. Then f(z) € U, so U is a neighborhood
of f(z), and thus f~1(U) is a neighborhood of z by assumption. Thus f~1(U)
is open, and so f is continuous. O

The ability to speak about continuity is essentially why we care about
topology. As we see below, the basic kinds of functions that can defined for
arbitrary sets and combinations of continuous functions are always continu-
ous, which will be important in section 4.

Lemma 2.7. The identity function idx : X — X, defined by idx(z) = x, is
continuous (for any space X).

Proof. This is immediate from the fact that idy' (U) = U. O

Lemma 2.8. Let X,Y, Z be spaces. Suppose f: X - Y andg:Y — Z are
continuous functions. Then go f: X — Z is continuous.
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Proof. Note that (go f)™(U) = f~Y¢g ' (U)). So if U is open in Z, then
g 1(U) is open in Y the continuity of g, and thus by the continuity of f,
f~Yg1(U)) is open in X. Thus go f is continuous. O

Lemma 2.9. Let X,Y be spaces and suppose b € Y. Then the constant
function f(x) = b is continuous.

Proof. Suppose U is an open set of Y. Then if b € U, f~Y(U) = X, and
otherwise f~1(U) = ). But both of these sets are open, f is continuous. [J

Now we have some basic topological definitions, but how do we build up
new spaces? The topological structure of the real line should show us how
to turn subsets of that line like the interval [0, 1] into a space. Similarly, we
should be able to get the structure of the Cartesian plane R x R from that
of R.

Definition 2.7. Suppose X is a space and S C X is a subset. Then S can
be made into a space using the subspace topology as follows. The neigh-
borhoods of a point x € S are of the form SN N where N is a neighborhood
of r in X.

Lemma 2.10. The subspace topology is a well defined topology.

Proof. 1If N is a neighborhood of x in the subspace topology, then by defini-
tion N = N’ NS for some N’ a neighborhood of = in X. Then N’ contains
x by N1, so x € N’, and x € S by assumption, so z € N'NS = N. This
verifies N1. Also S = X NS is a neighborhood of x since X is a neighborhood
of x in the whole space, showing N2. Now suppose A C B C S and A is a
neighborhood of z in S. Then A = A’ N S for a neighborhood A’ of x in X,
and

B=BUA=BUA'NS)=(BUA)N(BUS)=(BUA)NS.

And since BU A’ contains the neighborhood A’ of z in X, it is also a neigh-
borhood of = in X. Thus B is a neighborhood of x in S, verifying N3.
Axiom N4 holds since (NN S)N(MNS)=(NNM)NS. Finally for N5,
suppose N = N’ N S is a neighborhood of x in S for N’ a neighborhood
of x in X. Then by N5, there is an open set U C N’ of X containing x.
Then x e UNS C N'NS and U NS is open in S. To see this, take some
y € UN S and note that U is a neighborhood of y in X, and thus U NS is
the intersection of a neighborhood of y in X with S, and thus by definition
a neighborhood of y in S. ]
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The last argument in this proof proves that any intersection of an open
set and S is open in S. In fact, this is usually how the subspace topology is
defined. The converse of this also holds.

Lemma 2.11. Let U be open in S. Then there is a set U’ open in X such
that U =U'NS.

Proof. By definition of the subspace topology, for each x € U we have a
neighborhood N, of x in X such that U = N, N S. Also, by N5 we have an
open set U, C N, containing x, so U, NS C N, NS =U. Thus

(UUx)mS:UUxmsg UU:U.
xelU xzelU xeU

But also since x € U,,

Uv=|J{=z} c U

zeU zelU

And since also U C S, we have

U C (U Ux>mS.

zelU

Which shows

U= (LEJUU> ns.

Finally by Lemma 2.1} (J,., U, is open in X since it is a union of open
sets. O

This also gives us immediately the corresponding result for closed sets,
since if C'is closed in S, then S\ C' = UNS is open. Then C' = S\ (UNS) =
S\U = SN (X \U) is the intersection of a closed set of X and S. Now note
that the inclusion map g : S — X given by ts(x) = x is continuous, since
7Y (U) = UN S for any open set U, and we know that this is open in S.
Also the restriction of any continuous function f : X — Y to a subspace S,
written f |g, is continuous. This comes from the fact that the composition of
continuous functions is continuous and f |g = forg. Dually, if f : X — Y and
im f C B CY, then the restriction of the codomain of f to B is continuous,
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since if U is open in B, we must have U = U’ N B for some U’ open in Y,
and

O =)0 fi(B) = U)NnX = f7H(U).
And this is open by the continuity of f. Now that we can talk about sub-
spaces, we are able to state the most important lemma of this section, which
tells us how we can build up continuous functions from ones defined on
smaller pieces of our space.

Lemma 2.12 (The Gluing Lemma). Suppose A, B are subspaces of X such
that AUB = X and we have continuous functions f : A =Y andg: B =Y
which are equal on AN B. Then if A\ B C Int A and B\ A C Int B, then

) flx) ifreA
h(m)_{g(af;) ifreB

defines a continuous function on all of X.

Proof. Since f and g agree on the overlap of A and B, this is a well defined
function. We use the definition of continuity given in Lemma Suppose
r € X and N is a neighborhood of f(z) in Y. Then ™' (N)NA = f~}(N)is
a neighborhood of x in A by continuity of f, so there is some neighborhood
L of x in X such that

Y N)NA=f*N)=LnA.
Similarly by continuity of g there is a neighborhood M of x in X such that
h"Y (N)NB=g Y(N)=MnNB.

We proceed by cases on whether t € ANBorxe€ A\Borze B\ A. In
this first case, since AUB = X,

LOMC(LNAUMNB)= (" (N)NnA) UL (N)NB)=h"'(N).

But L N M is the intersection of two neighborhoods of x, so it is a neighbor-
hood of x, which means 2~!(N) contains a neighborhood of x, and thus is
itself a neighborhood of x.

In the case, if z € A\ B C Int A, A is a neighborhood of z, thus AN L
is, and so h~'(NN) contains a neighborhood of x, and is thus a neighborhood
of x. The final case follows by the same argument. O
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In particular, if A and B are closed sets then A\ B = (AUB)\B = X\ B
is an open set contained in A, so it is contained in the interior of A (and the
same but with A and B swapped), which means the conditions of the Gluing
Lemma are automatically satisfied. We will often write “this is continuous by
the Gluing Lemma” in to prove that a function defined by cases is continuous,
and trust the reader to check that the sets satisfying those inequalities are
closed.

We can also build new, larger spaces out of old ones.

Definition 2.8. If X and Y are spaces, there is a topological structure on
their product X X Y, where a set P is a neighborhood of a point (x,y) iff
there exists neighborhoods N of x and M of y such that N x M C P.

The reader should attempt to verify that this is a well defined topology.
This definition immediately implies that the product of open sets is open,
since if U and V' are open then for any (z,y) € UxV, we have NxM C UxV
where N = U is a neighborhood of z and M = V is a neighborhood of y.
The product of closed sets is closed since (X x Y)\ (C'x D) = (X x (Y'\
D)) U ((X \ C) xY). The product topology also comes with two important
maps, mx : X XY — X and 7y : X XY — Y called the projection maps,
which are given by 7y (z,y) = = and 7y (z,y) = y. These are continuous
since if U is open in X, then 7' (U) = U x Y is the product of two open
sets (and similarly for my). Maps into and out of products behave nicely.

Lemma 2.13. Suppose f: Z — X and g : Z — Y. Then the map (f,g) :
Z — X xY given by (f,9)(z) = (f(2),9(z)) is continuous.

Proof. We use the definition of continuity from Lemma [2.6, Suppose z € Z
and we have a neighborhood L of (f(z),g(2)) in X x Y. Then there are
neighborhoods N of f(z) in X and M of ¢g(z) in Y such that N x M C L,
and thus f~Y(N x M) C f~1(L). But also

FUM x N)={te Z:(f(t),9(t)) € N x M} = fH(N)Ng~'(M)

And each of these sets is a neighborhood of z by continuity, so their intersec-
tion is as well. Thus f~!(L) contains a neighborhood of z, and so it is one
too. [

Although it may not be immediately apparent, this allows us to conclude
that practically any function which feeds its inputs through a series of con-
tinuous functions is continuous. For example, if f: X - Zandg:Y — W,
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then the function fxg: X XY — ZxW given by (fxg)(z,y) = (f(z), 9(v))
is continuous, since f x g = (fomx, gomy). We will not bother to argue such
functions are continuous in the future, since it is essentially just a matter of
inserting combinations of projections, pairing, and composition.

We close this section by asking the question of when two spaces are the
same. Consider the spaces A = R with the topology described earlier on and
B = {(z,y) € R? : y = 22} with the subspace topology inherited from the
product topology on R?. These two spaces are completely different from a
geometrical standpoint, one being a line and the other a parabola, but they
are “the same” topologically.

Definition 2.9. A homeomorphism between spaces X and Y is a contin-
uous function f : X — Y such that there is some continuous map g : ¥ — X
such that go f = idx and f o g = idy, i.e. f is a continuous function with
a continuous inverse. If such a homeomorphism exists, we say X and Y are
homeomorphic, or topologically equivalent.

Lemma 2.14. The relation that two spaces are homeomorphic is an equiv-
alence relation.

Proof. Let X,Y,Z be spaces. First note that X is homeomorphic to itself
by the identity map. Then if f : X — Y is a homeomorphism, so is f~! :
Y — X, so Y is homeomorphic to X. Finally if g : Y — Z is another
homeomorphism, then g o f is continuous with inverse f~! o ¢!, and this is
continuous since it is a composition of continuous functions. ]

Under this definition, A and B are topologically equivalent, which is
witnessed by the map f : A — B given by f(x) = (z,2%). This map is
continuous (the proof that z — 22 is continuous can be found in any analysis
textbook), and it has inverse w(x,y) = z. Spacially, we're taking the real
line and bending it up into a parabola. We can now, as the abstract of this
paper claims “ignore distance”.

Lemma 2.15. Let a,b,c,d be positive real numbers such that a < b and
¢ < d. Then, considered as subspaces of R, the spaces [a,b] and [c,d] are
homeomorphic.

Proof. By Lemma|2.14] it suffices to show the interval [0, 1] is homeomorphic
to any interval [a,b]. First define a homeomorphism f : [0,1] — [0,b — a] by
f(t) = (b— a)t, which is continuous with continuous inverse f~'(t) = ;£ by
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standard analysis. Then define g : [0,b — a] — [a, b] by g(t) =t + a. This is
continuous with continuous inverse g~!(¢) = t —a, so it is a homeomorphism.
Thus [0, 1] is homeomorphic to [a, b]. O

In the next section, we study an important topological property of certain
spaces.

3 Compactness

Compactness is not an intuitive property. It allows us to turn infinite prob-
lems into finite ones, but the kinds of spaces which are compact are more
varied than one would imagine. Our main use for compactness is in proving
the Lebesgue Covering Lemma (Lemma 3.13). This lemma lets us break
up intervals and rectangles into chunks small enough that certain desireable
properties hold. Unfortunately, showing that the sets we care about are
compact takes a fair amount of work.

Definition 3.1. Let K be a space. A cover of K is a family C of subsets
of K such that K = (Jg.-S. An open cover of K is a cover consistening
of open sets. We say K is compact if for any open cover U of K there is a
finite subfamily F C U which is also a cover.

Lemma 3.1. Let XY be spaces and suppose we have a continuous surjec-
tion f: X — Y. If X is compact, then Y is as well. As a corollary, if X is
compact and Y is homeomorphic to X, then Y is compact.

Proof. Let U be an open cover of Y. Defined = {f~}(U) : U € U}. Then
since f is continuous, this is an open cover of X, and thus by compactness

there is a finite subcover {f~1(U,), f~1(Us),..., f1(U,)}. Then

V=[fX)=f (U f_1<Uk)> = U FUFH ) = U Uy

Thus any open cover of Y has a finite subcover, showing compactness.  [J

We often wish to speak about compact subsets of an ambient space, and
working with these subsets as subspaces can be clumsy. Luckily there is a
nicer way of handling things.
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Definition 3.2. Let K be a subset of the space X. Define a cover of the
subset K to be a family C of subsets of X such that K C (Jgr S. We say
K is a compact subset of X if every cover of the subset K has an open
subcover.

Lemma 3.2. Let X be a space and K a subset. Then K is compact as a
subspace if and only if it is compact as a subset.

Proof. Open sets of K are of the form U N K for an open set U of X, so open
covers of K are of the form {U, N K},ep for some set of indices A. Then

K= JUnK)= <UUA>HK

AEA AEA

So K C [Uyep Ux, and thus {Uy}rea is an open cover of the subset K. Sim-
ilarly, an open cover of the subset K can be turned into an open cover of
the subspace by intersecting each member of the cover with K. Thus open
covers of the subspace and subset are “the same”, and the rest of the proof
is just symbol pushing. O

Lemma 3.3. Let X be compact and let C' be a closed subset of X. Then C
is also compact.

Proof. Let U be an open cover of the subset C. Then Y/ U{X \ C'} is an open
cover of X since C'is closed and thus X \ C' is open. Thus by compactness
of X, there is a finite subcover F of Y U{X \ C'}. Removing X \ C from this
subcover (if it is there) will still give us an open cover of the subset C', and
will be a subcover of ¢. Thus C' is compact. n

The product of two compact spaces is also compact. In fact, the product
of any number of compact spaces is compact. This celebrated result is known
as Tychonoff’s Theorem, and is equivalent to the axiom of choice. We do not
prove it here, but it is the capstone of the kind of set-theoretical topology
we do in this and the previous section.

Lemma 3.4. Let X and Y be spaces. Suppose K is a compact subset of Y
and U an open subset of X X Y. Then theset V ={x € X : {z} x K CU}
is open.
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Proof. Let x be any point of V. Then since U is open, for any point y €
K, (z,y) € U, so there are open neighborhoods D,, E, of z,y such that
D, x E, CU. Then {E,} ek is an open cover of K, so by compactness there
is a finite set of points {y1,¥2,...,y,} such that K C £, UE,, U...UE, .
Define N = D, N D, N...D,, . Since each D, is open, so is N, and

N x K =N x (UEyk>:
k=1

Thus N C V. Since V contains a neighborhood of each of its points, and it
is open. ]

Nx E, €| JD, xE, CU.
1 k=1

Lemma 3.5. If X and Y are compact spaces, so is their product X x Y.

Proof. Let U be an open cover of X x Y. Then let  be any point of X. The
subset {x} xY of X xY is compact, since it is easily seen to be homeomorphic
to Y. Then since U is a cover of X x Y, it is also a cover of {z} X Y, so
by compactness there are a finite number of sets {Uy, Us, ..., U,} C U which
cover {x} x Y. Let U = Uy UUyU...UU, and define V, = {2/ € X :
{z} x Y C U}. By the previous lemma, V, is open. Also, V, x Y is covered
by finitely many sets all belonging to &/. Then since x € V, for all z € X,
we have an open cover {V, : x € X} of X, and thus by compactness finitely
many z; such that (J; Vz; covers X. Thus X x Y is covered by the (finite)
family V,; x Y, and each of these sets is covered by finitely many elements
of U. Composing these coverings gives us a finite cover of X x Y by sets of

Uu. ]

It’s not at all clear why we call this property compactness, but it turns
out to correspond to the more intuitive notion of “closed and bounded” in
standard Fuclidean space. Before that, we define some extremely important
spaces

Definition 3.3. The circle is the subspace of R?
St = {(x,y) € R? : 2® + 3> = 1}.
Definition 3.4. The interval is the subspace of R

I={reR:0<xz<1}.
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We show that the interval is compact, and conclude by Lemma that
the circle is as well, since we have a continuous surjection 6 +— (cos(276), sin(276))
of I onto S'. It turns out that knowing I is compact is also strong enough to
prove the theorem mentioned above about compact subsets of R™. To show
I is compact, we first show it is “connected”.

Definition 3.5. Let X be some space. We say X is connected iff there is
no continuous surjective function f: X — {0, 1}.

Note if X is connected and Y is homeomorphic to X, say with a home-
omorphism h : X — Y, then Y must be connected, since a surjective con-
tinuous function f : Y — {0,1} would give rise to a continuous function
foh: X — {0, 1}, which is surjective since both f and h are. This definition
of connectedness is a somewhat intutive, since a continuous function onto a
discrete space can only take on two different values if there are two different
“parts” of X. However the following more abstract definition is also useful.

Lemma 3.6. A disconnection of a space X is a pair (A4, B) of nonempty
disjoint open subsets whose union is X. A space X is connected iff there
does not exist a disconnection of it.

Proof. 1t suffices to show that there exists a continuous surjection f : X —
{0,1} iff there exists a disconnection of X. Given a surjection f, we can
write X = f71({0,1}) = f~1(0) U f71(1). These sets are obviously disjoint,
are open by continuity of f, and are nonempty because f is surjective.

Now suppose (A, B) is a disconnection of X. Then define

1 ifzeA
f(x)_{o ifreB

This is well defined since A and B are disjoint, is continuous by the Gluing
Lemma (since A\ B C A = Int A and the same for B), and is surjective
because A and B are nonempty. Thus the result holds. O

Lemma 3.7. I is connected.

Proof. We show every continuous function f : I — {0,1} is constant. Let
x,y be points of I and suppose x < y. Let s = sup{z € [ : z < z <
yand f(z) = f(z)}. Then s = y or s < y. Suppose for contradiction that
s < y. Then by the continuity of f, there is some é > 0 such that for all
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z within 0 of s, we have |f(2) — f(s)| < 0.5. But since f(z) and f(s) are
integers, this implies that f(z) = f(s) for z within ¢ of s. If s < y, then
o' = 3 min(d,y — s) is such that 0 < & < 8, so f(s+d) = f(s) = f(z), and
also x < s < s+ 60" < y. But this contradicts the fact that s is an upper
bound for {z €[ : 2 <z <yand f(z) = f(x)}. Thus I is connected. O

Connectedness is a hugely important property, but we won’t spend much
time focusing on it (although arguably the material we will look at on ho-
motopy is just a finer grained notion of connectedness).

Lemma 3.8. I is compact.

Proof. Let A be an open cover of the subset I. Suppose we had some open
cover BB such that for each U € B, there is some V in A such that U C V. It
suffices to find a finite subcover {Uy, ..., U,} of B, since each element U; of
that cover must be contained in some element V; of A. Then I C U?:1 U; C
Uj—, Vi, so we have a finite subcover {Vi,...,V,} of A. We define B to be
the collection of open intervals I such that I C U for some U € A. This is a
cover of I since each element x € I must be contained in some open U € A,
and thus U is a neighborhood of =, which implies there is some open interval
I C U containing z.

Now define f : I — {0,1} by f(z) = 1 if [0, 2] can be covered by finitely
many intervals in B and 0 otherwise. We show f is continuous Let U =
f74(1); we show U is open. Let x be some point of T such that f(z) =1, so
0,2] CLUILU...I, for I1,I5,...,1I, € B. Since B covers I, we must have
x € I for some I € B. Then I C U since for any y € I, it is that

[0,y] C[0,2] U ([0,y]\[0,2]) C[0,z] Ul CLULU...UI,UI

and thus f(y) = 1. Thus f~!(1) is open, and similarly f~'(0) is open, since if
f(z) = 0, the above argument shows f(y) = 0 for all y in some neighborhood
of x. Thus f is continuous, so by the connectedness of I, f must be constant.
But also f(0) = 1, since [0, 0] can be covered by any interval in B containing
0. Thus f(x) =1 for all z € I, and in particular f(1) = 1. Thus I = [0, 1]
can be covered by a finite number of intervals in B. O

Theorem 3.9 (Heine-Borel). A subset K of R™ is compact if and only if it
is closed and bounded.



3 Compactness 17

Proof. Suppose K is not closed. Then there is some point x € R™ such that
r € K\ K, so by basic analysis for all € > 0 there is some y € K such that
|z —y| < e. Then the closed balls B. = {y € R" : |x —y| < &} centered
at x always contain some point in K, and so no finite subset of the family
of complements of these balls {R™\ B. : ¢ > 0} covers K. However since
Ueso R"\ B = R" \ (..o B: = R"\ {z} and = ¢ K, the complements of
these balls form an open cover of K with no finite subcover. Thus K is not
compact.

Now suppose K is not bounded. Then we can cover R™, by open balls
B, = {y € R" : |y| < r}, and thus cover K as well, but if K was contained
in some finite subcover it would be bounded. Thus K is not compact.

Finally suppose K is both closed and bounded. Then for some B > 0
we have K C [—B, B]". By Lemma [2.15, [-B, B] is homeomorphic to I,
so by Lemmas [3.1] and [3.8] it is compact. Then by Lemma [3.5] [~ B, B]" is
also compact. Since K C [-B, B]", also K = K N [—B, B|". Thus K is the
intersection of a closed set of R™ (i.e. K) with the subspace [—B, B]", and
so it is closed in [—B, B]". Then Lemma implies K is compact. H

Closedness and boundedness are vastly easier to show than compactness,
so this lemma is mostly useful in showing closed and bounded sets are com-
pact. The Heine-Borel Theorem has some useful corollaries, like the Extreme
Value Theorem from calculus.

Corollary 3.10. Suppose X is a compact space and f : X — R is a con-
tinuous function. Then f attains a maximum value (and by symmetry a
minimum value).

Proof. By Lemma , f(A) is closed and bounded. Since it is bounded, it
has a supremum, and since it is closed it contains that supremum. Thus the
result holds. N

We close off this section with some last words on compactness, introducing
an important lemma which we will use later. The reader should be aware
that the following lemma holds in the more general context of compact metric
spaces, but we will not pad the length of this paper even further by covering
that.

Definition 3.6. Let S be a nonempty subset of R™. Define the distance
from a point z in R” to S to be dg(z) = inf{|x —y| : y € S}
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Lemma 3.11. The function dg : R™ — R defined above is continuous.

Proof. By the triangle inequality, we have for any a,b € R™ and ¢ € S
that |a — ¢| < |a —b| + |b — ¢|. Then since taking infimums preserves weak
inequalities,

ds(a) = inf Ja — c| < inf(Ja — b|+b — cl) = |a — bl+int([b — c]) = |a — bl+ds(5).

And so dg(a) — dg(b) < |a—0b|. Then by symmetry we also have dg(b) —
ds(a) <la—bl, so |ds(b) — ds(a)| < |a—b|. Standard analysis implies from
here that dg is continuous. O

Lemma 3.12. Suppose K is a compact subset of R™. Then dg(z) = 0
implies z € K.

Proof. By Corollary [3.10 if infycx | —y| = 0, then |z — yo| = 0 for some
yo € K, since f(y) = | — y| is continuous. But then z =yg, soz € K. [

Lemma 3.13 (The Lebesgue Covering Lemma). Let A be an open cover of
a compact subset K of R". There is some value d > 0 such that for any ball
B of radius smaller than § contained in K, there is some U € A such that
B CU.

Proof. By compactness, we can assume without loss of generality that A =
{A1, Ay, ..., A, } is finite. Then let C; = K\ A;. Since each A, is open, the C;
are closed, and thus by Lemma they are compact. Thus by Lemma
the function f : K — R defined by

f@) = 3 dey (@)

is continuous. By Corollary [3.10] this function attains some minimum value
f(wg) = 0. If 6 = 0, then d¢,(zo) = 0 for all j, then by Lemma m
x € C; for all j, so x ¢ A; for any j. But then A is not a cover, since
re K\ (A UAyU...UA,). Thus 6 > 0. Then for any ball B centered at b
of radius ¢, we must have f(b) > d, so for some j we must have d¢,(b) > 9.
But then for any ¢ such that |b — ¢| < d, we can’t have ¢ € C}, since if we did
we would have 0 < d¢,;(b) < |b—c| < 0. Thus if c € B, ¢ ¢ Cj, so c € A;.
Thus B C A;. O
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4 Category Theory

Whereas topology seeks to abstract space, category theory seeks to abstract
abstraction. The language of categories can be used to perform general con-
structions interpretable in a multitude of contexts, each specialization car-
rying different, context sensitive information. Unfortunately, this means it
is hard to appreciate category theory without a wealth of examples to draw
upon. With that said, we begin the section not by defining a category, but
instead a group, so that we have one more point of comparison.

Definition 4.1. A group is a set G along with a function m: G x G — G
satisfying the conditions below. By tradition and for ease of reading we write
m as multiplication, i.e. the expression xy is understood to mean m(z,y).

G1. m is assosciative. That is z(yz) = (zy)z for all z,y, 2z € G.

G2. There is some identity element eq such that eqx = x = xeg for all
r € G.

G3. For all z, there is an inverse element y such that zy = eq = yx.

We usually just write e for eg. The two groups we care in this paper are
“the” trivial group, which is what we call any group with a single element,
and the group of integers. Any one element set {*} is a group in a unique
wayb by defining m(x, %) = *. The integers are a group with identity element
0 and “multiplication” given by m(a,b) = a+b, and where the inverse of a is
—a. The reader will note we did not include the axiom of commutativity in
our definiton of a group, i.e. that xy = yx. This is because many important
groups have a noncommutative multiplication, like the group of invertible n
by n matrices. A group with commutative multiplication is called abelian.
The group axioms imply a few useful properties immediately.

Lemma 4.1. In a group G, the identity element is unique.

Proof. Suppose we have an element ¢’ such that xe’ =z = €'z for all z € G.
Then taking z = e, we find ee’ = e, but also by G2 ee’ = ¢'. O

Lemma 4.2. For any z,y,2z € G, if yr = e and xz = e, then y = 2. As a

corollary, inverses are unique, and so for all  we have a well defined inverse

element z1.
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Proof. y=ye =y(zz) = (yr)z = ez = z. O

When we work with groups, we don’t care about what their elements
look like, but instead the way they interact. That is to say, if the elements in
two groups interact with one another in the same way, we want to think of
them as “the same” group. As an example, consider the groups A = {—1,1}
under multiplication and B = {true,false} under boolean xor. Both of
these consist of an identity element x and a nonidentity element y such that
m(y,y) = z, i.e. y is its own inverse, and so to a group theorist they are the
same. We make this precise by with the concept of an isomorphism.

Definition 4.2. An isomorphism of groups between groups G, H is an
invertible function ¢ : G — H such that p(zy) = p(z)p(y) for all z,y € G
and o~ (zy) = o H(x)p (y) for all z,y € H.

The isomorphism from A to B as above is ¢(1) = false, ¢(—1) = true.
Also, our condition that ¢(xy) = ¢(z)p(y) isn’t just useful in saying when
two groups are the same, but really tells us that ¢ respects the group struc-
ture. In the same sense that continuous maps are the “nice” functions of
space, maps satisfying this property are the “nice” functions of groups.

Definition 4.3. A homomorphism between groups G, H is a function ¢ :
G — H such that o(zy) = p(z)p(y) for all z,y € G.

Note that we must have p(eq)p(eq) = vlegea) = ¢(eq), and multiplying
both sides by p(ec) ! we see p(eg) = exr. This along with Lemma[4.2)implies

that (z71) = ¢(z) ™, since p(z71)p(z) = p(zz7") = p(eg) = en.

Lemma 4.3. Suppose G, H, K are groups and we have homomorphisms ¢ :
G — H,v:H— K. Then ¥ o ¢ is a homomorphism.

Proof. (p(xy)) = Y(p()e(y) = (p(x))(e(y)) 0

Lemma 4.4. Suppose G is a group. Then the identity idg(z) = x is a
homomorphism.

Proof. idg(zy) = xy = idg(x)ide(y) O

Thus an isomorphism is a homomorphism with an inverse which is also
a homomorphism. This sounds very similar to our definition of an home-
omorphism in that it is a “nice” map between some kind of mathematical
structures whose inverse is also “nice”. Just like with topological spaces, we
also have a kind of “product” of groups.
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Definition 4.4. Let G and H be groups. Then the cartesian product G x H
has a group structure, and we call this group the direct product of G and
H. The identity element is (eq, ey), and multiplication componentwise, i.e.

(9, h)(g', ') = (gg/, hi), and inverses are (g, h) ! = (g1, h~1).

This concludes the rapidfire introduction to groups. This paper is far
more focused on groupoids (see the next section), and the upcoming material
on categories is far more important to understand. We now state three
completely unrelated lemmas about products of sets, spaces, and groups.

Lemma 4.5. Suppose X and Y are sets. Then there are functions wx :
X XY —- Xand my : X XY — Y and for any other set Z with functions
f:7Z— X, g:7Z — Y there is a unique function h : 7 — X x Y such that
mxoh=fand Ty oh =g.

Proof. mx and 7wy are the projection maps we’ve seen before. Then if we have
such a Z, define A(z) = ((2), g()) Then mx(h(2)) = mx (f(2), g()) = f(2)
and similarly my o h = g. Now suppose there was some b’ : Z — X x Y such
that 7y o h’ = f and my o A’ = g. Then for any z € Z,

W (z) = (mx (W(2)), my (W'(2))) = (f(2),9(2)) = h(2).
So h' = h, and thus h is unique. H

Lemma 4.6. Suppose X and Y are spaces. Then there are continuous
functions 7x : X x Y — X and 7y : X xY — Y and for any other space
Z with continuous functions f : X — Z, g : Y — Z there is a unique
continuous function h : X XY — Z such that 1y oh = f and my o h = g.

Proof. The h defined in the previous lemma is continuous by Lemma [2.13]
and uniqueness is as above. O

Lemma 4.7. Suppose X and Y are groups. Then there are homomorphisms
mx : X XY —- X and my : X XY — Y and for any other space Z with
homomorphisms f: X — Z, g: Y — Z there is a unique homomorphisms
h:X xY — Z such that tyoh = fand 7y o h =g.

Proof. We use the same h as in the last two lemmas. Then if f, g are homo-
morphisms, so is h, since

h(zw) = (f(zw), g(zw)) = (f(2)f(w), g(2)g(w)) = (f(2), 9(2))(f(w), g(w)) =
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We can state these three lemmas by the following diagram

d X
=
h
Z ----- > X XY
X
J Y

We say such a diagram is commutative if all paths between objects in it have
the same composition. Then the past three lemmas say that there’s always a
unique map h making this diagram commute, if X, Y, Z are sets/spaces/group
and f, g, mx, Ty, h are “nice” maps. And this is in fact the general definition
of product that we use in a categorical setting. A category has just enough
structure for us to be able to draw diagrams, and talk about whether they
commute.

Definition 4.5. A category C has a collection consists of a collection
Obj(C), the objects of C, and for each pair of objects X,Y € Obj(C) a
collection Home(X,Y) of mapsﬂ between the objects X and Y, called the
hom set of X and Y. We write f : X — Y to mean f € Homc(X,Y).
There is also a “composition” operator o : Hom¢(Y, Z) x Home(X,Y) —
Homc (X, Z) for any three objects X, Y, Z and for each object X an identity
idx € Homc(X, X)) for this composition. A category must satisfy following.

C1. Composition is assosciative. That is, if we have objects X, Y, Z, W in
Candmaps f: X =Y, g:Y = Z h:Z — W, we must have

ho(gof)=(hog)of.

C2. The identity map is an identity for o. That is, for all objects X,Y
and maps f : X =Y, g:Y — X, we must have f oidy = f and
idy og=g.

This gives us just enough structure to state things in terms of commu-
tative diagrams. There are three important examples of categories that you
should think of whenever seeing a new concept.

fAlso referred to as morphisms or arrows.
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Definition 4.6. There is a category Set whose objects are sets where the
maps in Homge(X,Y) are all functions X — Y. Composition is regular
function composition and the identity map the identity function id(z) = .

Definition 4.7. There is a category Top whose objects are spaces where the
maps in Homr, (X, Y) are the continuous functions X — Y. Composition is
function composition and the identity map the identity function id(x) = z.
This is well defined by Lemmas [2.7] and

Definition 4.8. There is a category Grp whose objects are groups where
the maps in Home,, (X, Y') are the homomorphisms X — Y. Composition is
function composition and the identity map the identity function id(x) = x.
This is well defined by Lemmas [4.4] and

To reiterate, categories give us the ability to draw diagrams, and diagrams
let us define concepts. The main diagrammatical-concept we deal with is a
“pushout”, but before we tackle this we finish up our definition of products.

Definition 4.9. Suppose we have some category C and objects X, Y of C. If
we have an object P of Cand maps f: P — X, g: P =Y, wecall (P, f, g)
a candidate product of X and Y. If for any other product candidate
(Z,a, ) of X and Y there is a unique map h : Z — P such that

commutes, then we say (P, f, g) is the product of X and Y (often we drop
the maps f, g and just say P is the product). We call this existence of the
unique map the universal property of the product.

With this new language, we can restate lemmas [4.5] and [4.7] as “Set,
Top, and Grp have products”. But the definition we’ve given is a little unclear.
We've said that any object satisfying our universal property is the product.
Definite articles generally shouldn’t be attached to multiple things. However,
it turns out that all products are related in a strong sense.
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Lemma 4.8. Let C be a category with objects X, Y. If (P, f,g) and (P, f', ¢)
are both the product of X and Y, there are maps o : P — P’ and ¢ : P — P
such that @ o = idp and ¥ o p = idp. Further, the following diagram com-
mutes.

Proof. We automatically obtain maps ¢, making the above commute by
the universal property of the product. But then also

fo(oyp)=(fov)op=fop=Ff

And similarly g o (1) 0 ¢) = ¢g. Thus we have the commutative diagram

Where h = 9 op. But this also commutes when A = idp, so by the uniqueness
part of the universal property, ¥ o ¢ = idp. The same argument shows
@ o1 = idps, so the result holds. O

What does this mean if C is Set? It says any two products of the same
two sets are in bijection. In particular, X x Y and ¥ x X can both be shown
to satisfy the universal property for the product of X and Y, so this gives a
bijection between them. How about when C is Top? Any two products are
homeomorphic. And if Cis Grp, this says any two products are isomorphic.
We reuse this last term and say an invertible map ¢ € Homc(X,Y) is an
isomorphism between objects X and Y for any category C. In category theory,
we essentially only care about things up to isomorphism. Any categorical
properties that hold for an object X also hold for any Y isomorphic to X,
like for example the property of being a product of two objects (do you see
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how to make the maps?). We close the section by introducing the pushout
square, a central concept of this paper, and proving a useful lemma about it.

Definition 4.10. Let X,Y, Z be objects of a category C, and suppose we
have maps f : X — Y and g : X — Z. Call an object W with maps
'+ Z—>W,q :Y — W a pushout candidate of (f,g) if the following
square commutes

Xty
o)

If W is such that for any other pushout candidate W’ with maps f : Z — W,
g : Y — W there is a unique map h : W — W’ making the following
commute,

J\

I

N ¢
Q

then we say W is the pushout of (f, g). In this case we call the square given
above a pushout square.

An anologue of Lemma [4.§ holds for pushouts, but the proof is essentially
the same so we leave it as an exercise to the reader. Arbitrary pushouts exist
in all three categories we’ve looked at so far, but their construction in Top
and Grp requires a little more knowledge than we have now. In Set, we can
construct a pushout of (f, g) by first embedding Y and Z in the disjoint union
Y U Z, then quotienting this disjoint union out by the equivalence relation
flx) ~ g(a:)ﬂ Intuitively a pushout consists of the original two objects Y
and Z put together with the images of f and g “glued”. We prove a quick
lemma about pushouts of groups, which we’ll use in Section 9 to conclude
some groups of interest are actually trivial.

'If we generalize the disjoint union to a coproduct, whose universal property is like
that of product but with all arrows reversed, and the quotient operation to the coequal-
izer of the maps f, g, and coproducts/coequalizers exist for all pairs of objects/maps in a
given category, then that category has pushouts which are the coequalizer of a coproduct.
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Lemma 4.9. Suppose we have a pushout of groups

H%

G
Lok
If ¢ and f’ are trivial, in the sense that ¢'(x) = ey and f'(y) = ew for
x € G,y € K, then W is a trivial group. If G and K are trivial groups,
this condition is automatically satisfied, so W is a trivial group with no
assumption on f’ ¢’

Proof. By the universal property of the pushout, we have a unique map

h: W — W making

2

N

commute. Then idy o ¢ = ¢ since idw (¢'(z)) = idw(ew) = ey for any
x € G, and by the same argument idy o f' = f'. Thus h = idy. Also if
if k: W — W is the homomorphism k(x) = ey, we have k o ¢’ = ¢ since
k(¢g'(z)) = k(ew) = ew, and similarly ko f' = f'. Thus k = h = idy, so
x =idw(z) = k(z) = ew for any x € W. Thus K is trivial. O

In the rest of this section, we prove some techinical lemmas about pushouts.

Definition 4.11. Suppose we have commutative squares S and S’

x 1,y X oy
o il v
YA T> W Z/ T> W/

A map of squares S — S’ is a family of maps a: X — X', 5:Y = Y/,
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~v:Z —Z' and 0 : W — W' such that the following cube commutes.

X > Y
B
o g’

g X —t > Y’
k

A f s W K

BN N

VA W s W

It’s worth noting that given a category C, the collection of commutative
squares drawn in that category forms a new cateogry Co with the morphisms
maps of square. This paper doesn’t cover this further, however.

Lemma 4.10. Suppose in a category C we have squares as in Definition [£.11]
Also suppose we have maps of squares («, 3,7,d) : S — S" and (a,b,¢,d) :
S’ — S such that aoa = idy, bo f = idy, covy = idy, and do d = idy.
Then if S is a pushout square, so is S.

Proof. Suppose we have a pushout candidate (W, f ,§), l.e. a square

x 1,y

gl l@
Then we have maps foc: Z — W and job:Y’' — W. Then
(foc)ok;:focok::fogoazgofoazgoboh:(QOb)Oh.
So we have the commutative diagram

X sy

| e

Z/f—>W



4 Category Theory 28

And by the universal property of the pushout, this induces a unique map
q: W' — W such that

X/ h Y’

also commutes. This is because

pof =qodof =qoh'oy=focoy=Ff
Similarly,

pog =qodog =qok of=gobof=4g.
This verifies existence. To show uniqueness, suppose there was some p
W — W’ making the above commute. Then let ¢ =p'od: W’ — W. Then

qlok/:plodok/:ploglobzgob
and B

qloh/:plodoh/:plofloczfOC.
Which means we have the commutative diagram

X/ h y!
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And thus by uniqueness of ¢, this means ¢ = ¢’ = p’ od. Thus
p=gqod=(p odod=p
showing uniqueness of p. O

This diagram chase is rather technical (and requires a cube to state!),
and the reader should feel no sadness if they don’t understand the proof. We
close this section by showing that pushouts can be glued together (this might
suggest a notion of composition to the reader, but that way lies madness and
double categories, an idea too complicated for this paper to broach).

Lemma 4.11. Suppose in a category C we have the pushout squares

X 25y Yy X~ Z
ol b
W—>7P P—Q

Then the following is a pushout square

Yyou

X — 7
| |5
Wﬁ@

Proof. Tt’s immediate that this is a pushout candidate by the following dia-
gram

X 25y "5 7
| lo |5
w — P = Q
Now suppose we have another candidate, i.e. we have the diagram
X 25y 57
g l l‘s lg /
W —— P = Q



4 Category Theory 30

Then fovy:Y — Rand (foy)oa = go [, so we have a unique map
h: P — R such that

commutes. Then since the second square is a pushout this induces a unique
map k : () — R such that

X [0
7|
W —

commutes. To be clear, k is the unique map such that ko7 = h and kod = f,
not such that kojyoa = g and kod = f, so uniquenes remains to be shown.
Now suppose we have a map k&’ making

commute. Then let b’ = k' o75. Then the commutativity of the above implies
hWoa=gandh o) = f, and so by the uniqueness of h we see h’ = h. Thus
k' o = h' = h, so the uniqueness of k implies k = k’. Thus the composed
square is a pushout. O
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5 Groupoids, Functors, and More Category Theory

In section 3 we saw categories as organizing principles, ways to define highly
general concepts and prove highly general theorems. In this section, we study
categories as algebraic objects themselves. First, we see that groups can arise
out of categories.

Definition 5.1. Let C be a category, and let X be some object of C. Define
Autc(X) to be the set of isomorphisms X — X (called automorphisms of
X).

Lemma 5.1. For any category C and object X, the set Autc(X) is a group
under composition.

Proof. We know composition is associative in any category, and the identity
map is an identity for this operation. Then since we only consider isomor-
phisms, and all isomorphisms are invertible, every element ¢ € Autc(X) also
has an inverse ! € Autc(X). Thus it forms a group. O

For instance, the group of all bijections from a set back to itself forms
a group (this is called the symmetric group, and is incredibly important in
group theory). But not only do categories determine groups, every group
also determines a category.

Definition 5.2. Let G be a group. The categorification of G is the cat-
egory C(G) with a single object * and where the maps * — x are elements
of G. Composition is given by g o h = gh and the identity map id, is the
identity element eq of G.

We can recover G from its categorication by looking at Autcg)(*). The
categorification of a group is more special than other categories we've looked
at so far, though. Since every element of a group is invertible, every map in
such a categorification is an isomorphism.

Definition 5.3. A category G is a groupoid if every map between objects
in G is an isomorphism.

Also, the inverse of an isomorphism is unique; to see this, reread the
proof of Lemma in this new context (also note that the statement “the
inverse of an isomorphism is unique” implies Lemma [4.2] by categorifying the
group). Thus for any map p : X — Y in a groupoid, we can speak of its
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inverse p~! : Y — X. Essentially, groupoids are a generalization of groups,
and groups are groupoids with a single object. And just like how we have
special maps between groups, we have special maps between groupoids, or
more generally between categories.

Definition 5.4. A functor F': C — D between categories C and D consists
of an object F/(X) in D for each object X in C and a map F'f : FX — FY
in D for any map f : X — Y in C. We also require F(idx) = idpx) and
F(go f)=F(g)o F(f)

The reader should verify that homomorphisms between groups correspond
with functors between their categorifications in a natural way. The reader
should also not be surprised that we have an identity functor i¢dc : C —
C which is the identity on both objects and morphisms, and a notion of
composition of functors.

Definition 5.5. Cat is the category whose objects are categories and whose
maps are functors. Grpd is the category whose objects are groupoids and
whose maps are functors.

Functors between categories really do preserve the structure we care
about. For example, a functor out of a category induces a map on each
of the automorphism groups of that category.

Lemma 5.2. For any functor F' : C — D and object X of C, there is an
group homomorphism ¢ : Aute(X) — Autp(F(X)). If F is an isomorphism
of categories, ¢ is an isomorphism of groups.

Proof. An element f of Autc(X) is an invertible morphism f : X — X.
Then F(f) is also invertible, since F(f)o F(f™) = F(fo f™') = F(idx) =
idp(x), and similarly F(f~') o F(f) = idpx). Thus o(f) = F(f) defines
a function Autc(X) — Autp(F(X)). It is a group homomorphism since
o(fog) =F(fog) =F(f)oF(g9) = ¢(f)op(g) by the fact that I is a
functor. If F is invertible, we can apply the same process to F~! and obtain
amap o (f) = F~!(f), which is clearly an inverse for ¢. ]

The automorphism group is also useful because the object whose auto-
morphisms we're considering doesn’t matter all that much. If X and Y
are isomorphism objects of the category C, then Autc(X) and Autc(Y') are
isomorphic as groups.
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Lemma 5.3. Let X and Y be objects in a category C. Suppose ¢ : X =Y
is an isomorphism in C. Then there is a group isomorphism ¢* : Autc(X) —
Autc<Y).

Proof. For an automorphism ¢ of X, define ¢*(0) = @ oo o e !. This
composition is well defined by the following (commutative) diagram

X 25 X

AT

y 29y
Also, if ¢ and 7 are automorphisms of X then

p*(Too)=porogop ™l =poTopTlopogopT = (1) 0 (o).
Thus ¢*(0) is in fact an automorphism, since

1

gp*(a‘l) op*(o)=¢" (07 00) =p*(idx) =poidx o o l=pop

= idy
and similarly ¢*(0) o ¢*(071) = idy. Thus ¢*(o) is an isomorphism with
inverse ¢*(0). ¢* is a homomorphism since, as we checked above, p*(700) =
©*(7)op*(0). Tt is an isomorphism because the function (o= 1)* : Autc(Y) —
Autc(X) defined by (p=1)*(0) = ¢! 0 0 0 p satisfies

()¢ (o) = (¢ ) (pooop ) =¢p o(pooop Hop=o0.

Thus (¢7')* 0 ¢* = idawc(x), and by the same argument p* o (p™1)* =
idAutc(Y)~ D

Groupoids, pushouts of groupoids, and the fundamental groupoid (as
defined in the next section) will be our most critical tools in showing the
circle is not homeomorphic to the interval.

6 Paths, Homotopy, and the Fundamental Groupoid

The intuitive reason that a circle and an interval are different is that one
has a hole, while the other does not. Homeomorphisms allow us to shrink,
stretch, and generally deform our spaces in wild ways, but they do not allow
us to create or remove holes. This is imprecise, but we will make these ideas
formal. Firstly, how do we define a hole? A hole exists when we can loop
from some point back to itself in some nontrivial way. But before we tackle
the question of what “nontrivial” means here, we must define what a loop is.
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Definition 6.1. Let X be a space. A path between points z,y € X is a
continuous function p : [0,7] — X for some r > 0 such that p(0) = = and
p(1) =y. A loop based at a point x € X is a path from z to z.

Definition 6.2. Let X be a space and suppose we have points z,y, z € X.
Further suppose we have paths p : [0,7r] — X between = and y and ¢ :
[0,7/] = X between y and z. Then there is a path gep : [0,r + 7] = X
between x and z, given by

p(t) fo<t<r
qit—r) ifr<t<r+r

(qep)(t) :{

This path is called the concatenation of p and ¢. It is well defined since
p(r) =y = q(0) = q(r — r), and continuous by the Gluing Lemma.

Definition 6.3. Let X be a space and suppose we have a point x € X. Then
there is a path ¢, : [0,0] — X given by ¢,(t) = x, called the constant path
at x.

It is immediate from the definition of path concatenation that pec, = p
and c, e p = p for any path p between points x and y.

Lemma 6.1. Path concatenation is assosciative. That is, for any space X
and points z,y, z,w € X, if we have paths o : [0,7] — X from z to y, 0 :
0,s] = X from y to z, and 7y : [0, k] = X from z to w, ye(Jea) = (ye[)eq.

Proof. We see

a(t) fo<t<r
Bt—r) ifr<t<r+s

(Bea)(t) = {

Then
a(t) ifo<t<r
(ye(Bea))(t)=4q B(t—T) ifr<t<r+s
Yt—(r+s) fr+s<t<r+s+k
But also

B(t) ifo<t<s
vt —s) ifs<t<s+k

(veB)(t) = {
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And
Oé(t) ingtgr
(yeB)ea)(t) =< B(t—r) H0<t_r<s
Wt —r)—s) ifs<t—r<s+k

And with a little bit of algebra on the bounds, this shows v e (§ e a) =
(ye ) ea. ]

To take stock, we’ve defined a certain kind of thing with a beginning and
end and shown that there is a way of combining these things which has an
identity and is assosciative. But that’s exactly the data of a category! The
previous categories we’ve seen have had objects as sets with extra structure,
and maps as “nice” functions, but the objects in this new category are points,
not sets, and the maps are paths, which compose in a completely different
way from how functions compose.

Definition 6.4. Let X be a space. Define the path category PX to be the
category whose objects are points in X and where Hompx (z,y) is the set of
paths from z to y in X.

Lemma 6.2. The assignment X — P is a functor Top — Cat.

Proof. We've seen how P acts on objects, so we just need to define it on maps.
Suppose we have a continuous function f : X — Y. Then P f should be a map
between PX and PY, i.e. a functor. Objects in PX are just points in X, and
we can define (Pf)(x) = f(x). A map p € Hompx(x,y) is a path from z to
2, i.e. a continuous function p : [0,r] — X, and we can make this into a path
from f(z) to f(z') by looking at (Pf)(p) = fop. Clearly (Pf)(c,) = foc, =
10> and verifying (Pf)(qop) = (Pf)(q) ® (Pf)(p) is just casework. Thus for
any continuous function f : X — Y, we have a functor Pf : PX — PY. This
assignment is also functorial since (Pidx)(x) = idx(x) = x = idpx(z) and
(Pidx)(p) = idx op = p. The fact that P(go f) = (Pg) o (Pf) is annoying to
verify but requires no trickery. O]

Note that PX is not a groupoid (except for the trivial case where X is
empty). In fact, the only isomorphisms are the identity maps. If there’s a
path p whose domain is [0, 7] for > 0, it’s inverse would be a path ¢ with
domain [0, s] for some s > 0, and p e ¢ being a constant path would imply
r + s = 0. This is a little awkward, since travelling along some path p and
then going backwards along p is in some sense the same as doing nothing at
all. To turn PX into a groupoid, we need the notion of homotopy.
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Definition 6.5. Let X and Y be spaces and suppose we have continuous
functions f,¢g : X — Y. A homotopy between f and ¢ is a continuous
function H : X x I — Y such that H(z,0) = f(x) and H(z,1) = g(z) for all

x € X. If a homotopy exists we say f and g are homotopic.

Intuitively, a homotopy between two functions is a continuous family of
functions which interpolate between the two. For example, if X = R and
Y =R, we have a homotopy H between f(z) = x and g(x) = z + 1 given by
H(z,s) = x+s. This notion of homotopy isn’t quite right for paths, though.
For example, the loops p, ¢ defined by

p,q : 10,27] — St

are homotopic, by homotopy

H(t’s):{(o,()) | if0<t<2m—s

(cos(t),sin(t)) f2r—s<t <27

which pulls the right endpoint of ¢ back along the circle. Note that H is
continuous by the Gluing Lemma (Lemma . This homotopy points to
an error in our definition, since we're able to contract paths around holes.
We're going to try and detect holes in a space by looking at the paths in
it which can’t be continuously shrunk back to a point. The key idea The
problem is that we’ve allowed ourselves to shift around the endpoints of
our paths. The reader should attempt to pull continuously deform the path
q into p while holding the endpoints fixed, as this visualization is core to
understanding how path-homotopy helps detect holes.

Definition 6.6. Let X be a space and suppose p,q : [0,7] — X are paths
of the same length which both start at x and end at y. Then z and y are
path homotopic, or homotopic rel endpoints if there is some homotopy
H :[0,7] x I - X such that H(¢,0) =x and H(t,1) =y for all ¢t € [0, r].

The following displays a path homotopy between two curves in the plane.
Homotopy is a useful way to identify multiple different paths. As we noted
above, the category PX is not very nice, since raw paths are too unwieldy.
However if we consider path which can be continuously deformed into one



6 Paths, Homotopy, and the Fundamental Groupoid 37

another the same, i.e. identify homotopic paths, we obtain a much nicer
groupoid called the fundamental groupoid. To perform this quotient, we
first need to check that “path-homotopic” is in fact an equivalence relation.

Lemma 6.3. Let f ~ ¢ mean there is some homotopy between f and g.
Then ~ is an equivalence relation. If p &~ ¢ means that p and ¢ are path
homotopic, then &' is also an equivalence relation.

Proof. Let XY be spaces and suppose we have maps f,g,h : X — Y.
Then f ~ f by the homotopy H(z,s) = f(x). Also if f ~ ¢, there must
be some homotopy G such that G(z,0) = f(z) and G(z,1) = g(x). Then
let G'(x,s) = G(z,1 —s). Then G'(z,0) = G(z,1) = g(x) and G'(z,1) =
G(z,0) = f(z), so G is a homotopy between g and f, and thus g ~ f. Finally
suppose we have GG as above and g ~ h by a homotopy F'. Then define

Fe(G: X xI—=Y

(FOG)(x,s):{G(x’QS) %f0§s§0.5

F(z,2s—1) if05<s<1

This is continuous by the Gluing Lemma (Lemma[2.12)), and (F e G)(z,0) =

G(z,0) = f(z) and (FeG)(x,1) = F(x,1) = h(z). Thus F'eG is a homotopy

between f and h, and so f ~ h. Thus homotopy is an equivalence relation.

Also, it is easy to check that if f, g, h are paths, then all homotopies defined

above are path-homotopies, so path-homotopy is also an equivalence relation.
m

We’ve almost got the “correct” notion of when two paths are equivalent,
but we need to be able to compare paths with different domains, i.e. the path
¢, should be the same as the path p: 1 — X, p(t) = z. We also want the it
to be that if we trace out a path and then go along that same path in reverse,
the resulting concatenated path is equivalent to a constant path. This will
mean that every path has an “inverse path”, up to equivalence, and so our
very large category PX can be turned into a more reasonable groupoid.

Definition 6.7. Let X be a space. If p: [0,7] = X and ¢ : [0,s] — X are
paths with the same endpoints x,y, we say p and ¢ are equivalent, written
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p ~ q, if there are constants a, b such that » +a = s + b and the paths
p0r+a - X

p(t) fo<t<r
dipy =P
Y fr<t<r+ia

¢ :[0,s+0b] = X

qt) if0<t<s
d0=1"
Y ifs<t<s+b

are path-homotopic. This defines an equivalence relation by a short argument
using Lemma [6.3

Lemma 6.4. Let p : [0,7] — X be a path from x to y. Then the path ¢
from y to x given by ¢(t) = p(r — t) satisfies gep ~ ¢, and pe g ~ ¢,.

Proof. Suppose p : [0,7] — X is a path from x to y. Define ¢ : [0,7] — X by
q(t) = p(r —t). Then q(0) = p(r) = y and ¢(r) = p(0) = x. Further, we have
a homotopy H : [0,7] xI — X between qep and c,, where ¢, : [0,7+7] — X
and c,(t) = z, defined by

H(t,s) =< p(r(1—s)) ifr(l—s)

This is well defined since

q(r(L+s) =r) = q(r(1 + 5 = 5)) = q(rs) = p(r —rs) = p(r(1 — s)).

As always, this is continuous by the Gluing Lemma. At some fixed s, the
path H(—, s) goes along p for (1—s)th of its whole length, then stays constant
at the end of this portion of p, and finally goes back to x by ¢. Visually,
we're bringing the endpoint of p back to its initial point.

When s = 0, the middle section 7(1 — s) <t < r(1+ s) is only satisfied
by t = r, so we'll just trace out p and then ¢. If s = 1, then r(1 —s) =0
and (1 + s) = 2r, so the path is always in this middle section, which will
be constant at p(r(1 — s)) = p(0) = . Also this is a path-homotopy since
H(0,s) = p(0) = o and H(2r,s) = q(r) = « for all s. The equivalence
p ® q ~ ¢, holds similarly. ]
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Lemma 6.5. Suppose X is a space and we have points z,y, z € X. Further
suppose we have paths p,p’ from x to y and ¢, ¢ from y to z. If p ~ p' and
q~ ¢ thengep~qep.

Proof. For ease of explanation, we assume p,p’ : [0,7] — X have the same
domain and ¢, ¢’ : [0,7'] = X do as well. The only added difficulty in the case
where p and p’ have different domains is in bookeeping. Let H : [0, 7] xI — X
be the path-homotopy between p and p’ and H' : [0,7'] x I — X be the one
between ¢ and ¢'. Define H” : [0,r + '] x T — X

H(15) = H(t,s) ifo<t<r
’ H(t—rs) iftr<t<r+r.

First note that H”(0,s) = H(0,s) = x and H"(r +r',s) = H'(1",s) = 2.
Then also
H(t,0 if 0 <t <
w0y = 100 E0sEr
H(t—r0) ifr<t<r+r.

Then H(t,0) = p(t) as H is a homotopy from p to p/, and also H'(t —r,0) =
q(t —r). Thus

H(£0) p(t) ifo<t<r
’ gt —r) fr<t<r+r.

Which is ¢ ® p. A similar computation shows H(t,1) = (¢’ e p’)(¢). O

This shows us that we have well defined concatenation and inverses of
paths up to homotopy. Since we also showed equivalence of paths is an
equivalence relation, this means that we can turn the category PX into a
much nicer category, and in fact a groupoid, by considering each hom set
only up to homotopy.

Definition 6.8. Let X be a space. Then we have a groupoid 7w.X, called the
fundamental groupoid of X, whose objects are the same as those of PX
(i.e. points of X) and where Hom, x(x,y) = Hompx (z,y)/ ~. Identity maps
are given by id, = [c,| and composition by [¢] o [p] = [¢ ® p], where brackets
denote equivalence classes.

Composition is well defined by Lemma [6.5] and 7.X is a groupoid by
Lemma 6.4 Even better, 7 is still a functor! This is almost immediate from
Lemma [6.2] but we need to know that if p ~ p/, then (Pf)(p) ~ (Pf)(¥').
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Lemma 6.6. Let X and Y be spaces and suppose we have a continuous
fuention f : X — Y. Let x,y be points in X and suppose p : [0,r] — X,
p' :]0,7] = X are paths from z to y. Then if p ~ p’ we have fop~ fop .

Proof. We once again suppose for notational convenience that r = /. Let
H : [0,7r] x I — X be a homotopy between p and p’. Then fo H is a
path-homotopy between f o p and f o p’. We check this explicitly

(f o H)(0,5) = f(H(0,s)) = f(x)

(foH)(r,s) = f(H(r,s)) = [(y)

(f o H)(,0) = f(H(,0)) = f(p(t)) = (f o p)(t)
(f o H)(t,1) = f(H(t,1)) = f(p'(1) = (f o P)(2)

Thus the result holds, and so Pf is well defined on equivalence classes of
paths. O

Lemma 6.7. The assignment X — 7X is a functor Top — Cat.

Proof. This follows from Lemmas and by plumbing around equiva-
lence classes. Explicitly, for a map f : X — Y the functor nf : 71X — 7Y
is given by (7f)(z) = f(x) on objects and (7 f)([p]) = [f o p] on maps (i.e.
equivalence classes of paths). O

The functors m and P are obviously very related. Both send a topological
space to a category involving the paths on that space. In a sense, 7 is just a
version of P with fewer messy details. We can capture how they are related
by the following map.

Lemma 6.8. For any space X, the mapping projy : PX — 7X which
leaves points unchanged and sends paths p to their equivalence classes [p] is
a functor.

Proof. By definition, projy(c,) = [c,] is the identity in 7.X for any x € X,
and
projx(qep) =[gep] =[q] o [p].
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Lemma 6.9. For any two spaces X, Y and continuous functions f : X — Y,
we have the following commutative square in Caiﬂ

Px L, py

O

7TXTr—f>7TY

Proof. For a point v € X

(mf)(projx(z)) = (7f)(x) = f(x) = projy (f(x)) = projy ((Pf)(z))-

For a path p: 2 — y in PX,

(mf)(projx (p)) = (7 f)([p]) = [f o p] = projy(f o p) = projy ((Pf)(p))-
Thus the square commutes. O

We often wish to “zoom in” on these fundamental groupoids, picking a
certain (usually finite) family of basepoints, and declaring that we only care
about paths between those basepoints.

Definition 6.9. Let X be a space and let A C X be a set a points. Define
the groupoid m4X to have the points of A as objects, and maps between
those objects equivalence classes of paths in X.

Note that for any two points x,y € A, the set of maps Hom,, x(z,y) is
exactly equal to Hom,y(z,y). We only restrict the number of objects. In
the case that A consists of a single point, we obtain a one point groupoid,
aka a group. In fact, this will be the automorphism group of 7.X at some
point. If A = {a}, we call this the fundamental group at the basepoint
a, and write it 7(X,a). This group consists of all loops from a back to
itself, up to homotopy. Intuitively, if the fundamental group at a point a is
nontrivial, then there is hole in the space X, since we can find loops which
can’t be continuously deformed into a constant path. A more traditional
approach to homotopy focuses only on the fundamental group, ignoring the

tThis kind of square, with P and 7 replaced by any two functors with the same domain
and codomain and a family of maps between their output like proj, is called the naturality
square. The fact that it commutes in this case says proj is a natural trannsformation
between P and 7.
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richer groupoid-structure. Such an approach focuses only on path-homotopy
classes of loops, instead of path-homotopy classes of paths. This loop-centric
perspective can be simpler in general; for example, we can describe loops in
X from a point p to p as maps £ : S — X such that £((0,0)) = p.

In the last part of this section, we prove several lemmas which help de-
termine when two paths are equivalent. Then, using these lemmas, we prove
that the fundamental group of the interval is trivial.

Lemma 6.10. Suppose C' is a convex subset of R™. Then for any two points
x,y € C and any paths p,p’ : [0,r] = X from z to y, there is a path-
homotopy between p and p'.

Proof. Intuitively, we just connect p(t) and ¢(¢) by a straight line at each
time ¢, and deform the paths into one another along those lines. Formally,
define H(t,s) = (1—3s)p(t)+sq(t). Then H is well defined as a function with
codomain C' since p(t) and ¢(t) are always in C, and C' is convex so any point
on the line (1 — s)p(t) + sq(t) for s € Tis also in C'. We further see H(t,0) =
p(t) and H(t,1) = q(t) and H(0,s) = (1—s)p(0)+5¢(0) = (1 —s)z+sx ==z
and similarly H(r,s) = (1 — s)p(r) + sq(r) = (1 — s)y + sy = y. O

Lemma 6.11. For any r, [0, 7] is convex. In particular, I is convex.

Proof. Let a,b be such that 0 <a <rand 0 < b <r. Then 0 < ta < tr and
0 < (1—%)b < (1—t)r. But then adding these inequalities, 0 < ta+(1—1)b <
tr+(1—t)r=r. O

Lemma 6.12. For any path p : [0,7] — X, if p: T — X is the path p = p(rt)
then p ~ p'.

Proof. Suppose r > 1. Then if p* : [0,7] — X is p(rt) when 0 < ¢ < 1 and
p(r) for t > 1, it suffices to give a homotopy H : [0,7] x I — X from p to p*.
Define this by

- e 801 e

Then this is endpoint preserving since H(0,s) = p(((r —1)s+ 1) - 0) = p(0)
and H(r,s) = p(r). It is a homotopy since when s =0, (r —1)s+1 =1, and
thus the paths’ entire time is spent tracing out p(((r — 1)s + 1)t) = p(¢). If
s =1, then (r—1)s+1 =, so the first chunk is just the function p(rt) from
t =0 tot =1 and the rest is p(r), i.e. we trace out p*(¢). If r < 1, the proof
is essentially the same. O
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Lemma 6.13. Let X be a space and p : [0,7] — X be a path in X. Then
for »* > 0 and continuous map o : [0,7'] — [0,7] such that ¢(0) = 0 and
o(r") = r, we have an equivalence p ~ p o o. In particular, taking r = 1 and
o(t) = £, see see each path is equivalent to one out of the unit interval.

Proof. We can consider ¢ as a path from 0 to r in [0,r], and then by Lem-

mas [6.10| and [6.11} 0 ~ «, where o : [0,7'] — [0,7], a(t) = 5 -t. Thus by
Lemma [6.6, poo ~ poa, so it suffies to show poa ~ p. With notation as in
the last lemma, poa ~poa and p ~ p. But poa = p, since for any t € I,

poa(t) = (poa)(r't) = pla(rt)) = p (= - 1't) = p(rt) = B(t)

And thus poo ~poa~poa=p~p. O

Lemma 6.14. Let = be any point in I. Then 7 (I, z) is the trivial group with
one element.

Proof. 1 is convex, so by Lemma [6.10] all loops from z to = are equivalent.
Thus Hom, x (2, x) = Hompx (z,x)/ ~ has a single equivalence class. O

This points at a way to show that I and S' are topologically different:
show that S! has a nontrivial fundamental group at some point. We embark
on this in the next section. We close the section by proving two lemmas
which help to prove equivalence in more complicated situations. The first
requires is more natural in a more traditional loop-centric development of
homotopy theory. Such an approach can avoid the complexity of groupoids,
instead working only in terms of the fundamental group of a space. Like in
the following lemma, loops can be simpler than arbitrary paths.

Lemma 6.15. Suppose that X is a space, p is some point of X, and f :
[0,7] = X a loop at p. Define f : S' — X by f(cos(t),sin(t)) = [ (%=t)
for t € [0,27). This is continuous since f(1,0) = f(0) = p = f(r) =
limy o, f (2= - t) = limy_yo,— f(cos(t),sin(t)). If f is homotopic to the con-
stant map x — ¢ for some ¢ € X, then f is equivalent to the trivial loop c,
at p.

Proof. We can assume w.l.o.g. by Lemmal6.12|that 7 = 1. Let H : S'xI — X
be a homotopy from f to x + ¢. Now define G : [0,3] x [ - X by

H((1,0), st) ifo<t<1
G(t,s) = < H((cos(2m(t — 1)),sin(2w(t — 1))),s) if 1<t <2
H((1,0),s(1 = (t—2)) if2<t<3.
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It’s easy to check that these cases line up when ¢ is 1 or 2, so this is well
defined and it is continuous by the Gluing Lemma. We also see that G(0, s) =
H((1,0),0) = f(1,0) = p and G(3,s) = H((1,0),0) = p, so t — G(L, so) is
a loop at p for each sy € I. Thus G is a path-homotopy between the loops
t — G(t,0) and t — G(t, 1), so it suffices to show ¢t — G(t,0) is equivalent
to f and ¢ — G(t,1) equivalent to the constant loop at p. Define the paths

k17k27k37h1ah2yh’3 I—=X by

j
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(cos(2rt), sin(2nt)) = f(t)

ho(t) = G(t + 1,1) = H((cos(27t),sin(27t)),1) = ¢
)

Thus G is a path-homotopy between ksek,ek; and hyehseh. It’s immediate
by the definition of equivalence that k; and k3 are equivalent to c,, so by
Lemma , ks ®ky ek ~ c,ekyec, =Fky = f. By the same argument,
hs e hy @ hy ~ hs e hy. But hg(t) = hy(1 —t), so by Lemma, hs @ hy ~ c,.
Thus

f=ky~ksokyok; ~hsehyeh; ~hseh ~c,.

O

The next lemma will be used in our proof of the Seifert-van Kampen
Theorem. Essentially, if we have an embedding F' of a rectangle R into some
space X, then the restriction of F' to the left and upper sides is path, as is
its restriction to the bottom and right sides. Then we can deform these lines
in to one another in R, and pushing this deformation through F gives us a
path-homotopy between the paths given by restriction of F'in X. The proof
is mostly bookeeping and fidgeting with homotopies.

Lemma 6.16 (The Rectangle Lemma). Let X be a space, and suppose for
real numbers a < b and ¢ < d we have a function F : [a,b] x [c,d] — X.
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Define the paths

p,q :[0,d—c] - X
p,q:[0,b—al > X
p(t) = F(a,t+c)
P (t) = F(t +a,d)
q(t) = F(t+a,c)

Geometrically, p goes up the left edge of the rectangle, p’ goes rightwards on
the top, ¢ goes rightwards on the bottom, and ¢’ goes up along the right.
Then p' ep ~ ¢ eq.

Proof. Consider the maps ¢ : [0,b— 0,d—c]and ¢ : [0,d—c] — [0,b—al]
given by ¢(t) = (d C)t and () ( ) By Lemmas and .
pep~ (por))e(poyp), soit sufﬁoes o give a path- homotopy between
(P otp)e(poyp)andq eq.

Define Hy : [0,0 — a] x I — [a,b] X [¢,d] by

Hy(t,s) = (st—l—a, <Z:a) (1—s)t+c).

Though it is hard to tell from the algebra, we’re essentially choosing a point
w(s) = ((b— a)s + a,(d —¢)(1 — s) 4+ ¢) along the antidiagonal {(z,y) €
[a,b] x [c,d] : =2 + %= = 1} of the rectangle, and for each fixed s tracing
out the line from (a, ) to w(s). Now define Hy : [0,d — c] x I — [a,b] X [c,d]
by

Hy(t,5) = ((Z‘“) (d=c)s+ (1— s)t) +a, (d— c)(1— s) +st+c) |

—C

Similarly this traces out a path from w(s) to (b — a,d — ¢). Finally, let
H:[0,(b—a)+ (d—c)] xT— X be given by

_ JF(Hq(t,s)) fo<t<b-—a
Ht, )_{F(HQ(t—(b—a),s)) ifb—a<t<(b—a)+(d—c)

This is well defined because H;(b — a,s) = w(s) = Hs(0, s), and continuous
by the Gluing Lemma. Then for any s,

Hy(0,s) = (S-O—l—a, (Z:;) (1—s) -O—I—c) = (a,0).
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And

Hy(d—c,s) = ((Z:Z) ((d—c)s+ (1= s)(d—c)) +a,(d—c)(1—s) —|—s(d—c)+c) = (b, d).
Since (d — ¢)s + (1 — s)(d — ¢) = d — ¢. This shows that
H(0,s) = F(H(0,s)) = F(a,c)

and
H((d—c¢)+ (b—a),s) = F(Hy(d—c),s) = F(b,d).

So H preserves endpoints. Then also

F(H\(t,0)) = F (0-t+a, (Z_C) (1 —0)t+c>

—a

(e (55) )

Thus H is a path-homotopy from (p' 0 ¢)) @ (po ) to ¢’ ® g, and so we are
done. 0
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7 Some Seifert-van Kampen Theorems

Showing that the circle has a hole in it is not simple task. A more traditional
approach would be to define the winding number of a loop around the circle,
but (as the reader may have noticed) this paper prefers groupoid-oriented
techniques. There is a classical theorem of algebraic topology called the
Seifert-van Kampen theorem which, given an open cover {U, V'} of a space,
determines the fundamental group of that sepac in terms of the fundamental
groups U, V, and U N V. However the classical formulation has an issue
when the intersection of these subsets is not connected, as illustrated in the
following diagram.

If the lighter shaded area is X; and the darker one X5, and we know the
fundamental groupoid of X; and X, at the indicated points, the classical
Seifert-van Kampem theorem is not strong enough to determine the funda-
mental group of the whole space. We can remedy this by focusing not on
fundamental groups, but on groupoids, since groupoids can keep track of the
fundamental group at any number of points.

For the rest of this section let X be a space with subspaces X7, X5 such
that Int X; U Int Xy = X, and define Xy = X; N X,. This basic setup
immediately gives us some categorical structure.

Lemma 7.1. Let L1 : XO — Xl, Lo : X(] — XQ, 17 : X1 — X, and 19 - X2 —
X, all be inclusion maps. Then we have a pushout square

X0L>X1

Xgl,—2>X
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Proof. This square is automatically commutative, since for any z € Xj,
i1(t1(x)) = x = is(1a(x)). Now suppose we have another pushout candidate

XOL>X1

S

Xy —— P

Then X7\ Xo € X\ Xy = (Int X7 UInt Xy) \ Xo = Int X; \ Xo C Int X7,
and similarly X5 \ X; C Int X5. By commutativity of the diagram and the
Gluing Lemma, we have a continuous function h : X — P where h is f on
X7 and g on Xs. Thus we have the square

X0L>X1

X21—2>X

We prove this A is unique. If there were another A’ : X — P making the
above commute, we would have h' oi; = f and h' o1y = g, so h’ = h on both
X, and X5, which implies h = b’ as X;U X5 = X. Thus the map h is unique,
and so the square is a pushout. O

We now begin our proof of the Seifert-van Kampen theorem. Throughout,
we will refer to the squares

X 1 X, PX, 5 PX, X0 s 71X,
LQl lil PLQ\L lpil 7|'L2l lﬁil
XQ z—2> X PX2 P—12> PX 7TX2 7r—12> X

as X, PX, and 7X, respectively. We know that this first square is commuta-
tive, and since functors preserve commutatitivty, so are the second two.

Lemma 7.2. The square PX is a pushout (in Cat).
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Proof. Suppose we have the diagram

PX, /25 PX,

!

PX2T>C

We construct a map h : PX — C. We define h on objects in X; as f and by
objects in X5 as g, as in Lemma Now if p is a path x — y in X such
that imp C X; or imp C X5, we must have either p = iy o p; = (Piy)(p1)
for a path p; in X; or p = i3 0o py = (Piy)(p2) for a path py in X,. In the
first case, let h(p) = f(p1), and in the second let h(p) = g(p2). This is well
defined since if (Pi1)(p1) = p = (Piz)(p2), then p1, py must in fact both be
the inclusion (Pe;)(p') and (Pus)(p’) of a path p/ in Xy, Then

f(m) = f((Ph)(p/)) = 9((PL2)(19,)) = g(p2)

Now suppose p is an arbitrary path p : x — y, say p : [0,7] — X. If we
have a finite sequence of points 0 = ag < a; < ... < a,_1 < a, = r, we can
subdivide p into p = ¢,—1 ® g,—2 ® ... ® g1 ® gy, where

g+ [0,a41 —a;] = X
q;(t) = p(t +a;)

Essentially we’ve broken up [0, 7] into [ag, a1] U [a1,as] U ... [an_1,ay], then
restricted p to each of those subintervals. In particular, if we have a partition
{ag,a1,... ,an_1,a,} of [0,7] such that p([a;,a;41]) € X or p([aj, a;+1]) C
X, for each j, then we can define h(p) = h(g,—1) © h(ga—2) o ... 0 h(q) o
h(go). Such a subdivision always exists by the Lebesgue Covering Lemma
(Lemma [3.13); take the open cover {p~*(Int X;), p~*(Int X;)} and choose a;
such that a;y1 —a; < 6. However it’s not immediately obvious that the
definition is independent of which partition we choose. So suppose we had
two partition {ag,aq,...,a,_1,a,} and {bg, b1, ..., bx_1,br}, giving rise to
families {qj}’j:_& and {q; ?;5 of paths as above. Now consider the partition

{00,01, ‘e 7Cm—1ycm} = {ao,ah ce aa'n—laa'n} ) {bo,bb e 7bk—17bk}-

Where we take the union on the right and then enumerate it by the ¢; such
that co < ¢; < ... < ¢po1 < e Define {¢j}72, to be the paths induced by
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this partition. Since the partition {c¢;} is the union of {a;} and {b,}, for each
J there is some £; such that a; = ¢;;, and so

G =0, 1., 2% 1%,
Now by assumption g¢; is either contained entirely within X; or within X,

so h(g;) = f(g;) or h(q;) = g(g;). In this first case,

h(g;) = 1(g5) = f(a0)., 1900, 20 o 1%0,) = F(a),,1)0f (47, ~2)o- - -0 f (d1)of (dr;)

since f is a functor. But also if ¢; < i < £;14, then im¢] C imp; C Xj, so
fg) = h(g}). Thus

h(q;) = h(qgjﬂq) © h(qgjﬂq) ©...0 h(qgjﬂ) © h(qu)

for each j. The same argument applies when im ¢; C X5, and thus

n—1 n—1 £j+1*1 n—1 €j+1—1 ln—1

O hig;) = O h ( ° qz') =00 g =0 i)

§=0 5=0 i=t; J=0 i=t; i=lo
Then since ag = 0 = ¢y and a,, = r = ¢,,,, we have {5 = 0 and ¢, = m, and
so this equality says O}L:_Ol h(g;) = O h(q!). This same argument shows
Q?;Ol h(q;) = Ot hig?), so Q?;& h(g;) = Oi%y h(q;). Thus our definition
of h(p) is independent of choice of subdivision, and hence is well defined.

We still need to verify that A is a functor, though. For any point x € X,

either x € X; or € X,. In this first case, h(c,) = f(cz) = ids@) = idp),
and similarly for the second. Then if p, g are paths, we can subdivide them
byp=p, 10---epepyand ¢ =¢q,,_1®---eq; ®(qy such that the image of
each of these subpaths is contained in X; or X5, and so that

qOpP =0qn-19-" 071 ®9qo®Pyp_19® - ®]P1 ®]Dy.
Is an appropriate subdivision of ¢ e p. But then by definition of A,
h(gep) = h(qm-1)o---oh(q1)oh(qy)oh(pa_1)o---oh(p1)oh(py) = h(q)oh(p)

Thus h preserves the identity and composition, and so is a well defined func-
tor. Also if the image of a path p is contained in X; or X5, i.e. if p in a
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morphism in PX; or PXy, then h(p) = f(p) or h(p) = g(p) since p is a subdi-
vision of itself. Thus hoPi; = f and h o Pi; = g, giving us the commutative
diagram

PX, —2 PX;

PLgl lPil

g

Now suppose there was another b’ : PX — C making this commute. Since
XU Xy = X, for any point x € X either z € X; or x € Xy, so by
commutativity h'(z) = f(x) = h(z) or h'(x) = g(x) = h(x). Thus h = h' on
objects. Then for any path p, if we subdivide p into p,,_; ®--- e p; @ pg with
each p; having image contained in X; or X, then by functorality

h'(p) = h,(pn—l) ©---0 h’(Pl) o h/(Po)

And each of these paths is either in PX; or in PX5, so by commutativity
(p;) = f(p;) = hip;) or W' (p;) = g(p;) = h(p;). Thus

W(p) = h (pn-s) o+ o W (p1) o ' (po) = h(pa-1) o -+ 0 h(p1) © h(po) = h(p)

Which means h = h’ both on objects and maps, so they are equal as functors.
Thus A is unique, and so PX is a pushout. O

This lemma is almost what we want, but we need to show that when C
is a groupoid G, this induced map h on paths agrees on homotopy classes of
paths.

Theorem 7.3 (The Seifert van-Kampen Theorem for Groupoids). The square
7X is a pushout of groupoids.

Proof. Suppose we have the diagram of groupoids

m
7TXO —/ 7TX1

o

WXQT>G
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Define f: PX; — G by f' = f oprojy,, and ¢’ : PX; — G similarly. Then
by Lemma we have the two commutative squares

P P
PX, — PX; PX, —— PX,
PrOonl lprojx1 and projxol lprojx2
7TXO L) 7TX1 7TXO % 7TX2

Then gluing these along the projy, edge and gluing the square above to
X9 < wXg — X1, we get the commutative diagram

PXO > PXl
Py
N
projx lpmjx1
x
Ty
Peo 7TXO — 7TX1
!
projx.

PX, —3 71X, —2— G

Let f" = foprojy, and g’ = goprojy,. Then considering the outside square
and applying our previous lemma, there is a unique map h : PX — G such
that the following commutes

We define i : X — G in terms of h. Since PX and 7X have the same
objects, we can set h(x) = h(z) for any = € X. Now to define & on maps in
7w X, it suffices to show that h(p) = h(q) whenever p ~ g, since the maps in
mX are equivalence classes of maps in PX. First note that if p : [0,r] — X is
a path from z to y and ¢ : [0,7'] — X is a path constant at y, then h(cep) =
h(c) o h(p), and since ¢ is contant, either h(c) = f'(c) = f(projy,(c)) =
f([ca]) = idngy) or h(c) = ¢'(¢) = g([cz]) = idpy), since ¢ ~ ¢,. Thus
h(c @ p) = h(c) o h(p) = idpy) © h(p) = h(p). Thus it suffices to show
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h(p) = h(q) when p and ¢ have the same domain and are path homotopic
(as otherwise we can preppend such a path ¢ to each).

Let p,q : [0,7] — X be such paths and suppose H : [0,7] x I — X is a
path-homotopy. For each n define g

= [ G, 3 G0

)

n n

So that for any n,

n—1n—1

0.7 xI=JJ R

i=0 j=0

Geometrically, we've broken up the domain of H into n? equal sized rect-
angles. Now note that { H~*(Int X;), H ' (Int X5)} is an open cover of X, and
so by the Lebesgue Covering Lemma (Lemma , there is some § > 0 such
that any ball of radius less than ¢ is contained in H ! (Int X;) or H~!(Int X3).
Now if we choose n such that each R}; is contained in a ball of radius smaller
than §, this means that for each n and 0 < i,j < n, either H(R};) C X,
or H(R}Y;) € Xp. Now for 0 < j < n define the paths a; : [0,7] — X
by a;(t) = H(t,%), and for 0 < i < n define a;; : [0,7/n] — X by
aj;(t) = H (%r +t, %) Essentially we've taken each horizontal line in our
partition {R};} and called the path that H traces out along it a;, then par-
titioned a; at the intersection with each vertical line.

\ \ \ \
r vr vr vr

\ \ \ \
r r r r

\ \ \ \
r r r r

Also note that ag(t) = H(t,0) = p(t) and a, = H(t,1) = q(t), since H is
a homotopy. Now instead of looking at H on the horizontal lines, we look at
it on the vertical segments.

For 0 < ¢ <nand 0 < j < n, define ¢;; : [0,1/n] — X by ¢;;(t) =
H (%r,t + %) This is essentially the the restriction of H to the segment on
the ith vertical line, going from the jth to the (j + 1)st horizontal line. Now
consider the restriction H;; : R}'; — X of H to R};. Then H;;(R};) looks
something like
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Aj+1,

Ci j Cit1,5

Qj iz

Thus by the Rectangle Lemma (Lemma , g1, ®Cij~ Ciy1,; ®a;,;. But
also since a;; and ¢;; are H applied to points within R}';, their images are
contained in H(R};), and we picked n such that H(R};) are contained in X;
or Xo. If this is contained in X7, then

haji15)0h(ci;) = h(ajiaeci;) = f(lajiiecis]) = f(lcin 0a;:]) = hlcipa)oh(a;,q).
The other case is similar. Thus in any case, h(a;;) = h(cit1;) " o h(aji1,) o
h(c; ), since the codomain G of h is a groupoid. Then since a; = a;,_10---®

aj1 ®ajo,

n—1 n—1

fa;) = O hlaji) = O (P(civis) " 0 hlajira) o hlciy)) -
But this sum telescopes, since each term begins with h(c;q ;)" and ends
with h(c; ;). Thus

h(aj) = h(cn;) "o (?O: h(ajﬂﬂ-)) o h(co;) = h(cn;) " o h(aji1) o h(co;).

Then we see ¢o;(t) = H (2-r,t+ %) = H (0,t+ %) = p(0) and ¢, ;(t) =
H(r,t + %) = p(r), since H is a path-homotopy. Thus by a lemma above,
h(a;) = h(a;4+1), and so by induction

h(p) = h(ag) = h(a1) = ... = h(an_1) = h(a,) = h(q).

Thus h gives the same value when two paths are homotopy equivalent, and
so we can set h([p]) = h(p). This is clearly a functor, since h is. Then the
diagram

7TXO L) 7TX1

7”2\[ lﬂ'il

7TX2 — 77X
Ti2
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commutes, because for any class of paths [p] € 7.X,

h(mii([p])) = h([ir o p]) = h(ir o p) = h((Pir)(p)) = f'(p) = f([p)).
So howiy = f, and similarly & o iy = g.
Now suppose we have another map w : 7.X — G making the following com-

mute
Ty
7TXO e 7TX1

TI'LQl lﬂ'll

7TX2 —) X

\>

Define w’' : PX — G by w’ = w o projy. Then the diagram

P px,

commutes by Lemma [6.9] as
w' o Piy = w o projy o Piy = w o iy o projy, = f oprojx, = f’

and similarly w' o Piy = ¢'. Thus by uniqueness of h, we have w o projy =
w' = h. Thus for all classes [p] € 7.X, w([p]) = (woprojx)(p) = h(p) = h(p )
Thus w = h, showing that 7X is a pushout square.

This is a truly beautiful theorem, and will be our main computational tool
when dealing with fundamental groupoids. The theorem gets even better,
though. The following generalization will allow us to compute the funda-
mental groupoid in situations like the diagram depicted at the start of this
section, where we have several points of interest. We define some categorical
preliminaries first.
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Definition 7.1. Let C be a category and A’ a subset of Obj(C). A subset A’
is representative in C if for every object x there is some y € A’ such that
x and y are isomorphic.

In the case that C = m4.X for some set A of basepoints, a subset A’ C A
is representative iff for each point x € A there is a point y € A’ such that x
and y are connected by a path lying in X.

Lemma 7.4. Suppose X is a space with subsets X', A and we have a subset
A’ of A which is representative in w4 X such that A’ N X’ is representative
in manx' X’. Then we have maps 1’ : manx' X' — manx X, r i maX = w0 X
and a commutative diagrams

id

/_\

’ /
Tanx X' —— Tanx X" —— Tanx X'

lﬂ‘ [ e

X ——— X ——— w4 X
\i/

Where ¢/ : manx' X' — Tanx X and ¢ : manx: X — w4 X are inclusion maps,
j o manx' X" — w4 X is the inclusion on points and sends the equivalence
class of a path p : [0,7] — X’ to the equivalence class of the path p : [0, 7] —
X given by p(t) = p(t), and i : manx' X' — 74X is defined similar to j.

Proof. 1t’s immediate that the diagram

!
WA’OX'X/ — 7TAmX’X,

b [

7TA/X S N 7TAX

commutes, since all the maps are the inclusion on objects and i, ; affect
maps in the same way. We first define r' : manx' X' — w4 X', First, we
choose for each x € AN X’ an element a, € A’ N X'z and isomorphism
Op i x — a,. If x € AN X', define a, = x and ¢, = id,. Otherwise, since
A’ N X' is representative in msnx' X' we know there exists such an a, and
¢z, and we pick any such element and path. On objects (i.e. points) define
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r(z) = a, and for an equivalence class p € Hom,,  (z,y) of paths, set
' (p) = @, opop,’ : a; — a,. Thisis a functor since r'(id,) = @ 0id, 00, =
¢z 0@yt =id,, =idy(y), and given p:x — y and ¢ : y — z,

r'(qop) =p.0oqopop,' =p.0qop, op,opop,t =1'(q)or(p).

Also, we show 7’ ot/ = id. Immediately r'(//(x)) = r'(x) = x for any object
x of A, and for any p:x — y for z,y € A’ N X/,

r(((p)) =7'(p) = pyopop; =idyopoid’ =p.

This gives us the top half of the desired diagram. We can define r : m4 X —
ma X similarly. Choose for each x € A a point b, € A’ and morphism
Yy :x — by f € AN X', set b, = a, as before (so in particular b, = z for
x € ANX') and ¢, = i(p,). Otherwise, we just pick b, and 1, arbitrarily.
Now set r(z) = b, and r(p) = ¥, o po ¢y, ! as before. The proof that r is a
functor and that r o ¢ = id is just like it is for /. Thus all that remains to
be shown is the commutativity of

Tanx' X' — Tanx' X'
I g
7TAX — 7TA/X
Given a point x € AN X', we have that j(r'(z)) = j(a,) = a, = b, = r(x) =
r(i(x)). Now suppose z,y € AN X" and p is a morphism = — y. Then
r(i(p)) = byoi(p)otsy " = i(py)oi(p)oi(ps) ™" = i(pyopop,) = i(r'(p)) = j('(p))

Where we used the fact that 7 is the restriction of j to msnx X', as both just
send equivalence classes of a path with codomain X’ to the equivalence class
of that path with the codomain X. This shows that the diagram of interest
commutes, so we are done. O

Lemma 7.5. Suppose A is a subset of X and let A; = ANnXj; for j =0,1,2.
If A is representative in 7.X and each A; is representative in 7.X;, then

T
TA, X0 — T4, X1

7”2l lﬂ'il

7TA2X2 71_—12> 7TAX

is a pushout in Grpd.
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Proof. By Lemmas and it suffices to give commutative cubes

T
7TXO > 7TX1
70 1
T
T
T2 WAOXO > 7TA1X1
and
Y
7-|—i2 ~N ‘
X5 > X mi1
\2/4 \
71-1'2 ~
7TA2X2 > 7TAX
T
7TXO > ’/TXl
'\ ™ '/S\
T
T2 7TA0XO > 7TA1X1
T2
io ~ .
mXo s X i
rs\ \
T

7TA2X2 > 7TAX

Such that r; o s; is the identity for j € {0,1,2,3}. By applying Lemma
with X = X7, X' = X, A = X1, and A’ = A, we get the commutative

diagrams
id

TagXo —2— X9 — Ta, X'
b

L r
7TA1X1 —1> 7TX1 —l) 7TA1X1

~_ au
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And by the same process for X = X5, we obtain

/id\

¢ T
Ta, Xog —— X9 —— ma, X’
b
L2 T2
7TA2X2 E— 7TX2 e 7TA2X2

~_ u

Now if we define 13 : m14X — wX to be the inclusion functor, and define
s; = t;, we have that r; o s; is the identity for j = 0,1,2, and have the
commutative diagrams

T
7TXO > 7TX1
T0 T1
T
T
T2 ’/TAOXO > 7TA1X1
and
T2
T2 - .
X5 s X iy
\2/1
T M
7TA2X2 > 7TAX
T
7TXO > mX1
rsx st rs\
T
%) 7TA0X0 > 7TA1X1
LY
7ri2 v .
mXo > X miy
\ rS\
9

7I'A2X2 > 7TAX

By the process in Lemma (adapted so that our choices for a, on both
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agree with those in both r; and r5) we obtain a map r3 : 74X — 71X which
makes the above cube commute. Thus we are done O

This lemma allows to restrict our attention to only the basepoints we care
about, and when combined with the next lemma gives us a tool for computing
the fundamental group in terms of the fundamental groupoid with respect to
a smaller set of basepoints.

Lemma 7.6. Suppose as in Lemma that we have a space X, subsets X’
and A" C A where A’ is representative in m4 X and A’ N X’ is representative
in magnx' X’ Then if A” = (A'NX’")U (A\ X'), we have the diagram

id

T

! !
Tanx X —— Tanx X' —— manx X'

c I i

7TAHX _ 7TAX —r 7TAHX
W

and the inner right square

!/
Tanx' X' — Tanx X'

!

TAX —l Tan X

is a pushout square.
Proof. We obtain the commutative diagram

id

T

’ /
Tanx X' —— Tanx X" —— manx X'

b J lﬂ‘

TanX ——— A X ——— 7 X
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through the same process as in Lemma. Now given a commutative square
of groupoids

!/
Tanx' X' —— Tanx X'

L I

X —2— G

we can define h: m4 X — G by h = g ot. Then the diagram

/
7TAmX'X/ — 71'A’mX'XV

J Ny

’/TAX —r ’/TA//X
\
g G

hoj:goboj:goz’o/:for’ob':f

commutes, since

and hor =goror. We show gotor = g as follows. For any x € A, either
reX orax¢g X' lf v ¢ X', then r(z) = x since A\ X' C A", so

Otherwise € AN X’ and so x = i(z), thus

goLoroi:goLojor’:goio/or':for'o/or’:for':goi.

Where we have used underlines to indicate which terms change during the
next equality. Thusifx € ANX', g(¢(r(x))) = g(e(r(i(x)))) = g(i(z)) = g(z).
Now for x in w4 X,

(hor)(z) =((gor)or)(zx) =g(z).

So to show that our diagram of interest is a pushout square, it suffices to
show that (hor)(p) = g(p) for any morphism p in 74 X. To do so, we need to
dig into the construction of r. In particular, for any € msnx' X' we have a
map ¢, : x — 7'(z) and for each © € m4nx X a map 9, : © — r(z) such that
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Y, = i(p,) when z € AN X" and ¢, = id, when z € A”. Also, for a map
p:x—y, we defined r(p) = ¢, o po ;' We show g(¢,) = idy(, for any x.
As before, any x is either in A” or in AN X'. In the first case, ¥, = id,, so
g(1z) = idye) by the fact that g is a functor. Now if v € ANX', 9, = i(¢,),
and thus

9(W) = 9(i(es)) = f(r'(p2)) = f(Pryopsopy ') = f(idw)) = idien @) = idggice)) = idg()-

Thus g(1),) = idy) for all z. Then given a morphism p: x — y in 74X,

h(r(p)) = g((r(p) = 9(r(p)) = g(wbyopor; ) = g(vy)og(p)og(te) ™! = iy og(p)oid ., = g(p).

This shows hor = g on maps as well as objects, and so the diagram commutes,
showing it is a pushout. O

This gives us the tools needed to prove our relative Seifert-van Kampen
Theorem, which shall compute the fundamental group of the circle.

Theorem 7.7 (The Relative Seifert-van Kampen Theorem). Suppose we
have A as in Lemma[7.5] and a subset A’ of A such that A’ N X' is represen-
tative in manx'X’. Then if A” = (A NX')U(A\ X’), the outer rectangle
of

3 /
WAOXO —1> 7TA1X1 — 7TA/X1
B
)
Ta,Xo —— Ty X —"— T X

is a pushout diagram.

Proof. Both inner squares are pushouts by Lemmas and [7.06], and by
Lemma this implies the outer rectangle is too. O
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We can now determine the fundamental group of the circle. Define

SOO0C

— union U

More formally, let X = S!', X; = S\ {(1,0)}, Xy = S'\ {(—1,0)}, and
Xo = X; N Xs,. Define our set of basepoints by A = {(0,1), (0, —1)} (i.e. top
and bottom of the circle) and let A" = {(1,0)} be just the top. Then A C X,
so A” = A’, giving us the pushout diagram

3 /
7TAXO —1> 7TAX1 —/ 7TA/X1

b b

g
7TAX2 —/2 7TAX — 7TA/X
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Also note that we can parameterize X; and X, by

p1:(0,21) — X,
p1(0) = (cos(f),sin(0))
po i (—m,m) = Xy
p2(6) = (cos(),sin(6)).

These functions are clearly continuous, and on the circle minus a point they
have continuous inverses (in the language of complex analysis, these inverses
are branches of the argument function). Similarly, X, consists of two copies
disjoint of spaces homeomorphic to an open interval, i.e. the sets of those
points on the circle with angle in (—7/2,7/2) or in (7/2,37/2). Thus X
and X5 are homeomorphic to convex sets, on which any path between two
points is equivalent to any other such path, so also any two paths with the
same source and target are equivalent in X; and Xs. The same is true for
Xp, since any path will be between two objects in a subset homeomorphic
to a convex set. Thus 74 X5 is the groupoid with two objects and a single
invertible map between them, 74 X, is the single object groupoid with no
nonidentity maps, and 74Xy is the two object groupoid with no intermediate
maps. Let I be the groupoid ido & 0 ﬁl 1 Didi, let Z be the groupoid

* id. , and let D be the groupoid ido & 0 1 Didi . Then as we argued
above, 1aXo =D, maXy =1, and w4 X; = Z, so by Theorem [7.7 we get a
pushout square

D> 7Z
oo
I —— WA/Sl

Note that there is only one map D — Z, namely the functor which squashes
two objects into one, and also only one D — I, the inclusion, so we just label
them o and 8. We determine 74S! by showing that a certain, more familiar
group is also a pushout of Z — D < I, and concluding that these groups are
isomorphic by uniqueness of pushouts.

Theorem 7.8. Let Z denote the group of integers under addition, with the
identity 0. Then
#(S',(1,0) 2 7.
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Proof. As in our comments above, it suffices to give a pushout square

D %5 7Z

bl

1237

There is only one such f, namely the one which sends * to the unique object
in the groupoid Z and the identity map to 0. Let g be the map which squashes
0 and 1 into the only object of Z, sends the identity maps to 0, and sends
to 1 (so it also sends k™! to —1). Immediately the square commutes on the
level of objects, since both compositions f o o and g o # squash everything
into the only object of Z. Since there are no (nontrivial) maps in D, it also
commutes on the level of maps. Now suppose we have a pushout candidate

D %5 7Z

I

I—2.G

Note that since Z only has a single object, p must pick out some object
K of G, and by commutativity of the diagram both p o @ and ¢ o f must
squash both objects in D into K. In particular, ¢(0) = K = ¢(1), so
q(k) € Homg(K, K). Define h : Z — G to send the object of Z to K and
let h(1) = q(k). This defines a functor on all maps of Z since we must have
h(n) = h(1+1+4---+1)=h(1)oh(1)o---0h(1), and h(—n) = h(n)L.
We show that ho f = p and h o g = ¢, and conclude that the integers are a
pushout of I «— D — Z. Clearly h o f = p, since both send * to K and id,
to idg. Then we constructed h so that h(g(k)) = h(1) = q(k), so hog =g¢q
as well. O]

Now since all points z in S' can be connected to (1,0) by a path (just
go around the circle), all objects x of 7S are isomorphic to (0,1), so by
Lemma [5.3| (S',2) = =(S!,(1,0)) = Z for any x. Having shown that the
circle has a hole in it, we conclude the section by proving the circle and the
interval are distinct.

Corollary 7.9. The circle and the interval are not homeomorphic.

Proof. Suppose we had a homeomorphism A : S! — I. Then since 7 :
Top — Grpd is a functor, the map 7wh : #S' — 7l would be an isomorphism.
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Explicitly, (7h) o (xmh™) = n(hoh™') = widy = id,; by the fact that functors
preserve composition, and the same argument shows (7wh™!) o (7h) = id,g.
Now let « = h((1,0)). By Lemma [5.2] the isomorphism 7h restricts to an
isomorphism %’ : 7(S!,(1,0)) — n(I,z). But by Lemma [6.14] (I, z) has
only one element, and by Theorem 7(S',(1,0)) has infinitely many, a
contradiction. O

8 Interlude: Homotopy Equivalence and the Sphere

The previous section accomplished the core goal of this paper: proving the
circle has a hole in it. The Seifert-van Kampen Theorem is far more powerful
than this, however. In the last section of the paper, we use it to prove the
result that every closed curve in the plane has an inside and an outside.
While the theorem is simple to state, it eluded proof for hundreds of years.
Before we do this, however, we need to do a little geometry. The proof of
the Jordan Curve Theorem requires computing the fundmental groupoids of
certain spaces related to the sphere, and this penultimate secton accomplishes
that.

Definition 8.1. The sphere is the space
S* = {(z,y,2) € R®: 2% + ¢y + 2% = 1}.
The north pole is the point N = (0,0,1) and the south pole S = (0,0, —1).

Lemma 8.1. For any point a € S?, there’s a homeomorphism of the sphere
sending a to V.

Proof. Rotate the sphere along the great circle on which a lies. This is
an invertible linear transformation (by elementary linear algebra) so it’s a
homeomorphism (as its inverse is also a linear transformation and all linear
transformations are continuous). O

Lemma 8.2. There is a homeomorphism h : S?\ {N} — R? between “punc-
tured sphere” and the plane. This homeomorphism satisfies h(S) = (0,0)
and lim, ,y yes2 |(2)] = o0.

Proof. Define h(z,y,z) = (%,7%). Since 1 — z = 0 iff (z,y,2) is the

1—27 1—2
north pole, this map is well defined, and since it’s a rational function it’s



8 Interlude: Homotopy Equivalence and the Sphere 67

continuous. It has the inverse
2 .2 1 2021 2021
R (u,v) = (u 1—& U 1_u+v ’u—I—v )
u? +v2 41 w+vr+1) v +0v2+1
By the same argument as above, h™' is continuous. Then also if (u,v) =
h(xﬂ y7 Z)?

w402 -1 _ (x/(1—2))*+ (y/(1—2))*—1 :$2+y2—(1—z)2 _ 1—2%2—(1-2)*
w?+v2+1 (2/(1—2))24+@w/(Q—-2)2+1 224+y2+(1—-2)2 1-22+(1-2)?

= Z.

Thus h=(h(z,y,2)) = (lfz (1—=2), 7% -(1 —z),z) = (z,y, z). Then also
u? + 0% —1 w0 -1\ v+t -1

hhil =h 1- —-— 1 —

(W, v)) (u< u2+v2+1>’v( u2+v2+1)’u2+v2+1)

w4+ v =1 w4+ v2—1 w?+v2 =1 u? 4 v?
=|lv|ll-——+— |+ |l—-————-+— ||l ———7— | |1 - ——
w2 +0v2 41 w2 +v2+1 w2 +v24+1 u? + v?

= (u,v).

And so h~! is in fact an inverse of h, which means h is a homeomorphism.
Then immediately 2(0,0,—1) = (2,3) = 0. To see the claim about the limit,

29
note that for (x,y,z) on the sphere, |h(x,y,z)]2 = (xlzf;/; = (}:z; = }J_rj
which goes to co as z goes to 1. O]

These lemmas above immediately imply that the fundamental group
7(S%\ {a},b) is trivial for any two distinct points a,b € S?. Let R be the
homeomorphism in Lemma [8.1] sending a to N restricted to a homeomor-
phism between S\ {a} and S?\ {N}. Further, let i be the homeomorphism
in Lemma [8.2] so h o R is a homeomorphism between S?\ {a} and R2.
Then 7(ho R) is an isomorphism of groupoids between 7(S?\ {a}) and 7R
By Lemma [5.2] this restricts to an isomorphism of groups m(S? \ {a},b) =
7(R? h(R(D))), the latter of which is trivial since R? is convex. This also
implies that the fundamental group of S? is trivial, by applying the Seifert
van-Kampen Theorem to the set X; = S*\ {N} and X, = S*\ {S} and invok-
ing Lemma [£.9) More complicated is determining the fundamental group of
S?\ {a, b} at a point z € S?\ {a, b}. First define T': S*\ {a, b} — R?\ {0} by
T(z) = =Y (h(R(x)) — h(R(b))). This is a composition of homeomorphisms
(rotate, stereographically project, and translate), so it is a homeomorphism

as well. Then by Lemma 7(S*\ {a,b},z) = 7(R?\ {0}, T(x)).
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Thus it suffices to determine the fundamental group of R? \ {N, S} at
an arbitrary point. Even better, it doesn’t matter what point we choose
to compute the fundamental group at, since all points in R? \ {0} can be
connected by paths (take the straight line and make a semicircle around the
origin if needed). Choose z( to be a point on S'. Intuitively 7(R? \ {0}, o)
should be the integers, since the only hole in our space is like the circle. Can
we use our previous result that 7(S!, ) = Z to deduce this? The Seifert-van
Kampen theorem isn’t useful for this, since any two open sets which cover
R?\ {0} will be too fat to look like circles. Instead, we retract the punctured
plane onto the unit circle by sending each point x to the point z/ |x| on the
unit circle.

Definition 8.2. If A is a subspace of B, then a retraction of B onto A is
a continuous map r : B — A such that r(a) =aforalla € A. If 1 : A — B
is the inclusion map, we can state this condition as r o t = id ] cond

Not all retractions preserve the fundamental group(oid), however. Con-
sider the retraction r of the circle S! onto its upper hemisphere H = {(z,y) €
S': y > 0} given by r(z,y) = (z, |y|). Since the absolute value is continuous,
this is continuous, and r(z,y) = (z,|y|) = (x,y) when y > 0. Thus r is a
retraction, but H is homeomorphic to the interval, so its fundamental group
is trivial everywhere (whereas the fundamental group of the circle is Z). The
condition on r we're looking for is most easily stated in terms of homotopy
equivalence, a notion of “equivalence” of topological spaces even weaker than
homeomorphism.

Definition 8.3. Suppose (X, zg) and (Y, yo) are pointed spaces, i.e. X and
Y are spaces and zg, ¢y are points in them. Let f,¢g: X — Y be continuous
functions which both send z( to 5. A homotopy rel basepoints between f
and g is a homotopy H : X x I — Y between f and g such that H(x,t) = yo
for all ¢. If such a homotopy exists, we say f and g are homotopic rel
basepoints.

Definition 8.4. Let (X, z() and (Y, yo) be pointed spaces and suppose we
have maps f: X — Y, g: Y — X such that f(x¢) = yo and g(yo) = f(x0).
We say f and g are homotopy inverses if f o g is homotopic to idy rel
basepoints and g o f is homotopic to idx rel basepoints. In this case, we say

TThis equivalent formulation works in any category. We saw retractions of groupoids
in Lemma and of commutative diagrams in Lemma
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that f is a homotopy equivalence (and the same for ¢g) and that (X, z)
and (Y, yo) are homotopy equivalent. Note that every homeomorphism is
a homotopy equivalence.

Homotopy rel basepoints is an incredibly useful idea, since it turns out
that you only need to know a map up to homotopy rel basepoints to determine
the map it induces on the fundamental groups. That is to say, if f, g are maps
(Xo, o) to (Yo, yo) which are homotopic rel basepoints, then f and g induce
the same homomorphism 7(X, z¢) — 7(Y, yo).

Lemma 8.3. Suppose (X, z) and (Y, yo) are pointed spaces and we have
maps f,g : X — Y which send z( to yo that are homotopic rel basepoints.
Then the homomorphisms 7 f, 7g : 7(X, xo) = 7(Y, y0) are equal.

Proof. 1t suffices to show that for any loop ¢ based at x(, the loops f o /¢
and g o ¢ (based at ) are path-homotopic, since then (7 f)([(]) = [f o {] =
[gol] = (mg)([¢]) for all loops £. W.l.o.g. we can assume the domain of £ is I
by Lemma [6.12] Let H : X x I — Y be a homotopy rel basepoints between
f and g. Then define G : I x I — Y by G(t,s) = H({(t),s). Clearly G is
continuous, and G(0, s) = H(£(0),s) = H(xg,s) = yo since H is a homotopy
rel basepoints (similarly G(1,s) = yy). Then G(t,0) = H({(t),0) = f(¢(t))
and G(t,1) = H({(t),1) = g(¢(t)) since H is a homotopy between f and g.
Thus G is a path-homotopy between f o ¢ and g o ¢, as desired. n

This is espescially powerful when applied to homotopy equivalences. Given
maps k, h which are inverses only up to homotopy, the induced homomor-
phisms 7(k) and 7(h) are genuine inverses, and so homotopy equivalences
turn into isomorphisms.

Lemma 8.4. Suppose (X, xo) and (Y, yo) are homotopy equivalent. Then
(X, z0) and 7(Y, yo) are isomorphic.

Proof. By assumption, we have homotopy inverses f : X — Y and g:Y —
X. Then f o g is homotopic rel basepoints to idy, so w(f o g) = midy. But
since 7 is a functor, this means 7f o mg = 7(f o g) = Widy = idr(vy,)-
Similarly, mgomf = id(x 4. Thus 7 f is an invertible group homomorphism
(X, x0) = (Y, v0), so m(X, zg) is isomorphic to m(Y, yo). O

Now that we’ve learned the basics of homotopy equivalence, we can return
to the problem of retractions. Let zg be a point in A. When does a retraction
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r : B — A induce an isomorphism between (A, zo) and w(B,xq)? Well
by the above lemma it’s certainly sufficient to ask that r is a homotopy
equivalence between (B, () and (A, xo). But we already know r o 1 = ida,
where + : A — B is the inclusion, so we automaticlly get a homotopy rel
basepoints between ro: and id4. Thus a “nice” class of retractions are those
for which ¢ o r is homotopic rel basepoints to idp.

Definition 8.5. Let A be a subspace of B and suppose we have a retraction
r: B — A. Let « : A — B be the inclusion and pick some point xq € A. We
call » a deformation retraction if cor : (B,zq) — (B, xq) is basepoint-
homotopic to idg. As we argued above, if such a deformation retraction exists
then (A, x¢) and (B, zo) are homotopy equivalent, so 7(B, o) = 7(A, xg).

We now return to the retraction described on page 51. Let ¢ : St —
R?\ {0} be the inclusion map. Now define r : R*\ {0} — S! by r(z) = x/ |z|.
We have that r(z) = x/|z| = = when |z| = 1, i.e. when z is on the unit
circle, so r ot = 1ds1. Thus if we can show r is a deformation retraction, we
may conclude m(R?\ {0}, zg) = 7(S', x9) = Z.

Lemma 8.5. The fundamental group of S? \ {a, b} at any point is Z.

Proof. As described above, it suffices to prove r(x) = x/|z| is a deformation
retraction R? \ {0} — S!. Define H : (R?\ {0}) x I — R?\ {0} by

x if s <|z| and s < &
H(z,s) = ol

S if s> |xf or s > &
|| ||

This is continuous by the Gluing Lemma. Essentially at time s we have a
retration x — H(z,s) of R? \ {0} onto the closed annulus of inner radius

s and outer radius 1/s. We check that it is a homotopy between ¢ o r and
idg2\ (o} rel basepoints. First if s = 0, then s < |z and s < L for any

||
xz, and so H(z,0) = z for all z. If s = 1, then s > |z] or s > ﬁ for

any z, and so H(x,1) = % Thus H is a homotopy between ¢ o r and

ids2\¢n,sy- It is basepoint preserving since our basepoint is on the unit circle,
1

and s < 1 = [zo| = 7 for all 5. Thus

7m(R*\ {0}, 70) = w (S, zp) = Z.
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We close the section with one last bit of geometry of the sphere. It’s easy
to see that any two point on the sphere can be connected to one another by a
path, just by going along great circles (or stereographically projecting). But
in the next section we’ll need this to be true even if we zoom into the sphere,
i.e. that this property holds locally.

Lemma 8.6. Let M be a neighborhood of a point z on the sphere S2.
Then M contains a neighborhood M’ of x such that all points of M’ can be
connected to x by a path.

Proof. By definition of the subspace topology, M must be the intersection
of K and S? for some neighborhood K of z in R3. Then for some ¢ > 0, K
contains all point y € R? such that |z — y| < &, so the neighborhood M of =
on S? contains the set B = {y € §? : |zt —y| < e}. If z # N, then w.lo.g.
we can assume N ¢ B, possibly by making ¢ smaller. In this case, let h be
the stereographic homeomorphism from Lemma If z = N, do the same
thing but project relative to S. In either case, h(B) is a neighborhood of h(x)
in the plane, and so for some § > 0, h(B) contains some disk D = {u € R? :
|h(z) —u| < d}. Then D contains the straight line from u to h(z) for any
u € D, so for any y € h™'(D), there is a path p, in D between h(y) and h(z),
and so a path h™'op, between y and z in h~*(D). Since D is a neighborhood
of h~!(z) and h is a homeomorphism, h~'(D) is a neighborhood of z, and
since D C h(B) C h(M), also M' = h='(D) C M, as desired. O

The material we’ll use from this section in the proof of the Jordan Curve
Theorem are the maps constructed in Lemmas[8.1]and [8.2]and the statements
of Lemmas 8.5 and 8.6.

9 The Jordan Curve Theorem

We close this paper with another application of the Seifert-van Kampen
theorem. In basic vector calculus, a student learns about Green’s theorem,
which relates the integral along a simple closed curve to the integral over the
interior region of that curve. But what does it mean for a curve to bound
the interior of curve? Like the question of whether the circle has a hole in
it, this seems obvious. Of course a closed curve bounds an region! However,
the theorem is much harder to prove than it looks (and nontrivial to state
precisely). The reader should take a moment to try and fail to prove the
theorem. We begin by discussing how we can defining two partitions of a
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space into large connected subsets, and one way of doing something analogous
for a groupoid.

Definition 9.1. Let X be a space. A subset C' of X is a connected compo-
nent of X if C'is connected and no sets properly containing C' are connected.
In symbols, C'is a connected component if for whenever C’ is connected and
C CC'C X implies C = ("

Definition 9.2. Call a space X path connected if for any pair of points
x,y € X, there is a path in X from z to y.

Definition 9.3. Let X be a space. Analogous to definition 9.1, the path
components of X are the maximal path connected subsets of X.

Note that the union of the path components of X is all of X. To see this,
let z be any point of X and define P = {y € X : x can be connected to y by a path }.
Then P is path connected, since given y, z € P we have a path p connecting
x to y and a path ¢ connecting = to z, and gep~! then connects y to z. P is
maximal because if P C P’ and P’ is path connected, every point in P’ can
be connected to x by a path, and so P’ C P. Thus every point is contained
in some path component, so (Jp , path component P=X.

Definition 9.4. Let G be a space. For any object x in G, the component of
G containing z is the set of all objects which z is isomomorphic to. In the case
that G is a fundamental groupoid, this component is the path component of
x.

The Jordan Curve Theorem states that for any subset C' of R? which is
homeomorphic to the circle (called a simple closed curve), R?* \ C' has two
connected components. Further, if we let S = S\ S be the boundary of a
set S, then the boundary of both components is C. We spend the majority
of this section proving that the complement of any simple closed curve on
S? (the unit sphere in R?) has two path components, each with that curve
as the boundary. Then to close out the paper we reduce the Jordan Curve
Theorem to this result. First, we state but do not prove a technical lemma
about groupoids. For a proof, the reader can see Theorem 1.1 of [2].

Lemma 9.1. Suppose the groupoids A, B, C, G have the same set J of objects
and we have a pushout

N

}
O(T:D
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where 7, are the identity on objects. Suppose C has no isomorphisms be-
tween distinct objects, and that all objects of G are isomorphic. Let na, ng, nc
count the number of components in the corresponding groupoids. Then for
any p € J, there is a surjection from Autg(p) to F', where F' is a free group
on nc —na —ng + 1 generators, assuming n4 and ng are both finite. If there
are distinct element a,b of J such that Homa(a,b) and Homg(a, b) are both
nonempty, then F' has at least one generator.

The reader may consult Section 2.5 of [3] for a definition of the free group.
The only results that we need about free groups are that the free group on 1
or more generator is infinite, and the free group on 2 or more generators is
nonabelian. Since the image of an abelian group is abelian, if in the situation
of Lemma 9.1 the set .J has more than two elements, then the automorphism
group at any point of G is nonabelian. We apply this to the Jordan Curve
Theorem in Lemma 9.4, when proving that the complement of a simple closed
curve on the sphere has at most 2 path components. First, we prove some
simpler lemmas about path components of subspaces of the sphere.

Lemma 9.2. Let z be a point on the sphere and define X = S§? \ {z}.
Suppose D, E are disjoint closed subsets of X and a, b points of X. If a and
b can be connected by a path in X'\ D and X \ F, then they can be connected
by a path in X \ (DU E). [f

Proof. Suppose that the desired property does not hold, so that a and b can
be connected by a path in X \ D and X \ E but not in X \ (DU E). We
can assume that a and b are distinct, since otherwise they can be connected
by the constant path. Let X1 = X\ D, Xo =X\ E, Xo =X\ (DU E), so
that X; and X5 are open and Xy = X; N Xs. Pick J to contain one point in
each path component of Xy, and pick it such that a and b are in J (this is
possible since they are in different path components by assumption). Choose
a point p in J. Then by the Seifert-van Kampen theorem and Lemma 9.1,
there is a surjection w(X,p) to I, where F is the free group on at least one
generator (here we use the fact that a and b can be connected by a path in
X; and X3). There are no surjections from a one element set to an infinite
set, so this is a contradiction. O

Lemma 9.3. Let I be a subset of of S? homeomorphic to the interval. Then
S?\ I is path connected.

TThis is called the Phragmen-Brouwer property.
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Proof. Suppose we had points a and b in S*\ I which could not be connected
by a path in §? \ I. Fix a homeomorphism h : T — A. Let x = h(0.5)
be the midpoint of A and write A = A’ U A” where A" = h([0,0.5]) and
A" = nh(]0.5,1]),s0 A‘/NA” = {z}. Since A" and A” are the continuous images
of compact sets, they are compact. Then by Heine-Borel (Lemma , they
are closed in R?, and so closed in §%. Thus A’\ {z} and A"\ {z} are disjoint
and closed in §? \ {z}, and their union is A\ {z}. Because a and b cannot
be connected in (S*\ {z}) \ (A \ {z}) = S?*\ A, the previous lemma implies
they cannot be connected by a path in at least one of A"\ {z} or A"\ {z}.
Let A; be one of A", A” such that a and b cannot be connected by a path
in S?\ A;. Repeat this process and obtain a sequence A; of bisections of A
such that a and b lie in different path components of S* \ A; for each i. Let
I; = h™(A;) be the sequence of sub-intervals of T corresponding to the A;.
By construction, the length of each I; is half that of the previous one, and
I; 11 C I;, so the intersection of all [; is a single point ¢. Thus

(A =(h:) =h <ﬂ L-) = h({t}) = {n()}.

i>1 i>1 i>1

Since S\ {h(t)} is homeomorphic to R? (Lemma [8.2)), it is path connected,
and so there is a path p joining a to b in S?\ {h(¢)}. Since a and b cannot be
joined by a path in any A;, we can pick a point x; in both A; and the image
of p for each i. Since the A; shrink towards {h(¢)}, this sequence x; converges
to h(t). But the image of p is compact (as it is the continuous image of a
compact set), so by Heine-Borel (Lemma it is closed, which means it
contains its limit point h(t), contradicting the fact that the codomain of p
excludes h(t). O

From here, we are able to prove that the complement of a simple closed
curve on the sphere has at most 2 path components. We’ll split up the curve
into two arcs each homeomorphic to the interval, then apply the Seifert-van
Kampen Theorem and Lemmas 9.1, 9.2, and 9.3.

Lemma 9.4. The complement of a simple closed on the sphere has at most
two path components.

Proof. Let C be a simple closed curve on S2. Decompose it as A U B where
A and B are homeomorphic to I and A and B meet only at the points a and
b. Let X = S?\ {a,b} and define X; = S*\ A, Xo =S*\ B, Xo = XN X, =
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S?\ (AUB) = $*\C. By Heine-Borel (Lemma[3.9), 4, B are closed in R* and
so in %, and thus X, X, are open in S§?\ {a, b}. If we take J to contain one
element in each path component of Xy, we get by the Seifert van-Kampen
Theorem a pushout

T JXO — T JX1

| |

Xy — X

in which all arrows are the identity on objects. By Lemma 9.3, X; and X are
path connected, and so by Lemma 9.1, the fundamental group of X at any
point in J surjects onto a free groupon ng —ng—np+l=nc—1—141=
n. — 1 =|J| — 1 generators. If J had more than 2 elements, this free group
would be nonabelian, but by Lemma 8.5, c7(X, p) = Z is abelian. Since there
are no surjections from an abelian group to a nonabelian one, this implies
|J] < 2. O

This establishes the first step of the Jordan Curve Theorem: the com-
plement of any simple closed curve on the unit sphere has at most two path
components. We prove below that it has more than one path component.

Lemma 9.5. The complement of a simple closed curve in S? is not path
connected.

Proof. Let C be a simple closed curve and suppose S? \ C' had only one path
component. Decompose C' as AU B for A, B homeomorphic I and meeting
only at a,b. Now note that S* \ C' is nonempty, since otherwise we would
have S? = C, and so the sphere and the circle would be homeomorphic,
contradicting the fact that the fundamental group of the circle is the integers
and that of the sphere is trivial. Pick any zo € S*\ C. Since S? \ C is path
connected by assumption, the set {zo} is representative in S* \ C, and so by
the Seifert-van Kampen theorem we have a pushout (of groupoids)

Tap} (S*\ O) —— T4y (§7\ A)

| !

Mo} (S2\ B) —L 7000y (S2\ {a, b))

where i : S\ A — $*\ {a,b} and j : S*\ B — $?\ {a,b} are inclusion
maps, and %, 7* are maps induced by these inclusions. We prove that ¢* is
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the trivial map (the one which sends all morphisms in m,,(S*\ A) to the
identity).

First, parameterize A by a map v : I — A which sends 0 to b and 1 to
a. Now for any loop f : [0,7] — S?\ {a,b}, based at xq, we show i*([f]) =
[i o f] = id. We do so by showing that the map g : S* — S?\ {a, b} defined
by g(e) = z( f (it“s homotopic to a constant function, and conclude
iof ~ ¢z by Lemmal|6.15] Let R : S?*\{a} — S?*\{N} be the restriction of the
homeomorphism in Lemma [8.1 and h : §? \ {N} — R? the homeomorphism
in Lemma Define T : S§*\ {a} — R? by T'(z) = h(R(z)) — h(R(D)), so
T(b) s the otigin and i,y [7(2)] 2 T, o ecen [A(R()) |~ [R(R()] =
oo — h(R(b)) = oo. Since g does not have b in its range, the composition
T o g maps S' to R?\ {0}, and also T'(v(0)) = T(b) = (0,0).

Now since g is continuous and S! is compact, the image of T o g is com-
pact, and so by Heine-Borel it (Lemma is bounded. Thus there is some
r > 0 such that |T(g(z))] < r for all z € S'. Since lim;_1 41 [T (7(t))| =
lim, 4 zes2 |T'(2)| = 0o > r, there is some ¢y € [0, 1) such that |T'(y(to))| > r.
Let y = T'(y(tg)). We can’t have ty = 0 since then |T'(y(to))| = |T'(b)| = |0 =
0. Let A : T — R? be the path from 0 to y given by A(t) = T(y(t/t)). Define
the homotopy H : S' x I — R? from T o g to the constant map x +— —y by

Hiz t) — T(g(x)) — A(2t) if0<t<1/2
0= 2-20)T(g(x)—y if1/2<t<1

This is well defined because T'(g(z)) — A(2-1/2) = T(g(z)) —y = (2 —2-
1/2)T(g(x)) — y, and is continuous by the Gluing Lemma. We prove it is
never 0. If H(z,t) =0 for t € [0,1/2], then T(g(x)) = A(2t) = T(~(2t/ty)),
so g(x) = v(2t/tg). Butimg = im f C S*\ A and im~y = A. Thus H(x,t) # 0
for 0 <t <1/2. If1/2 <t <1, then H(z,t) = 0 iff (2 —2t)T(g(z)) = v.
But 1/2 <t < 1 implies 0 < 2 — 2t < 1, and thus [(2 — 2t)T(g(z))
|T(g(x))| < r < |y|, so this is impossible. Now finally note that H(x,0)
T(g(x)) — M2 0) = T(g(x)) and H(z,1) = (2 — 2 \)T(g(x)) -y = —v.
Thus H is a homotopy between T o g and x — —y in R?\. Then T ! o H is
a homotopy between g and x + T7(—y) in S? \ {a}. But we also checked
that H misses 0, so this is a homotopy in S§?\ {a, b}. Thus i* sends all loops
to the trivial loop.

By the same argument, j* is trivial. Then by Lemma , 7(S*\{a, b}, o)

I IA

fTechincally we need to show that the pushout of one object groupoids above induces
a pushout of the corresponding groups, but this is easy.
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is trivial, contradicting Lemma 8.5. Thus {z(} cannot be representative, so
S? isn’t path connected. O

This gives us our first version of the Jordan Curve Theorem.

Theorem 9.6. Let C' be a simple closed curve on the sphere. Then S? \ C
has exactly two path components.

We now prove that the path components of S?\C' agree with the connected
components, and then translate this result from te sphere to the plane. As
we saw in the previous section, the sphere is just the plane plus a point “at
infinity”, so given a curve in the plane we can lift it to one on the sphere.

Lemma 9.7. Let C' be a simple closed curve on the sphere. Then the path
components of S?\ C coincide with the connected components. In particular,
there are exactly two connected components.

Proof. By Thoerem 9.6, S*\ C has exactly two path components, say P and
Q. Since all points lie in some path component, PUQ = S*\ C. Also P and
@ are disjoint, since if x € P and x € @, then for any y € P and z € Q, we
can connect y to x and x to z by paths, so y and z are connected by a path,
from which we see P = @) (a contradiction). We show that P is open using
Lemma 8.6, and conclude by symmetry that () is as well. Let = be a point
in P. Then since C is closed, S? \ C' is open, and thus a neighborhood of .
Then by Lemma 8.6 there is some path connected neighborhood M of x on
S? contained in §* \ C. This is also neighborhood of z on S§?* \ C, and since
all points in M can be joined to x by a path, M C P. Thus P contains a
neighborhood of each of its points, so P is open, and by symmetry () is as
well.

We now show P (and thus Q) is connected—in fact, this argument shows
any path connected set is connected. We do this by showing that any contin-
uous function f: P — {0,1} is not a surjection. Let f be such a continuous
function and pick a point o € P. Then for any y € P, there is a path
p: I — P connecting 2o and y. Then ¢ = fop: 1T — {0,1} is a continuous
function such that ¢(0) = f(p(0)) = f(zo) and ¢(1) = f(p(1)) = f(y). Since
I is connected, ¢ must be constant, so f(z9) = f(y). Thus f is constant, so
P is connected.

Thus P and @ are nonempty connected open sets which partition S?\ C.
We show that if R C S?\ C is connected, then R = P or R = ). This will
imply that P and @ are the largest connected sets of S? \ C, and thus by
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definition the connected components. Suppose R is not contained in P or
in Q. Then there are points z,y € R such that x ¢ P and y ¢ (. Since
PUQ = S?\C, this impliesy € Pand z € Q. Let A= RNP and B = RNQ.
Then A and B are open in R by definition of the subspace topology, since P
and @ are open in S?\ C'. Also, ANB = (PNR)N(QNR) = (PNQ)NR =10
since P and () are disjoint. Thus (A, B) is a disconnection of R in the sense
of Lemma [3.6] so R is not connected. By the contrapositive, this implies
every connected set is contained entirely in P or (), and so P and () are the
connected components of §? \ C. O

We’ve almost established the Jordan Curve Theorem, and really all the
hard work is past. Given a curve on the plane, we can reverse-stereographically-
project that curve onto the punctured sphere, then re-project the components
of the complement into the plane.

Theorem 9.8 (The Jordan Curve Theorem). Let C' be a simple closed curve
in the plane. Then R?\ C has two connected components, A and B. One
of these components is bounded and the other is unbounded. Considering A
and B as subsets of R?, A\ A= C and B\ B = C, i.e. the boundary of both
Aand B is C.

Proof. Let C be such a simple closed curve in the plane. Let h : S*\ {N} —
R? be the stereographic projection homeomorphism from Lemma [8.2] Then
h~1(C) is homeomorphic to C' is homeomorphic to a circle, so h=1(C) is a
simple closed curve S?\ { N}, and thus is one on the sphere. By Lemma 9.7,
there are two connected components A" and B’ of §? \ h=}(C), and by an
argument in the proof of Lemma 9.7, A" and B’ partition S$* \ A~'(C). Thus
N is in exactly one of A’, B’; w.l.o.g. suppose it’s A’. Since A’ is open (see
the proof of the previous lemma), there’s a ball U around N contained in A’,
and so points sufficiently close to N are in A’. If we let A = h(A"\ {A}),
this implies A is unbounded, since lim, ,y ,es2 |R(x)] = oco. Then also if
B = h(B’), we have B C h(S*\ U). S§*\ U is bounded since it’s contained
in S%, and is closed as a subset of S? because U was taken to be open. Thus
there’s a closed set W of R3 such that S?\ U = S?NTV, and since S? is closed,
this shows S? \ U is closed as well. Thus S? \ U is compact by Heine-Borel
(Lemma [3.9), so h(S*\ U) is also compact, and so by the reverse direction
of Heine-Borel it is bounded. Thus B is contained in a bounded set, and so
is bounded.
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We now show A and B are the connected components of R? \ C. Tt’s
immediate that B is connected, since it is homeomorphic to a connected space
(namely B’). To show A is connected, it suffices to show A"\ {N} is. Because
U is open, there must be some £ > 0 such that U’ = {(a,b,c) € S* : ¢ > 1—¢}
is contained in U. U’ \ {N} is homeomorphic to the disk minus its center,
which is path connected by paths which go around the inner circles and
along radial lines. Thus U’ \ {N} is path connected, and so is connected.
Now suppose we had a continuous map f : A"\ {N} — {0, 1}. By continuity,
f must be connected on U’ \ {N}, say with value n. Thus the function g :
U" — {0,1} defined by g(z) = n is continuous, and so by the Gluing Lemma
the function h : A" — {0, 1} which is g on U’ and f on A’\ { N} is continuous.
Since A’ is connected, h must be constant on A’, and so f must be constant on
A"\ {N}. Thus A"\ {N} is connected. Thus A and B are connected subsets
of R?\ C. We prove they are maximal (and thus connected components)
as follows. Suppose we had a connected set D in R?\ C. If A C D, then
h=1(A) C h YD) CR*\h }(C),s0 A’ = h 1 (A)U{N} C h"Y(D)U{N}. The
set h~1(D)U{N} is connected because h'(D)U{N} = h"'(DUA)U{N} =
h='(D) U A’ is the union of two connected sets with connected intersection
(namely h=1(A) = A"\ {N}). Because A’ is a connected component of
R?\ h=1(C), this implies ' (A) U{N} = h~' (D) U{N}. Since N is not in
the image of h, we get from this that h™'(A) = h~1(D), so A = D. The same
argument (without juggling around N) proves B is a connected component.

Thus it suffices to prove that the boundaries of A and B in R? are C.
Because A’ and B’ are open in S*\ h71(C) (as we showed in Lemma 9.7) and
h is a homeomorphism, A and B must also be open in R? \ C. Since C' is
homeomorphic to the circle, it is compact, and so closed in R?. Thus R? \ C'
is open, and so A and B are open in R?. This implies AN B = (), because
if there were a point € AN B, then since B is open B would contain a
neighborhood of x, and then by the fact that 2 € A this neighborhood would
contain a point of A. But since A" and B’ are disjoint, so are A and B, as

ANB = (A \ {NY)UK(B) C h(A)UKB') = h(A' UB') = h(0) = 0.

Then since R? = AUBUC, we must have A C AUC, andso A\ A C C. By
the same argument, B\ B C C. Then since A and B are disjoint from C, it
suffices to show C C A and C C B. Let x be some point of C' and let M be
any neighborhood of x, and w.l.o.g. suppose it is open. We show M meets
both A and B. Since h is continuous, M’ = h~'(M) is a neighborhood of
in S*\ {N}. By the definition of the subspace topology, M is the intersection
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of §? \ {N} with some neighborhood of A~*(z) in S%. But since S$* \ {N} is
open it is a neighborhood of A7 (x) in S?, and so M’ is as well.

Now choose points a € A" and b € B’; since a and b are in different path
components of S? \ C, they cannot be connected by a path. By Lemma 9.4,
S?\ D is path connected, and so there is a path p : T — S*\ D from a to b.
Then there must be some point both E and the image of p, since otherwise p
would be a path from z to y in S?\ C. Then theset T = {t € L : p(t) € E} is
nonempty. Let ¢ty = inf 7. Then T is closed (it is the preimage of the closed
set E), we must have p(tg) € E. Since p(to) ¢ D, p(to) is neither of ey or
e1. Thus it is in the interior of M’, so points sufficiently close to p(ty) are in
M'. Let t; <ty be such that p(t;) is close to p(to). Since ty is the inf of the
set T', we must have p(t) ¢ E for t < ¢y, and also p(¢;) must not be p in E.
Thus there is a path ¢ : [0,#;] — S*\ C given by ¢(t) = p(t) from a to p(t;).
Then because a € A" and A’ is a path component, this implies p(t;) € A’
Thus A’ meets M’, and since M’ C S?\ {N}, this implies A’ \ {N} meets
M'. Pushing through h, we see A meets M. By applying the same argument
to the supremum of 7', this shows B meets M. Thus every neighborhood of
x meets A and B, so z is in in A and B. n
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