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Preface

Harmonic functions—the solutions of Laplace’s equation—play a
crucial role in many areas of mathematics, physics, and engineering.
But learning about them is not always easy. At times the authors have
agreed with Lord Kelvin and Peter Tait, who wrote ([18], Preface)

There can be but one opinion as to the beauty and utility of this
analysis of Laplace; but the manner in which it has been hitherto
presented has seemed repulsive to the ablest mathematicians, and
difficult to ordinary mathematical students.

The quotation has been included mostly for the sake of amusement,
but it does convey a sense of the difficulties the uninitiated sometimes
encounter.

The main purpose of our text, then, is to make learning about har-
monic functions easier. We start at the beginning of the subject, assum-
ing only that our readers have a good foundation in real and complex
analysis along with a knowledge of some basic results from functional
analysis. The first fifteen chapters of [15], for example, provide suffi-
cient preparation.

In several cases we simplify standard proofs. For example, we re-
place the usual tedious calculations showing that the Kelvin transform
of a harmonic function is harmonic with some straightforward obser-
vations that we believe are more revealing. Another example is our
proof of Bocher’s Theorem, which is more elementary than the classi-
cal proofs.

We also present material not usually covered in standard treatments
of harmonic functions (such as [9], [11], and [19]). The section on the
Schwarz Lemma and the chapter on Bergman spaces are examples. For

ix



X Preface

completeness, we include some topics in analysis that frequently slip
through the cracks in a beginning graduate student’s curriculum, such
as real-analytic functions.

We rarely attempt to trace the history of the ideas presented in this
book. Thus the absence of a reference does not imply originality on
our part.

For this second edition we have made several major changes. The
key improvement is a new and considerably simplified treatment of
spherical harmonics (Chapter 5). The book now includes a formula for
the Laplacian of the Kelvin transform (Proposition 4.6). Another ad-
dition is the proof that the Dirichlet problem for the half-space with
continuous boundary data is solvable (Theorem 7.11), with no growth
conditions required for the boundary function. Yet another signifi-
cant change is the inclusion of generalized versions of Liouville’s and
Bocher’s Theorems (Theorems 9.10 and 9.11), which are shown to be
equivalent. We have also added many exercises and made numerous
small improvements.

In addition to writing the text, the authors have developed a soft-
ware package to manipulate many of the expressions that arise in har-
monic function theory. Our software package, which uses many results
from this book, can perform symbolic calculations that would take a
prohibitive amount of time if done without a computer. For example,
the Poisson integral of any polynomial can be computed exactly. Ap-
pendix B explains how readers can obtain our software package free of
charge.

The roots of this book lie in a graduate course at Michigan State
University taught by one of the authors and attended by the other au-
thors along with a number of graduate students. The topic of harmonic
functions was presented with the intention of moving on to different
material after introducing the basic concepts. We did not move on to
different material. Instead, we began to ask natural questions about
harmonic functions. Lively and illuminating discussions ensued. A
freewheeling approach to the course developed; answers to questions
someone had raised in class or in the hallway were worked out and then
presented in class (or in the hallway). Discovering mathematics in this
way was a thoroughly enjoyable experience. We will consider this book
a success if some of that enjoyment shines through in these pages.
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CHAPTER 1

Basic Properties of
Harmonic Functions

Definitions and Examples

Harmonic functions, for us, live on open subsets of real Euclidean
spaces. Throughout this book, n will denote a fixed positive integer
greater than 1 and Q will denote an open, nonempty subset of R". A
twice continuously differentiable, complex-valued function u defined
on Q is harmonic on Q if

Au =0,

where A = D12+ - -+D,2and D jz denotes the second partial derivative
with respect to the j® coordinate variable. The operator A is called the
Laplacian, and the equation Au = 0 is called Laplace’s equation. We
say that a function u defined on a (not necessarily open) set E C R" is
harmonic on E if u can be extended to a function harmonic on an open
set containing E.

We let x = (x1,...,Xx5,) denote a typical point in R"™ and let |x| =
(x12 + - - - + x,2) 12 denote the Euclidean norm of x.

The simplest nonconstant harmonic functions are the coordinate
functions; for example, u(x) = x;. A slightly more complex example
is the function on R3 defined by

u(x) = x12 + x2% — 2x3% + ixo.

As we will see later, the function
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u(x) = x>

is vital to harmonic function theory when n > 2; the reader should
verify that this function is harmonic on R" \ {0}.

We can obtain additional examples of harmonic functions by dif-
ferentiation, noting that for smooth functions the Laplacian commutes
with any partial derivative. In particular, differentiating the last exam-
ple with respect to x; shows that x; |x|~" is harmonic on R\ {0} when
n > 2. (We will soon prove that every harmonic function is infinitely
differentiable; thus every partial derivative of a harmonic function is
harmonic.)

The function x| x|~ is harmonic on R\ {0} even when n = 2. This
can be verified directly or by noting that x;|x|~2 is a partial derivative
of log |x|, a harmonic function on R? \ {0}. The function log |x| plays
the same role when n = 2 that |x|2~" plays when n > 2. Notice that
limy—« log |x| = o, but limy_« |X|2~" = 0; note also that log | x| is nei-
ther bounded above nor below, but |x|2~" is always positive. These
facts hint at the contrast between harmonic function theory in the
plane and in higher dimensions. Another key difference arises from
the close connection between holomorphic and harmonic functions in
the plane—a real-valued function on Q C R? is harmonic if and only
if it is locally the real part of a holomorphic function. No comparable
result exists in higher dimensions.

Invariance Properties

Throughout this book, all functions are assumed to be complex
valued unless stated otherwise. For k a positive integer, let C¥(Q)
denote the set of k times continuously differentiable functions on Q;
C*(Q) is the set of functions that belong to C¥(Q) for every k. For
E c R", we let C(E) denote the set of continuous functions on E.

Because the Laplacian is linear on C?(Q), sums and scalar multiples
of harmonic functions are harmonic.

For v € R" and u a function on Q, the y-translate of u is the func-
tion on Q + y whose value at x is u(x — y). Clearly, translations of
harmonic functions are harmonic.

For a positive number v and u a function on Q, the v-dilate of u,
denoted u,, is the function
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(uy)(x) = u(rx)

defined for x in (1/r)Q = {(1/r)w : w € Q}. If u € C3(Q), then a
simple computation shows that A(u,) = r2(Au), on (1/7)Q. Hence
dilates of harmonic functions are harmonic.

Note the formal similarity between the Laplacian A = D1%+- - - +D,,?
and the function |x|%2 = x12 + - - - + x,2, whose level sets are spheres
centered at the origin. The connection between harmonic functions and
spheres is central to harmonic function theory. The mean-value prop-
erty, which we discuss in the next section, best illustrates this connec-
tion. Another connection involves linear transformations on R" that
preserve the unit sphere; such transformations are called orthogonal.
A linear map T: R™ — R" is orthogonal if and only if |Tx| = |x| for all
x € R"™. Simple linear algebra shows that T is orthogonal if and only
if the column vectors of the matrix of T (with respect to the standard
basis of R™) form an orthonormal set.

We now show that the Laplacian commutes with orthogonal trans-
formations; more precisely, if T is orthogonal and u € C?(Q), then

AuoT)=(Au)oT

on T1(Q). To prove this, let [tjx] denote the matrix of T relative to
the standard basis of R". Then

n
Dm(uoT) = > timDju)oT,
j=1

where D,, denotes the partial derivative with respect to the m™ coordi-
nate variable. Differentiating once more and summing over m yields

AuoT) tkmtjm(Diju) oT

1

I
ﬁM:
%M: TM=

L j,

(

1

temtjm ) (DeDju) o T
1

I
TM=

J

s

= (Diju)oT
j=1

= (Au) o T,
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as desired. The function u o T is called a rotation of u. The preced-
ing calculation shows that rotations of harmonic functions are har-
monic.

The Mean-Value Property

Many basic properties of harmonic functions follow from Green’s
identity (which we will need mainly in the special case when Q is a
ball):

1.1 J (UAY —vAu) dv = L (uDpVv — vDuu) ds.
Q Q

Here Q is a bounded open subset of R" with smooth boundary, and
u and v are C2-functions on a neighborhood of Q, the closure of Q.
The measure V = V, is Lebesgue volume measure on R", and s de-
notes surface-area measure on 0Q (see Appendix A for a discussion of
integration over balls and spheres). The symbol D, denotes differen-
tiation with respect to the outward unit normal n. Thus for T € 0Q,
(Dpu)(C) = (Vu)(C) - n(TC), where Vu = (Diu,...,Dyu) denotes the
gradient of u and - denotes the usual Euclidean inner product.

Green's identity (1.1) follows easily from the familiar divergence the-
orem of advanced calculus:

1.2 J divde:J w - nds.
Q Q

Here w = (wy,...,W;) is a smooth vector field (a C"-valued function
whose components are continuously differentiable) on a neighborhood
of Q, and div w, the divergence of w, is defined tobe D; w1 +- - - +DyWy.
To obtain Green’s identity from the divergence theorem, simply let
w =uVvy — vVu and compute.

The following useful form of Green’s identity occurs when u is har-
monic and v = 1:

1.3 J Dhuds =0.
o0

Green’s identity is the key to the proof of the mean-value property.
Before stating the mean-value property, we introduce some notation:
B(a,v) = {x € R" : |x —al| < r} is the open ball centered at a of
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radius v; its closure is the closed ball B(a,r); the unit ball B(0,1) is
denoted by B and its closure by B. When the dimension is important we
write B, in place of B. The unit sphere, the boundary of B, is denoted
by S; normalized surface-area measure on S is denoted by o (so that
0 (S) = 1). The measure o is the unique Borel probability measure on
S that is rotation invariant (meaning o (T (E)) = o (E) for every Borel
set E C S and every orthogonal transformation T).

1.4 Mean-Value Property: If u is harmonic on B(a, ), then u equals
the average of u over 0B(a,r). More precisely,

u(a) = Lu(a +7C)do(C).

PROOF: First assume that n > 2. Without loss of generality we may
assume that B(a,r) = B. Fix € € (0,1). Apply Green’s identity (1.1)
with Q = {x eR": e < |x| < 1} and v(x) = |x|2~" to obtain

0=(2 —n)J uds — (2 —n)sl‘"J uds
S &S
- J Dpuds — 52‘"J Dpu ds.
S &S

By 1.3, the last two terms are 0, thus

J uds = 61*"{ uds,
S &S

which is the same as
J udo = J u(eC)do(C).
s S

Letting € — 0 and using the continuity of u at 0, we obtain the desired
result.

The proof when n = 2 is the same, except that |x|2~" should be
replaced by log | x]|. [

Harmonic functions also have a mean-value property with respect to
volume measure. The polar coordinates formula for integration on R"
is indispensable here. The formula states that for a Borel measurable,
integrable function f on R™,
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1
nV(B) Jr

1.5 fav = Jo ynl Lf(rC) do(C) dr

(see [15], Chapter 8, Exercise 6). The constant nV (B) arises from the
normalization of o (choosing f to be the characteristic function of B
shows that nV (B) is the correct constant).

1.6 Mean-Value Property, Volume Version: If u is harmonic on
B(a,r), thenu(a) equals the average of u over B(a,r). More precisely,

1
WD =V Ba, ) ng,ﬂ”dv'

PROOF: We can assume that B(a,r) = B. Apply the polar coordi-
nates formula (1.5) with f equal to u times the characteristic function
of B, and then use the spherical mean-value property (Theorem 1.4). m

We will see later (1.24 and 1.25) that the mean-value property char-
acterizes harmonic functions.

We conclude this section with an application of the mean value prop-
erty. We have seen that a real-valued harmonic function may have an
isolated (nonremovable) singularity; for example, | x |2~" has an isolated
singularity at O if n > 2. However, a real-valued harmonic function u
cannot have isolated zeros.

1.7 Corollary: The zeros of a real-valued harmonic function are
never isolated.

PROOF: Suppose u is harmonic and real valued on Q, a € Q, and
u(a) = 0. Let ¥ > 0 be such that B(a,r) C Q. Because the average of u
over 0B(a,r) equals 0, either u is identically O on 0B(a, ) or u takes
on both positive and negative values on 0B(a,v). In the later case, the
connectedness of 0B(a,r) implies that u has a zero on 0B(a, 7).

Thus u has a zero on the boundary of every sufficiently small ball
centered at a, proving that a is not an isolated zero of u. [

The hypothesis that u is real valued is needed in the preceding corol-
lary. This is no surprise when n = 2, because nonconstant holomorphic
functions have isolated zeros. When n > 2, the harmonic function
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n
2 2, g
(1-nmx1?+ > x* +ixy
k=2

is an example; it vanishes only at the origin.

The Maximum Principle

An important consequence of the mean-value property is the fol-
lowing maximum principle for harmonic functions.

1.8 Maximum Principle: Suppose Q is connected, u is real valued
and harmonic on Q, and w has a maximum or a minimum in Q). Then
u is constant.

PROOF: Suppose u attains a maximum at a € Q. Choose r > 0 such
that B(a,r) C Q. If u were less than u(a) at some point of B(a,r),
then the continuity of 1 would show that the average of u over B(a, )
is less than u(a), contradicting 1.6. Therefore u is constant on B(a,7),
proving that the set where u attains its maximum is open in Q. Because
this set is also closed in Q) (again by the continuity of u), it must be all
of Q (by connectivity). Thus u is constant on €, as desired.

If u attains a minimum in Q, we can apply this argument to —u. =

The following corollary, whose proof immediately follows from the
preceding theorem, is frequently useful. (Note that the connectivity of
Q is not needed here.)

1.9 Corollary: Suppose Q is bounded and u is a continuous real-
valued function on Q that is harmonic on Q. Thenu attains its maximum
and minimum values over Q on 0Q.

The corollary above implies that on a bounded domain a harmonic
function is determined by its boundary values. More precisely, for
bounded Q, if u and v are continuous functions on Q that are har-
monic on Q, and if u = v on 0Q, then u = v on Q. Unfortunately this
can fail on an unbounded domain. For example, the harmonic func-
tions u(x) = 0 and v(x) = x, agree on the boundary of the half-space
{x eR": x, > 0}.



8 CHAPTER 1. Basic Properties of Harmonic Functions

The next version of the maximum principle can be applied even
when Q is unbounded or when u is not continuous on Q.

1.10 Corollary: Let u be a real-valued, harmonic function on Q, and
suppose
limsupu(ayg) <M

k—oo

for every sequence (ay) in Q converging either to a point in 0Q or to co.
Then u < M on Q.

REMARK: To say that (ay) converges to oo means that |ay| — oo. The
corollary is valid if “lim sup” is replaced by “lim inf” and the inequalities
are reversed.

PROOF OF COROLLARY 1.10: Let M’ = sup{u(x) : x € Q}, and
choose a sequence (by) in Q such that u(by) — M'.

If (by) has a subsequence converging to some point b € Q, then
u(b) = M’, which implies u is constant on the component of Q con-
taining b (by the maximum principle). Hence in this case there is a
sequence (ay) in Q converging to a boundary point of Q or to c« on
which u = M’, and so M’ < M.

If no subsequence of (by) converges to a point in €, then (by) has a
subsequence (ay) converging either to a boundary point of Q or to co.
Thus in in this case we also have M’ < M. [

Theorem 1.8 and Corollaries 1.9 and 1.10 apply only to real-valued
functions. The next corollary is a version of the maximum principle for
complex-valued functions.

1.11  Corollary: Let Q be connected, and let u be harmonic on Q. If
|u| has a maximum in Q, then u is constant.

PROOF: Suppose |u| attains a maximum value of M at some point
a € Q. Choose A € C such that [A| =1 and Au(a) = M. Then the real-
valued harmonic function Re Au attains its maximum value M at a; thus
by Theorem 1.8, ReAu = M on Q. Because |Au| = |u| < M, we have
ImAu = 0 on Q. Thus Au, and hence u, is constant on Q. [

Corollary 1.11 is the analogue of Theorem 1.8 for complex-valued
harmonic functions; the corresponding analogues of Corollaries 1.9
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and 1.10 are also valid. All these analogues, however, hold only for
the maximum or lim sup of |u|. No minimum principle holds for |u|
(consider u(x) = x; on B).

We will be able to prove a local version of the maximum principle
after we prove that harmonic functions are real analytic (see 1.29).

The Poisson Kernel for the Ball

The mean-value property shows that if u is harmonic on B, then

mm:Lu@mmm.

We now show that for every x € B, u(x) is a weighted average of u
over S. More precisely, we will show there exists a function P on B x S
such that

mm=Lu@wwgmmm

for every x € B and every u harmonic on B.

To discover what P might be, we start with the special case n = 2.
Suppose u is a real-valued harmonic function on the closed unit disk
in R2. Then u = Re f for some function f holomorphic on a neigh-
borhood of the closed disk (see Exercise 11 of this chapter). Because
u = (f + f)/2, the Taylor series expansion of f implies that u has the
form

urd) = > ape,

j=—o

where 0 < ¥ < 1 and || = 1. In this formula, take v = 1, multiply both
sides by £k, then integrate over the unit circle to obtain

M=Lu@m*dma.

Now let x be a point in the open unit disk, and write x = ¥n with
¥ €[0,1) and |n| = 1. Then
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1.12 u(x) =urn)

0o

= 3 ([ w@igido@)riin

j:—oo

- | uo S rlilng ) do(©).

j=—oo

Breaking the last sum into two geometric series, we see that

_ 42
weo) = [ w@) = do (@),

C
Thus, letting P(x,C) = (1 — |x|%)/|x — C|?, we obtain the desired for-
mula for n = 2:

u(x) = Lu(c)Pu,a do (0).

Unfortunately, nothing as simple as this works in higher dimen-
sions. To find P(x,TC) when n > 2, we start with a result we call the
symmetry lemma, which will be useful in other contexts as well.

1.13  Symmetry Lemma: For all nonzero x and y in R™,

|ij—lylﬂ = |~ Il

PROOF: Square both sides and expand using the inner product. m

To find P for n > 2, we try the same approach used in proving the
mean-value property. Suppose that u is harmonic on B. When proving
that u(0) is the average of u over S, we applied Green’s identity with
v(y) = |y|?~™; this function is harmonic on B \ {0}, has a singularity
at 0, and is constant on S. Now fix a nonzero point x € B. To show
that u(x) is a weighted average of u over S, it is natural this time to
try v(v) = |y — x|?~™. This function is harmonic on B\ {x}, has a
singularity at x, but unfortunately is not constant on S. However, the
symmetry lemma (1.13) shows that for y € S,

X ’2—71

T I e R e
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x/|x|

v/l

lylx
|x1y

The symmetry lemma: the two bold segments have the same length.

Notice that the right side of this equation is harmonic (as a function
of v) on B. Thus the difference of the left and right sides has all the
properties we seek.

So set v(y) = L(y) — R(y), where

2-n
L) =y =P RO = IxPy -

and choose ¢ small enough so that B(x,&) ¢ B. Now apply Green’s
identity (1.1) much as in the proof of the mean-value property (1.4),
with Q = B\ B(x, €). We obtain

0= J UuDpvds — (2 —n)s(S)u(x)
s
— J uDaR ds + J RDnuds
0B(x,¢) 0B(x,¢)

(the mean-value property was used here). Because uDy,R and RDyu
are bounded on B, the last two terms approach 0 as € — 0. Hence

u(x) = b J uDyvdo.
2—-nls
Setting P(x,C) = (2 — n)~1(DuVv)(T), we have the desired formula:

114 w(x) = Lu(@P(x,c)do(;).
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A computation of Dy v, which we recommend to the reader (the sym-
metry lemma may be useful here), yields

1-|x|?
1.15 P(x,C) = ———.
S P
The function P derived above is called the Poisson kernel for the
ball; it plays a key role in the next section.

The Dirichlet Problem for the Ball

We now come to a famous problem in harmonic function theory:
given a continuous function f on S, does there exist a continuous func-
tion u on B, with u harmonic on B, such that u = f on S? If so, how
do we find u? This is the Dirichlet problem for the ball. Recall that by
the maximum principle, if a solution exists, then it is unique.

We take our cue from the last section. If f happens to be the re-
striction to S of a function u harmonic on B, then

w(x) = Lf(:)P(x,o do (©)

for all x € B. We solve the Dirichlet problem for B by changing our
perspective. Starting with a continuous function f on S, we use the
formula above to define an extension of f into B that we hope will have
the desired properties.

The reader who wishes may regard the material in the last section
as motivational. We now start anew, using 1.15 as the definition of
P(x,0).

For arbitrary f € C(S), we define the Poisson integral of f, denoted
P[f], to be the function on B given by

1.16 PLI(x) = Lf(C)P(x,O Ao (©).

The next theorem shows that the Poisson integral solves the Dirich-
let problem for B.
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Johann Peter Gustav Lejeune Dirichlet (1805-1859), whose attempt to
prove the stability of the solar system led to an investigation of
harmonic functions.

1.17 Solution of the Dirichlet problem for the ball: Suppose f is
continuous on S. Define u on B by

{P[f](x) if xeB
u(x) = .
f(x) if xeS.

Then u is continuous on B and harmonic on B.

The proof of 1.17 depends on harmonicity and approximate-identity
properties of the Poisson kernel given in the following two proposi-
tions.

1.18 Proposition: Let C € S. Then P(-,C) is harmonic on R" \ {C}.

We let the reader prove this proposition. One way to do so is to
write P(x,C) = (1 — |x|?)|x — C|~" and then compute the Laplacian of
P (-, C) using the product rule

1.19 A(uv) = uAv +2vVu - Vv + vAu,

which is valid for all real-valued twice continuously differentiable func-
tions u and v.



14 CHAPTER 1. Basic Properties of Harmonic Functions

1.20 Proposition: The Poisson kernel has the following properties:

@ Px,C)>0forallxeBandall C € S;
(b) LP(x,C)d(T(C) =1 forall x € B;

(0) for every n € S and every 6 > 0,

J P(x,0)do(C) -0 asx —n.
IC-nl>d

PROOF: Properties (a) and (c) follow immediately from the formula
for the Poisson kernel (1.15).

Taking u to be identically 1 in 1.14 gives (b). To prove (b) with-
out using the motivational material in the last section, note that for
x € B\ {0}, we have

[ Pgrao@ = | plcix, £ do@
s s |C|

X
- LP(|x|c,m)d0<c>,

where the last equality follows from the symmetry lemma (1.13). Propo-
sition 1.18 tells us that P(|x|C, f;—‘), as a function of ¢, is harmonic on

B. Thus by the mean-value property we have

LP(X,C)dU(C) - P(0, ) =1,

||

as desired. Clearly (b) also holds for x = 0, completing the proof. m

PROOF OF THEOREM 1.17: The Laplacian of # can be computed by
differentiating under the integral sign in 1.16; Proposition 1.18 then
shows that u is harmonic on B.

To prove that u is continuous on B, fix n € S and € > 0. Choose
6 > 0 such that | f(C) — f(n)| < € whenever |C — n| < 6 (and C € S).
For x € B, (a) and (b) of Proposition 1.20 imply that



The Dirichlet Problem for the Ball 15

)~ um| = || (F@ - fFm)Px, D) do©)]
sj IF(©) = (| P(x,C) do (C)
[C-nl<é
+j LF©) = F(D)] P(x,©) do(€)
[C—nl>o

< g+2||f||mj P(x,0)do (C),

C-nl>6

where || f ||~ denotes the supremum of | f| on S. The last term above is
less than ¢ for x sufficiently close to n (by Proposition 1.20(c)), proving
that u is continuous at n. [

We now prove a result stronger than that expressed in 1.14.

1.21 Theorem: If u is a continuous function on B that is harmonic
on B, then u = P[ul|s] on B.

PROOF: By 1.17, u — P[uls] is harmonic on B and extends continu-
ously to be 0 on S. The maximum principle (Corollary 1.9) now implies
that u — P[ul|s] is O on B. [

Because translations and dilations preserve harmonic functions, our
results can be transferred easily to any ball B(a,r). Specifically, given
a continuous function f on 0B(a, v ), there exists a unique continuous
function u on B(a, ), with u harmonic on B(a,r), such that u = f on
0B(a,r). In this case we say that u solves the Dirichlet problem for
B(a,r) with boundary data f.

We now show that every harmonic function is infinitely differen-
tiable. In dealing with differentiation in several variables the following
notation is useful: a multi-index « is an n-tuple of nonnegative inte-
gers («y,..., &y); the partial differentiation operator D is defined to
be D1*...D,%" (D J’O denotes the identity operator). For each T € S,
the function P (-, C) is infinitely differentiable on B; we denote its x®
partial derivative by D*P(-,C) (here C is held fixed).

If u is continuous on B and harmonic on B, then

u(x) = Lu(G)P(x,C)dU(Q
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for every x € B. Differentiating under the integral, we easily see that
u € C*®(B); the formula

1.22 D*u(x) = Lu(g)D“P(x,C)do-(C)

holds for every x € B and every multi-index «.

The preceding argument applies to any ball after a translation and
dilation. As a consequence, every harmonic function is infinitely dif-
ferentiable.

The following theorem should remind the reader of the behavior of
a uniformly convergent sequence of holomorphic functions.

1.23 Theorem: Suppose (u,) is a sequence of harmonic functions
on Q such that u., converges uniformly to a function u on each compact
subset of Q. Then u is harmonic on Q. Moreover, for every multi-
index «, D®u,, converges uniformly to D*u on each compact subset
of Q.

PROOF: Given B(a,r) c Q, we need only show that u is harmonic on
B(a,r) and that for every multi-index «, D*u,, converges uniformly
to D%u on each compact subset of B(a,r). Without loss of generality,

we assume B(a,r) = B.
We then know that

Um(x) = L um (C)P(x,C) do (T)
for every x € B and every m. Taking the limit of both sides, we obtain
ux) = | W@PEX 0 o)

for every x € B. Thus u is harmonic on B.
Let & be a multi-index and let x € B. Then

D%t (x) = L Um (©)D*P(x,C) do(T)
- Lu(C)D“P(x,E)da(C) — Du(x).

If K is a compact subset of B, then D*P is uniformly bounded on K x S,
and so the convergence of D%*u,, to D*u is uniform on K, as desired. m
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Converse of the Mean-Value Property

We have seen that every harmonic function has the mean-value prop-
erty. In this section, we use the solvability of the Dirichlet problem for
the ball to prove that harmonic functions are the only continuous func-
tions having the mean-value property. In fact, the following theorem
shows that a continuous function satisfying a weak form of the mean-
value property must be harmonic.

1.24 Theorem: Suppose u is a continuous function on Q. If for each
x € Q there is a sequence of positive numbers vj — 0 such that

u(x) = Lu(x +7;0)do (T)
for all j, then u is harmonic on Q.

PROOF: Without loss of generality, we can assume that u is real
valued. Suppose that B(a,R) C Q. Let v solve the Dirichlet problem
for B(a,R) with boundary data u on 0B(a,R). We will complete the
proof by showing that v = u on B(a, R).

Suppose that v — u is positive at some point of B(a,R). Let E be
the subset of B(a,R) where v — u attains its maximum. Because E is
compact, E contains a point x farthest from a. Clearly x € B(a,R), so
there exists a ball B(x,r) C B(a,R) such that u(x) equals the average
of u over 0B(x,7).

Because v is harmonic, we have

(v — ) (x) = L(v — W) (x +7C) do (C).

But (v —u)(x +vC) < (v —u)(x) for all € € S, with strict inequality
on a nonempty open subset of S (because of how x was chosen), con-
tradicting the equation above. Thus v — u < 0 on B(a,R). Similarly,
v—-u=0onB(a,R). [

The proof above can be modified to show that if u is continuous
on Q and satisfies a local mean-value property with respect to volume
measure, then u is harmonic on Q; see Exercise 22 of this chapter.

The hypothesis of continuity is needed in Theorem 1.24. To see this,
let O = R™ and define u by
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1 if x, >0
ux)=40 ifx,=0
-1 ifx, <O.

Then u(x) equals the average of u over every sphere centered at x if
xn = 0, and u(x) equals the average of u over all sufficiently small
spheres centered at x if x;, # 0. But u is not even continuous, much
less harmonic, on R".

In the following theorem we replace the continuity assumption with
the weaker condition of local integrability (a function is locally inte-
grable on Q) if it is Lebesgue integrable on every compact subset of Q).
However, we now require that the averaging property (with respect to
volume measure) hold for every radius.

1.25 Theorem: If u is a locally integrable function on Q such that

1
ula) = V(B((/‘L,T‘)) JB(a,r) udyv

whenever B(a,r) C Q, then u is harmonic on Q.

PROOF: By Exercise 22 of this chapter, we need only show that u is
continuous on Q. Fix a € Q and let (a;) be a sequence in Q converg-
ing to a. Let K be a compact subset of Q) with a in the interior of K.
Then there exists an * > 0 such that B(a;,r) C K for all sufficiently
large j. Because u is integrable on K, the dominated convergence the-
orem shows that

1
u(aj) = V(B(a,r)) JB(aj,r) v
-1
- V(B(a,r))

S S
V(B(a,r))

J UXB(a,,r) av
K
L{ uXp@ar) AV =u(a)

(as usual, Xg denotes the function thatis 1 on E and 0 off E). Thus u
is continuous on €, as desired. [
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Real Analyticity and
Homogeneous Expansions

We saw in the section before last that harmonic functions are in-
finitely differentiable. A much stronger property will be established in
this section—harmonic functions are real analytic. Roughly speaking,
a function is real analytic if it is locally expressible as a power series in
the coordinate variables x1, x2,...,x, of R™.

To make this more precise, we need to discuss what is meant by a
series of complex numbers of the form > ¢y, where the summation is
over all multi-indices «. (The full range of multi-indices will always be
intended in a series unless indicated otherwise.) The problem is that
there is no natural ordering of the set of all multi-indices when n > 1.
However, suppose we know that >’ ¢ is absolutely convergent, i.e., that

sup > lcal < oo,

x€eF

where the supremum is taken over all finite subsets F of multi-indices.
All orderings x(1), x(2),... of multi-indices then yield the same value
for Z;-‘;l C«(j); hence we may unambiguously write > ¢ for this value.
We will only be concerned with such absolutely convergent series.

The following notation will be convenient when dealing with multi-
ple power series: for x € R" and « = (&7, &2,..., &) a multi-index,
define

X% =x1%x% . x, %,
&= xloe! .. oy,

x| = &1 + &2 + - - - + Qn.
A function f on Q is real analytic on Q if for every a € Q) there exist
complex numbers c, such that
F(x) =D calx —a)®

for all x in a neighborhood of a, the series converging absolutely in
this neighborhood.
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Some basic properties of such series are contained in the next propo-
sition. Here it will be convenient to center the power series at a = 0,
and to define

R(y)=1{xeR":|xjl <|yl, j=12,...,n}

for y € R"; R(y) is the n-dimensional open rectangle centered at 0
with “corner ”. To avoid trivialities we will assume that each compo-
nent of 7y is nonzero.

1.26 Theorem: Suppose {c,y®} is a bounded set. Then:

(@)  For every multi-index B, the series
> DP(cax®)
04

converges absolutely on R(y) and uniformly on compact subsets
of R(y).

(b)  The function f defined by f(x) = > cqux® for x € R(y) is in-
finitely differentiable on R(y). Moreover,

DFf(x) = > DF(cax®)

[0

for all x € R(y) and for every multi-index B. Furthermore,
co = DXf(0) /! for every multi-index «.

REMARKS: 1. To say the preceding series converges uniformly on
a set means that every ordering of the series converges uniformly on
this set in the usual sense.

2. The theorem shows that every derivative of a real-analytic func-
tion is real analytic, and that if > aqx* = > byx®* for all x in a neigh-
borhood of 0, then ay = b for all «x.

PROOF OF THEOREM 1.26: We first observe that on the rectangle
R((1,1,...,1)), we have

> DP(x*) =DF[(1—x1) M (1 -x2) 7t (1= xpn) 7]

[0

for every multi-index f3, as the reader should verify (start with = 0).
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Now assume that |c,y*| < M for every «. If K is a compact subset
of R(y),then K Cc R(ty) for some t € (0,1). Thus for every x € K and
every multi-index «,

lcax®| < t1¥cqy®| < Mt

By the preceding paragraph, > t/*l = (1 — t)™" < o, establishing the
absolute and uniform convergence of > cyx® on K. Similar reasoning,
with a little more bookkeeping, applies to >’ D?(cyx®). This completes
the proof of (a).

Letting f(x) = > cqx* for x € R(y), the uniform convergence on
compact subsets of R(y) of the series 3 Df(cqx®) for every B shows
that f € C*(R(y)), and that Dff(x) = 3 DP(cyx®) in R(y) for ev-
ery B. The formula for the Taylor coefficients c, follows from this by
computing the derivatives of f at 0. [ ]

A word of caution: Theorem 1.26 does not assert that rectangles
are the natural domains of convergence of multiple power series. For
example, in two dimensions the domain of convergence of Zj‘;l (x1x2)7
is {(x1,x2) € R?: |x1x2]| < 1}.

The next theorem shows that real-analytic functions enjoy certain
properties not shared by all C*-functions.

1.27 Theorem: Suppose Q is connected, f is real analytic in Q, and
f = 0 on a nonempty open subset of Q. Then f =0 in Q.

PROOF: Let w denote the interior of {x € Q: f(x) = 0}. Then w is
an open subset of Q. If a € Q is a limit point of w, then all derivatives
of f vanish at a by continuity, implying that the power series of f at a
is identically zero; hence a € w. Thus w is closed in Q. Because w is
nonempty by hypothesis, we must have w = Q by connectivity, giving
f=0in Q. [ ]

1.28 Theorem: If u is harmonic on Q, then u is real analytic in Q.

PROOF: It suffices to show that if u is harmonic on B, then u has a
power series expansion converging to u in a neighborhood of 0.

The main idea here is the same as in one complex variable—we use
the Poisson integral representation of u and expand the Poisson kernel
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in a power series. Unfortunately the details are not as simple as in the
case of the Cauchy integral formula.

Suppose that [x] <v/2—-1and C € S. Then 0 < |x — C|? < 2, and
thus

P(x,0) = (1—Ix))(Ix-CI>)™? = (1-xI?) > em(xI>-2x-7)™,

m=0

where > _ocm(t — 1)™ is the Taylor series of ¢t~/ 2 on the interval
(0,2), expanded about the midpoint 1. After expanding the terms
(|x]%? = 2x - ©)™ and rearranging (permissible, since we have all of the
absolute convergence one could ask for), the Poisson kernel takes the
form

P(x,C) = > x%qu(T),

for x € (V2—-1)Band C € S, where each g4 is a polynomial. This latter
series converges uniformly on S for each x € (/2 — 1)B.
Thus if u is harmonic on B,

w(x) = Lu(C)P(x,C)do(C)
= Z(L Uqx do)x®

for all x € (~/2 — 1)B. This is the desired expansion of u near 0. [

Unfortunately, the multiple power series at 0 of a function har-
monic on B need not converge in all of B. For example, the function
u(z) =1/(1 — z) is holomorphic (hence harmonic) on the open unit
disk of the complex plane. Writing z = x + iy = (x,y) € R?, we have

u(z)= Y (x+iy)m =3 3 (")xI(iy)m
m=0 m=0 j=0

for z € B>. As a multiple power series, the last sum above converges
absolutely if and only if |x| + |y| < 1, and hence does not converge in
all of By. The reader should perhaps take a moment to meditate on the
difference between the “real-analytic” and “holomorphic” power series
of u.
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As mentioned earlier, the real analyticity of harmonic functions al-
lows us to prove a local maximum principle.

1.29 Local Maximum Principle: Suppose Q is connected, u is real
valued and harmonic on Q, and u has a local maximum in Q. Then u
is constant.

PrOOF: If u has a local maximum at a € Q, then there exists a
ball B(a,r) ¢ Q such that u < u(a) in B(a,r). By Theorem 1.8, u is
constant on B(a,r). Because u is real analytic on Q, u = u(a) in Q by
Theorem 1.27. [}

Knowing that harmonic functions locally have power series expan-
sions enables us to express them locally as sums of homogeneous har-
monic polynomials. This has many interesting consequences, as we will
see later. In the remainder of this section we develop a few basic re-
sults, starting with a brief discussion of homogeneous polynomials.

A polynomial is by definition a finite linear combination of mono-
mials x%. A polynomial p of the form

px)= > cax®

lx|=m

is said to be homogeneous of degree m; here we allow m to be any
nonnegative integer. Equivalently, a polynomial p is homogeneous of
degree m if

p(tx) =t"p(x)

for all t € R and all x € R™. This last formulation shows that a homo-
geneous polynomial is determined by its restriction to S: if p and g are
homogeneous of degree m and p = q on S, then p = g on R". (This
is not true of polynomials in general; for example, 1 — |x|> = 0 on S.)
Note also that if p is a homogeneous polynomial of degree m, then so
is p o T for every linear map T from R™ to R".

It is often useful to express functions as infinite sums of homo-
geneous polynomials. Here is a simple uniqueness result for such
sums.
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1.30 Proposition: Let v > 0. If pm and q., are homogeneous poly-
nomials of degree m, m = 0,1,..., and if

?M%

Pm(x) = z am (x)
0 m=0

for all x € vB (both series converging pointwise in vB), then py, = qm
for every m.

PROOF: Fix € € S. Since the two series above converge and are equal
at each point in v B, we have

D pm@t" = D gm(@)t"
m=0 m=0

forall t € (—7,7). By the uniqueness of coefficients of power series in
one variable, p,, (T) = @ (C) for every m. This is true for every € € S,
and thus p,;, = g@m on S for all m. By the preceding remarks, pm, = gm
on R" for every m. [

Suppose now that u is harmonic near 0. Letting

Dau(O)x,x
!

pPm(x) = Z

lo|=m

we see from Theorem 1.28 that

u(x) = Z Pm(x)

m=0

for x near 0. Because each p,, is homogeneous of degree m, the latter
series is called the homogeneous expansion of u at 0. Remarkably, the
harmonicity of 1 implies that each p,, is harmonic. To see this, observe
that Au = > Apy, = 0 near 0, and that each Ap,, is homogeneous of
degree m — 2 for m > 2 (and is 0 for m < 2). From 1.30 we conclude
Apm = 0 for every m. We have thus represented u near 0 as an infinite
sum of homogeneous harmonic polynomials.

Translating this local result from O to any other point in the domain
of u, we have the following theorem.
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1.31 Theorem: Suppose u is harmonic on Q and a € Q. Then there
exist harmonic homogeneous polynomials py, of degree m such that

(o)

1.32 u(x) = > pmix-a)

m=0

for all x near a, the series converging absolutely and uniformly near a.

Homogeneous expansions are better behaved than multiple power
series. As we will see later (5.34), if u is harmonicon Q and B(a,r) C Q,
then the homogeneous expansion 1.32 is valid for all x € B(a,r).
This is reminiscent of the standard power series result for holomor-
phic functions of one complex variable. Indeed, if u is holomorphic on
Q c R? = C, then by the uniqueness of homogeneous expansions, 1.32
is precisely the holomorphic power series of u on B(a,r).

Origin of the Term “Harmonic”

The word “harmonic” is commonly used to describe a quality of
sound. Harmonic functions derive their name from a roundabout con-
nection they have with one source of sound—a vibrating string.

Physicists label the movement of a point on a vibrating string “har-
monic motion”. Such motion may be described using sine and cosine
functions, and in this context the sine and cosine functions are some-
times called harmonics. In classical Fourier analysis, functions on the
unit circle are expanded in terms of sines and cosines. Analogous ex-
pansions exist on the sphere in R, n > 2, in terms of homogeneous
harmonic polynomials (see Chapter 5). Because these polynomials play
the same role on the sphere that the harmonics sine and cosine play on
the circle, they are called spherical harmonics. The term “spherical har-
monic” was apparently first used in this context by William Thomson
(Lord Kelvin) and Peter Tait (see [18], Appendix B). By the early 1900s,
the word “harmonic” was applied not only to homogeneous polynomi-
als with zero Laplacian, but to any solution of Laplace’s equation.
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Exercises
1. Show that if u and v are real-valued harmonic functions, then

uv is harmonic if and only if Vu - Vv = 0.

2. Suppose Q is connected and u is a real-valued harmonic function
on Q such that u? is harmonic. Prove that u is constant. Is this
still true without the hypothesis that u is real valued?

3. Show that A(|x|f) = t(t + n — 2)|x|2.

4. Laplacian in polar coordinates: Suppose u is a twice continuously
differentiable function of two real variables. Define a function U
by U(r,0) = u(r cos 0, sin 0). Show that

pu- 12 (00, L
S ror\ or r2002°
5. Laplacian in spherical coordinates: Suppose u is a twice continu-

ously differentiable function of three real variables. Define U by
U(p,0,p) =u(psing cos b, psine sinb, p cos ). Show that

a2 (0N, 1@ (. au). 1 @
- p2op P op ) p2sing 0@ (pacp p2sin®g 002"
6. Suppose g is a real-valued function in C2(R") and f € C2(R).

Prove that

A(fog)(x)=f"(gx))IVgx)?+ f(g(x))Ag(x).

7. Show that if u is a positive function in C?(Q) and ¢ is a constant,
then
Ab) = tu'Au + t(t - Dul?|Vul’.

8. Show that if u, v are functions in C2(Q) with u positive, then

AY) = vu" 'Au + u¥ (logw)Av + v(v — DHuv~?|vul?

+u¥(logu)?|Vv|? + 2u” (1 + vlogu)Vu - V.
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10.

11.

12.

13.

14.

15.

16.

17.

Suppose A is an m-by-n matrix of real numbers. Think of each
x € R" as a column vector, so that Ax is then a column vector
in R™. Show that

|Ax|?|Al3 — |AtAx|?
A(lAx]) =
(1Ax]) AX]3 ,

where IAIE is the sum of the squares of the entries of A and A"
denotes the transpose of A.

Let u be harmonic on R?. Show that if f is holomorphic or con-
jugate holomorphic on C, then u o f is harmonic.

Suppose u is real valued and harmonic on B,. For (x,y) € By,
define

y X
v(x,y) = Jo (Diu)(x,t)dt — L) (Dou)(t,0) dt.

Show that u + iv is holomorphic on B».

Suppose u is a harmonic function on Q. Prove that the function
x ~ x - Vu(x) is harmonic on Q. (For a converse to this exercise,
see Exercise 23 in Chapter 5.)

Let T: R™ — R" be a linear transformation such that v o T is
harmonic on R"™ whenever u is harmonic on R™. Prove that T is
a scalar multiple of an orthogonal transformation.

Suppose Q is a bounded open subset of R with smooth bound-
ary and u is a smooth function on Q such that A(Au) = 0 on Q
and u = Dhu = 0 on 0Q. Prove that u = 0.

Suppose that Q is connected and that u is real valued and har-
monic on Q. Show that if u is nonconstant on Q, then u(Q) is
open in R. (Thus u is an open mapping from Q to R.)

Suppose Q is bounded and 0Q is connected. Show that if u is
a real-valued continuous function on Q that is harmonic on Q,
then u(Q) Cc u(o0Q). Is this true for complex-valued u?

A function is called radial if its value at x depends only on |x]|.
Prove that a radial harmonic function on B is constant.
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18.

19.

20.

21.

22.

23.

24.

25.

Give another proof that [¢ P(x,C) do (C) = 1 for every x € B by
showing that the function x ~ [¢ P(x,T) do () is harmonic and
radial on B.

Show that P[f o T] = P[f] o T for every f € C(S) and every
orthogonal transformation T.

Find the Poisson kernel for the ball B(a,R).

Use the mean-value property and its converse to give another
proof that the uniform limit of a sequence of harmonic functions
is harmonic.

Suppose u is a continuous function on Q, and that for each x € Q
there is a sequence of positive numbers #; — 0 such that

1
WX = B ) Lu,mudv

for each j. Prove that u is harmonic on Q.

One-Radius Theorem: Suppose u is continuous on B and that for
every x € B, there exists a positive number v (x) < 1 — | x| such
that

u(x) = Lu(x +7(x)C) do (T).

Prove that u is harmonic on B.

Show that the one-radius theorem fails if the assumption “u is
continuous on B” is relaxed to “u is continuous on B”. (Hint sug-
gested by Walter Rudin: When n = 2, set u(x) = am + by log | x|
on the annulus {1 - 2™ < |x| < 1 — 2-™~1} where the con-
stants a,, by, are chosen inductively. Proceed analogously when
n>2.)

Hopf Lemma: Suppose that u is real valued, nonconstant, and
harmonic on B. Show that if u attains its maximum value on B
at C € S, then there is a positive constant ¢ such that

u(@) —u@rg) =c(l-r)

for all r € (0,1). Conclude that (Dyu)(C) > 0.
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26.

27.

28.

29.

30.

31.

32.

33.

34.

Show that the previous exercise can fail if instead of having a
maximum at C, the restriction u|s has only a strict local maxi-
mum at C. (Hint: Take n = 2 and u(x,y) = x> — y? — 3x.)

Prove that a harmonic function on B whose normal derivative
vanishes identically on S is constant.

Show that the previous result holds if the ball is replaced by a
bounded smooth domain in R™ that has an internally tangent ball
at each boundary point.

Show that a polynomial p is homogeneous of degree m if and
only if x - Vp = mp.

Prove that if p is a harmonic polynomial on R™ that is homoge-
neous of degree m, then p/|x|>™*"2 is harmonic on R" \ {0}.

Suppose that > cqx® converges in R(y). Prove that > cyx* is
real analytic in R(y).

A function u: Q — R™ is called real analytic if each component
of u is real analytic. Prove that the composition of real-analytic
functions is real analytic. Deduce, as a corollary, that sums, prod-
ucts, and quotients of real-analytic functions are real analytic.

Let m be a positive integer. Characterize all real-analytic func-
tions u on R™ such that u(tx) = t"™u(x) for all x € R™ and all
t €R.

Show that the power series expansion of a function harmonic on
R" converges everywhere on R".






CHAPTER 2

Bounded Harmonic
“Functions

Liowville’s Theorem

Liouville’s Theorem in complex analysis states that a bounded holo-
morphic function on C is constant. A similar result holds for harmonic
functions on R™. The simple proof given below is taken from Edward
Nelson’s paper [13], which is one of the rare mathematics papers not
containing a single mathematical symbol.

2.1 Liouville’s Theorem: A bounded harmonic function on R" is
constant.

PROOF: Suppose u is a harmonic function on R", bounded by M.
Let x € R" and let » > 0. By the volume version of the mean-value
property (Theorem 1.6),

[u(x) —u(0)| = v udv

o]
o dv —
(B(0,7)) ‘ B(x,r) u B(O,r)

V(D)
=My Bo,n)’

where D, denotes the symmetric difference of B(x,r) and B(0,r), so
that D, = [B(x,r) UB(0,7)]\ [B(x,7) nB(0,7)]. The last expression
above tends to 0 as ¥ — oo, Thus u(x) = u(0), and so u is constant. m

Liouville’s Theorem leads to an easy proof of a uniqueness theorem
for bounded harmonic functions on open half-spaces. The upper half-

31
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space H = H,, is the open subset of R" defined by
H={xeR":x, > 0}.

In this setting we often identify R" with R”~! xR, writing a typical point
ze€R"as z = (x,y), where x € R"! and y € R. We also identify 0H
with R 1,

A harmonic function on a compact set is determined by its restric-
tion to the boundary (this follows from the maximum principle). How-
ever, a harmonic function on a closed half-space is not determined by
restriction to the boundary. For example, the harmonic function u on H
defined by u(x,y) = v agrees on the boundary of the half-space with
the harmonic function 0. The next result shows that this behavior can-
not occur if we consider only harmonic functions that are bounded.

2.2  Corollary: Suppose u is a continuous bounded function on H that
is harmonic on H. If u = 0 on 0H, then u = 0 on H.

PROOF: For x € R* ! and y < 0, define u(x,y) = —u(x,-y),
thereby extending u to a bounded continuous function defined on all
of R™. Clearly u satisfies the local mean-value property specified in
Theorem 1.24, so u is harmonic on R". Liouville’s Theorem (2.1) now
shows that u is constant on R". [

In Chapter 7 we will study harmonic functions on half-spaces in
detail.

Isolated Singularities

Everyone knows that an isolated singularity of a bounded holomor-
phic function is removable. We now show that the same is true for
bounded harmonic functions.

We call a point a € Q an isolated singularity of any function u de-
fined on Q\ {a}. When u is harmonic on Q\ {a}, the isolated singularity
a is said to be removable if u has a harmonic extension to Q.

2.3 Theorem: An isolated singularity of a bounded harmonic func-
tion is removable.
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PROOF: It suffices to show that if u is bounded and harmonic on
B\ {0}, then u has a harmonic extension to B. Withoutloss of generality,
we can assume that u is real valued. The only candidate for a harmonic
extension of u to B is the Poisson integral P[u|s].

Assume first that n > 2. For € > 0, define the harmonic function v,
on B\ {0} by

Ve(x) = u(x) — Plulsl(x) + (x> - 1).

Observe that as |x| — 1, we have v:(x) — 0 (by 1.17), while the bound-
edness of u shows that v:(x) — o as x — 0. By Corollary 1.10 (with
“lim sup” replaced by “lim inf”), v, > 0 in B\ {0}. Letting ¢ — 0, we
conclude that u — P[u|s] = 0 on B\ {0}. Replacing u by —u, we also
have u — Plu|s] < 0, giving u = P[u|s] on B\ {0}. Thus P[u|s] is the
desired harmonic extension of u to B.

The proof when n = 2 is the same, except that (|x|>~" — 1) should
be replaced by log 1/]x]. [

Cauchy’s Estimates

If f is holomorphic and bounded by M on a disk B(a,*) C C, then

'M
(m) m.
@l = =2
for every nonnegative integer m; these are Cauchy’s Estimates from
complex analysis. The next theorem gives the comparable results for
harmonic functions defined on balls in R™.

2.4 Cauchy’s Estimates: Let « be a multi-index. Then there is a
positive constant Cy such that

Co(M

(6.4
|ID*u(a)| < ol

for all functions u harmonic and bounded by M on B(a,r).

PROOF: We can assume that a = 0. If u is harmonic and bounded
by M on B, then by 1.22 we have
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Du©)] = | | w@DPO,0)do (@)

< Mj ID*P(0,2)| do(Z)
S
= CqM,

where Cy = [¢ ID*P(0,C)|do(T).
If u is harmonic and bounded by M on B(0,r), then applying the
result in the previous paragraph to the r-dilate u, shows that

CaM
rlal *

ID*u(0)| <

Replacing » by r — € and letting € decrease to 0, we obtain the same
conclusion if u is harmonic on the open ball B(0,7) and bounded by
M there. [

Augustin-Louis Cauchy (1789-1857), whose collected works consisting
of 789 mathematics papers fill 27 volumes, made major contributions
to the study of harmonic functions.

The following corollary shows that the derivatives of a bounded har-
monic function on Q cannot grow too fast near 0Q. We let d(a,E)
denote the distance from a point a to a set E.
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2.5 Corollary: Let u be a bounded harmonic function on Q, and let
« be a multi-index. Then there is a constant C such that
C

[D%u(a)l| < W

forall a € Q.

PROOEF: For each a € Q, apply Cauchy’s Estimates (Theorem 2.4)
with v = d(a, 0Q). n

Normal Families

In complex analysis the term normal family refers to a collection
of holomorphic functions with the property that every sequence in the
collection contains a subsequence converging uniformly on compact
subsets of the domain. The most useful result in this area (and the
key tool in most proofs of the Riemann Mapping Theorem) states that
a collection of holomorphic functions that is uniformly bounded on
each compact subset of the domain is a normal family. We now prove
the analogous result for harmonic functions.

2.6 Theorem: If (u,) is a sequence of harmonic functions on Q that
is uniformly bounded on each compact subset of Q, then some subse-
quence of (Uy) converges uniformly on each compact subset of Q.

PROOF: The key to the proof is the following observation: there
exists a constant C < oo such that for all u harmonic and bounded by
M on any ball B(a, 27),

CM
lu(x) —u(a)l < (sup |Vul)lx —al < —|x — a|
B(a,r) 4

for all x € B(a,r). The first inequality is standard from advanced cal-
culus; the second inequality follows from Cauchy’s Estimates (2.4).
Now suppose K C Q is compact, and let r = d(K,0Q)/3. Because
the set Ky, = {x € R" : d(x,K) < 2r} is a compact subset of Q, the
sequence (Uy,) is uniformly bounded by some M < o on K»,. Let
a,x € K and assume |x — a| <. Then x € B(a,r) and |u,| <M on
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B(a,2r) C Ky, for all m, and so we conclude from the first paragraph
that

CM
[Um (x) —um(a)| < 7|X - al

for all m. It follows that the sequence (u4,) is equicontinuous on K.
To finish, choose compact sets

KicKycCc---CQ

whose interiors cover Q. Because (u,,) is equicontinuous on K, the
Arzela-Ascoli Theorem ([15], Theorem 11.28) implies (u,,) contains a
subsequence that converges uniformly on K;. Applying Arzela-Ascoli
again, there is a subsequence of this subsequence converging uniformly
on Ky, and so on. If we list these subsequences one after another in
rows, then the subsequence obtained by traveling down the diagonal
converges uniformly on each K;, and hence on each compact subset
of Q. [ ]

Note that by Theorem 1.23, the convergent subsequence obtained
above converges to a harmonic function; furthermore, every partial
derivative of this subsequence converges uniformly on each compact
subset of Q.

Theorem 2.6 is often useful in showing that certain extrema exist.
For example, if a € Q, then there exists a harmonic function v on Q
such that |v| < 1 on Q and

IVv(a)| = sup{|Vu(a)|: u is harmonic on Q and |u| < 1 on Q}.

Maximum Principles

Corollary 1.10 is the maximum principle in its most general form.
It states that if u is a real-valued harmonic function on Q and u < M
at the “boundary” of Q, then u < M on Q. The catch is that we need to
consider c as a boundary point. (Again, the function u(x,y) = v on
H shows why this is necessary.) Often it is possible to ignore the point
at infinity when u is bounded; the next result shows that this is always
possible in two dimensions.
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2.7  Theorem: Suppose Q C R%2 and Q # R2. If u is a real-valued,
bounded harmonic function on Q satisfying

2.8 limsupu(ax) <M

k— oo

for every sequence (ay) in Q converging to a point in 0Q), then u < M
on Q.

PROOF: Because Q # R2, 9Q is not empty. Let € > 0, and choose
a sequence in Q converging to a point in 0Q. By hypothesis, u is less
than M + ¢ on the tail end of this sequence. It follows that there is a
closed ball B(a,r) c Q on which u < M + «.

Define Q' = Q \ B(a,r), and set

v(z) =log ‘q‘

for z € Q'. Then v is positive and harmonic on Q', and v(z) — o as
z — oo within Q.
For t > 0, we now define the harmonic function w; on Q' by

Wie=u-M-—¢€—1tv.

By 2.8 and the preceding remarks, lim supy_.. w;(ax) < 0 for every se-
quence (ayg) in Q' converging to a point in 0Q’, while the boundedness
of u on Q" shows that w;(ay) — —o for every sequence (ay) converg-
ing to oo within Q'. By Corollary 1.10, w; < 0 on Q'.

Wenowlett — Otoobtainu <M+ & on Q. Because u < M + ¢
on B(a,r), we have u < M + ¢ on all of Q. Finally, since ¢ is arbitrary,
u <M on Q, as desired. [

The higher-dimensional analogue of Theorem 2.7 fails. For an ex-
ample, let Q = {x e R": |x| > 1} and set u(x) =1 — |x|2". If n > 2,
then u is a bounded harmonic function on Q that vanishes on 0Q but
is not identically 0 on Q. (In fact, u is never zero on .)

The proof of Theorem 2.7 carries over to higher dimensions except
for one key point. Specifically, when n = 2, there exists a positive
harmonic function v on R” \ B such that v(z) — o as z — c. When
n > 2, there exists no such v; in fact, every positive harmonic function
on R™ \ B has a finite limit at co when 7 > 2 (Theorem 4.10).
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The following maximum principle is nevertheless valid in all dimen-
sions. Recall that H,, denotes the upper half-space of R™.

2.9 Theorem: Suppose QO C Hy,. If u is a real-valued, bounded
harmonic function on Q satisfying

limsupu(ayx) <M

k—oo

for every sequence (ay) in Q converging to a point in 0Q), then u < M
on Q.

PROOF: For (x,y) € Q, define

n-1

vix,y) = Z log(xx® + (v + 1)?).
k=1

Then v is positive and harmonic on Q, and v(z) — o as z — c within
H,,. Having obtained v, we can use the ideas in the proof of Theorem 2.7
to finish the proof. The details are even easier here and we leave them
to the reader. [ ]

Limits Along Rays

We now apply some of the preceding results to study the boundary
behavior of harmonic functions defined in the upper half-plane H,. We
will need the notion of a nontangential limit, which for later purposes
we define for functions on half-spaces of arbitrary dimension.

Given a € R" ! and « > 0, set

Ix(a) = {(x,¥) € Hy:|x —al <ay}.

Geometrically, I'x(a) is a cone with vertex a and axis of symmetry par-
allel to the y-axis.

We have I'y(a) C Ig(a) if @ < B, and H, is the union of the sets
I['x(a) as « ranges over (0, «).

A function u defined on H,, is said to have a nontangential limit L at
a e R Lif for every & > 0, u(z) — L as z — a within I'y(a). The term
“nontangential” is used because no curve in I'y(a) that approaches a
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R

Ta(a)

R‘Vl*l

The cone IT'y(a).

can be tangent to 0H,,. Exercise 17 of this chapter shows that abounded
harmonic function on H;, can have a nontangential limit at a point of
J0H,, even though the ordinary limit does not exist at that point.

The following theorem for bounded harmonic functions on H» as-
serts that a nontangential limit can be deduced from a limit along a
certain one-dimensional set.

2.10 Theorem: Suppose that u is bounded and harmonic on H,. If
0< 01 <60 <1 and

limu(re®) = L = lim u(ret??),
r—0 r—-0
then u has nontangential limit L at 0.

PROOF: We may assume L = 0.

If the theorem is false, then for some « > 0, u(z) fails to have
limit 0 as z — 0 within I'y (0). This means that there exists an € > 0 and
a sequence (z;) tending to 0 within I'y(0) such that

2.11 lu(z;)| > ¢

for all j.
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Define K = [-«, ] x {1}, and write z; = ¥jwj, where w; € K and
rj > 0. Because z; — 0, we have r; — 0.

Setting u;(z) = u(r;z), note that (u;) is a uniformly bounded se-
quence of harmonic functions on H». By Theorem 2.6, there exists a
subsequence of (u;) that converges uniformly on compact subsets of
H> to a bounded harmonic function v on H»; for simplicity we denote
this subsequence by (u;) as well.

Examining the limit function v, we see that

v(re'?) = lim uj(re“’l) = lim u(rjreiel) =0
joo joo
for all ¥ > 0. Similarly, v(re'?2) = 0 for all » > 0. The reader may now
be tempted to apply Theorem 2.7 to the region between the two rays;
unfortunately we do not know that v(z) — 0as z — 0 between the given
rays. We avoid this problem by observing that the function z — v(e?)
is bounded and harmonic on the strip Q = {z =x + iy : 0; <y < 02},
and that v(e?) extends continuously to Q with v(e?) = 0 on 0Q. By
Theorem 2.7, v(e?) = 0 on , and thus v = 0 on H».

The sequence (uj) therefore converges to 0 uniformly on compact
subsets of Hp. In particular, u; — O uniformly on K. It follows that
uj(wj) =u(z;) — 0as j — oo, contradicting 2.11. n

Does a limit along one ray suffice to give a nontangential limit in
Theorem 2.10? To see that the answer is no, consider the bounded
harmonic function u on H, defined by u(re'?) = 0 for 0 € (0, 1r). This
function has a limit along each ray in H, emanating from the origin, but
different rays yield different limits. (One ray will suffice for a bounded
holomorphic function; see Exercise 22 of this chapter.)

Bounded Harmonic Functions on the Ball

In the last chapter we defined the Poisson integral P[f] assuming
that f is continuous on S. We can easily enlarge the class of functions
f for which P[f] is defined. For example, if f is a bounded (Borel)
measurable function on S, then

PLFI(x) = Lf@P(x, 2) do (Z)
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defines a bounded harmonic function on B; we leave the verification to
the reader.

Allowing bounded measurable boundary data gives us many more
examples of bounded harmonic functions on B than could otherwise
be obtained. For example, in Chapter 6 we will see that the extremal
function in the Schwarz Lemma for harmonic functions is the Poisson
integral of a bounded discontinuous function on S. In that chapter we
will also prove a fundamental result (Theorem 6.13): given a bounded
harmonic function u on B, there exists a bounded measurable f on S
such that u = P[f] on B.
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Exercises

1. Give an example of a bounded harmonic function on B that is not
uniformly continuous on B.

2. (a) Suppose u is a harmonic function on B \ {0} such that
Ix"?u(x) -0 asx — 0.

Prove that u has a removable singularity at 0.
(b) Suppose u is a harmonic function on B> \ {0} such that

u(x)/log|x| -0 asx - 0.

Prove that u has a removable singularity at 0.

3. Suppose that u is harmonic on R" and that u(x,0) = 0 for all
x € R*"1, Prove that u(x,-y) = —u(x,y) for all (x,y) € R™.

4, Under what circumstances can a function harmonic on R” vanish
on the union of two hyperplanes?

5. Use Cauchy’s Estimates (Theorem 2.4) to give another proof of
Liouville’s Theorem (Theorem 2.1).

6. Let K be a compact subset of Q and let & be a multi-index. Show
that there is a constant C = C(Q, K, &) such that

ID*u(a)| < Csupf{lu(x)|:x € Q}

for every function u harmonic on Q and every a € K.

7. Suppose u is harmonic on R"™ and |u(x)| < A(1 + |x|P) for all
x € R"™, where A is a constant and p > 0. Prove that u is a
polynomial of degree at most p.

8. Prove if (u,) is a pointwise convergent sequence of harmonic
functions on Q that is uniformly bounded on each compact sub-
set of Q, then (u,,) converges uniformly on each compact subset
of Q.

9. Show that if u is the pointwise limit of a sequence of harmonic
functions on Q, then u is harmonic on a dense open subset of Q.
(Hint: Baire’s Theorem.)
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10.

11.

12.

13.

14.

15.

16.

Let u be a bounded harmonic function on B. Prove that

sup(l — [x])|Vu(x)| < oo.
xX€B

The set of harmonic functions u on B satisfying the inequality
in Exercise 10 is called the harmonic Bloch space. Prove the har-
monic Bloch space is a Banach space under the norm defined by

lull = sup(1 — [x[) IVu(x)| + [u(0)].

X€EB

Give an example of an unbounded harmonic function in the har-
monic Bloch space.

Prove that if u is in the harmonic Bloch space and « is a multi-
index with || > 0, then

sup(1 — |x])'¥D*u(x)| < oo.
X€EB

For a € B, let B, denote the ball centered a with radius 1’2‘“‘

Prove that if u is harmonic on B, then u is in the harmonic Bloch
space if and only if

1
su
Seb V(Ba) Js.

lu —u(a)ldV < oo.
Let ‘U denote the set of harmonic functions u on B such that
u(0) =0 and

sup(1l — |x|)|Vu(x)| < 1.

X€EB

Prove that there exists a function v € ‘U such that

j V(C/2) do(©) = sup [ 1u(C/2)] do (D).
S ueuJs

Suppose Q C H, and that u is a continuous bounded function
on Q that is harmonic on Q. Prove that if u = 0 on 0Q, then
u=0onQ.
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17.

18.

19.

20.

21.

22.

23.

24.

25.

Let f(z) = e"/2, Show that f is abounded holomorphic function
on H», that f has a nontangential limit at the origin, but that f
does not have a limit along some curve in H terminating at the
origin.

Suppose 0 < 0; < 02 < 1w and Ly,L, € C. Show that there is a
bounded harmonic function u on H» such that u(vei%) — L, as
r—-0fork=1,2.

Suppose u is a bounded harmonic function on H, with limits at 0
along two distinct rays. Specifically, suppose

limu(reif) = L
r—0

for k = 1,2, where 0 < 0; < 0> < 1. Show that lim,_ u(re'?)
exists for every 0 € (0, 1), and evaluate this limit as a function
of 6.

Define f(z) = e!1°8Z where logz denotes the principal-valued
logarithm. Show that f is a bounded holomorphic function on
H; whose real and imaginary parts fail to have a limit along every
ray in H, emanating from the origin.

Let 8y € (0,7r). Prove that there exists a bounded harmonic
function u on H, such that lim,_¢u(re'?) exists if and only if
0 = 0y. (Hint: Do this first for 8y = 1/2 by letting u(z) =
Ree?198Z and considering u(x,y) — u(-x,y).)

Let f be a bounded holomorphic function on H,, and suppose
lim, o f(re'?) exists for some @ € (0,7r). Prove that f has a
nontangential limit at O.

Let u be a bounded harmonic function on H3 that has the same
limit along two distinct rays in H3 emanating from 0. Need u
have a nontangential limit at 0?

Prove that when n > 2 there does not exist a harmonic function
v on R" \ B such that v(z) — o as z — .

Let K denote a compact line segment contained in B3. Show that
every bounded harmonic function on B3 \ K extends to be har-
monic on Bs.



CHAPTER 3

Positive Harmonic Functions

This chapter focuses on the special properties of positive harmonic
functions. We will describe the positive harmonic functions defined
on all of R™ (Liouville’s Theorem), show that positive harmonic func-
tions cannot oscillate wildly (Harnack’s Inequality), and characterize
the behavior of positive harmonic functions near isolated singularities
(Bocher’s Theorem).

Liowville’s Theorem

In Chapter 2 we proved that a bounded harmonic function on R" is
constant. We now improve that result. In Chapter 9 we will improve
even the result below (see 9.10).

3.1 Liouville’s Theorem for Positive Harmonic Functions: A posi-
tive harmonic function on R" is constant.

PROOF: The proof is a bit more delicate than that given for bounded
harmonic functions. Let u be a positive harmonic function defined
on R". Fix x € R". Let v > |x/|, and let D, denote the symmetric
difference of the balls B(x,r) and B(0,7). The volume version of the
mean-value property (1.6) shows that

1
u(x) —u(0) = W[JB(X,T) udv — JB(O,T) ud\/].

45
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Because the integrals of u over B(x,7) n B(0,r) cancel (see 3.2), we
have

lu(x) —u(0)| < ! J udv

V(B(0,7)) Jp
o)
R
V(B(0,%)) JBOr+1x)\BO,r—Ix])
1
e av — av
V(B(O,T))[L;(o,rﬂx\)u B(O,r—\x\)u ]

(r+[xD" - (r—|x)"
rn )

udv

=u(0)

Note that the positivity of # was used in the first inequality.
Now letting ¥ — oo, we see that u(x) = u(0), proving that u is
constant. |

r+ x|

3.2 The symmetric difference D, (shaded) of B(x,v) and B(0,7).

Liouville’s Theorem for positive harmonic functions leads to an easy
proof that a positive harmonic function on R? \ {0} is constant.

3.3 Corollary: A positive harmonic function on R? \ {0} is constant.

PROOF: If u is positive and harmonic on R? \ {0}, then the function
z — u(e?) is positive and harmonic on R2? (= C) and hence (by 3.1) is
constant. This proves that u is constant. [
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The higher-dimensional analogue of Corollary 3.3 fails; for example,
the function |x|2~" is positive and harmonic on R \ {0} when n > 2.
We will classify the positive harmonic functions on R" \ {0} for n > 2
after the proof of Bocher’s Theorem; see Corollary 3.14.

Harnack’s Inequality and
Harnack’s Principle

Positive harmonic functions cannot oscillate too much on a com-
pact set K ¢ Q if Q is connected; the precise statement is Harnack’s
Inequality (3.6). We first consider the important special case where Q
is the open unit ball.

3.4 Harnack’s Inequality for the Ball: If u is positive and harmonic
on B, then

1-|x] 1+ |x|

(U Pyt O =100 = G ©)

for all x € B.

PROOF: If u is positive and harmonic on the closed unit ball B,
then

u(x) = Plulsl(x)

2
- [ w0 do@)
1-1x]2
(1= |x)n
1+ |x]|

= A= jxpn 1@

Lu(c) do (©)

for all x € B. If u is positive and harmonic on B, apply the estimate
above to the dilates u, and take the limit as » — 1. This gives us
the second inequality of the theorem. The first inequality is proved
similarly. [
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Define x(t) = (1-8)/(1+8)" Land B(t) = (1+t)/(1-t)" L. Aftera
translation and a dilation, 3.4 tells us that if u is positive and harmonic
on B(a,R),and |x — a|] < ¥ <R, then

3.5 a(r/R)u(a) <u(x) < B(r/R)u(a).

3.6 Harnack’s Inequality: Suppose that Q) is connected and that K
is a compact subset of Q. Then there is a constant C € (1, c0) such that

1 < u(y)

u(x)SC

)

for all points x and v in K and all positive harmonic functions u on Q.

PROOF: We will prove that there is a constant C € (1, ) such that
u(y)/u(x) < C for all x, y € K and all positive harmonic functions u
on Q. Because x and y play symmetric roles, the other inequality will
also hold.

For (x,y) € Q x Q, define

s(x,y) =supf{u(y)/u(x) : u is positive and harmonic on Q}.

We first show that s < o on Q x Q.
Fix x € Q, and define

E={yeQ:s(x,y) < o}.

Because x € E, E is not empty. If v € E, we may choose v > 0 such
that B(y,2r) C Q. By 3.5, u < B(1/2)u(y) on B(y,r) for all positive
harmonic functions u on Q. We then have B(y,r) C E, proving that E
is open. If z € Q) is a limit point of E, there existsan+ > 0anday € E
such that z € B(y,r) € B(y,2r) C Q. By 3.5, u(z) < (1/2)u(y) for
all positive harmonic functions u on Q. We then have z € E, proving
that E is closed. The connectivity of Q therefore shows that E = Q.

We now know that s is finite at every point of Q x Q. Let K C Q be
compact, and let (a,b) € K x K. Then by 3.5,

uly) _ B(1/2)u(b) _ B(/2)
ulx)  o(l/2)u(a) — «(1/2)

s(a,b)
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for all (x, y) in a neighborhood of (a, b), and for all positive harmonic
functions # on Q. Because K x K is covered by finitely many such
neighborhoods, s is bounded above on K X K, as desired. [

Note that the constant C in 3.6 may depend upon Q and K, but that
C is independent of x, y, and u.

An intuitive way to remember Harnack’s Inequality is shown in 3.7.
Here we have covered K with a finite chain of overlapping balls (possi-
ble, since Q) is connected); to compare the values of a positive harmonic
function at any two points in K, we can think of a finite chain of inequal-
ities of the kind expressed in 3.5.

3.7 K covered by overlapping balls.

Harnack’s Inequality leads to an important convergence theorem for
harmonic functions known as Harnack’s Principle. Consider a mono-
tone sequence of continuous functions on Q. The pointwise limit of
such a sequence need not behave well—it could be infinite at some
points and finite at other points. Even if it is finite everywhere, there
is no reason to expect that our sequence converges uniformly on every
compact subset of Q. Harnack’s Principle shows that none of this bad
behavior can occur for a monotone sequence of harmonic functions.

3.8 Harnack’s Principle: Suppose Q) is connected and (u,,) is a point-
wise increasing sequence of harmonic functions on Q. Then either (Uqy,)
converges uniformly on compact subsets of Q to a function harmonic
on Q or Uy, (x) — oo for every x € Q.
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PROOF: Replacing u, by Uy — ug + 1, we can assume that each uy,
is positive on Q. Set u(x) = limy, . Um (x) for each x € Q.

First suppose u is finite everywhere on Q. Let K be a compact subset
of Q. Fix x € K. Harnack’s Inequality (3.6) shows there is a constant
C € (1, ) such that

Um (V) — ur(y) < Cum(x) — ug(x))

for all y € K, whenever m > k. This implies (u4,) is uniformly Cauchy
on K, and thus u,, — u uniformly on K, as desired. Theorem 1.23
shows that the limit function u is harmonic on Q.

Now suppose u(x) = o for some x € Q. Let y € Q. Then Harnack’s
Inequality (3.6), applied to the compact set K = {x, v}, shows that there
is a constant C € (1, ) such that u,,(x) < Cuu(y) for every m.
Because U, (x) — oo, we also have 1, () — o, and so u(y) = c. This
implies that u is identically o on Q. ]

Isolated Singularities

In this section we prove Bocher’s Theorem, which characterizes the
behavior of positive harmonic functions in the neighborhood of an iso-
lated singularity. Recall that when n = 2, the function log(1/|x]) is
positive and harmonic on B\ {0}, while when n > 2, the function |x|2~"
is positive and harmonic on B \ {0}. Roughly speaking, Bocher’s Theo-
rem says that near an isolated singularity, a positive harmonic function
must behave like one of these functions.

3.9 Bocher’s Theorem: If u is positive and harmonic on B\ {0}, then
there is a function v harmonic on B and a constant b > 0 such that

v(x)+blog(l/|x|) ifn=2
u(x) = o _
Vv(x)+ blx|c " if n>2

for all x € B\ {0}.

The next three lemmas will be used in the proof of Bocher’s The-
orem (our proof of Bocher’s Theorem is taken from [3], which also
contains references to several other proofs of this result). The first
lemma describes the spherical averages of a function harmonic on a
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punctured ball. Given a continuous function u defined on B \ {0}, we
define A[u](x) to be the average of u over the sphere of radius |x|:

Alul(x) = Luuxm) Ao (C)

for x € B\ {0}.

3.10 Lemma: Suppose u is harmonic on B \ {0}. Then there exist
constants a,b € C such that

a+blog(l/|x]) ifn=2

a+blx|?™ ifn>?2

Alul(x) = {

for all x € B\ {0}. In particular, A[u] is harmonic on B \ {0}.

PROOF: Let ds denote surface-area measure (unnormalized). Define
fon (0,1) by

For) = Lu(r;) ds(0);

so A[u](x) is a constant multiple of f(|x|). Because u is continuously
differentiable on B \ {0}, we can compute f’ by differentiating under
the integral sign, obtaining

f'(r) = L C-(Vu)rQ)ds() =rT" LST - (Vu)(t)ds(T).

Suppose 0 < 1g <713 <land Q = {x € R" : 1y < |x| < r1}. The
divergence theorem, applied to Vu, shows that

J n-vuds =J AudvV;
3Q Q

here n denotes the outward unit normal on Q. Because u is harmonic
on Q, the right side of this equation is 0. Note also that 0Q = oS U S
and thatn = —71/7rpon1yS and n = 7/¥; on | S. Thus the last equation
above implies that

1 T-(Vu)(t)ds(t) = ij T-(Vu)(t)ds(t),
Yo JroS 1 Jns

which means f’(r) is a constant multiple of =" (for 0 < v < 1). This
proves f(v) is of the desired form. [ ]
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An immediate consequence of the lemma above is that every radial
harmonic function on B \ {0} is of the form given by the conclusion
of 3.10 (a function is radial if its value at x depends only on |x|). Proof:
if u isradial, then u = A[u]. (For another proof, see Exercise 13 of this
chapter.)

The next lemma is a version of Harnack’s Inequality that allows x
and y to range over a noncompact set provided |x| = |y]|.

3.11 Lemma: There exists a constant ¢ > 0 such that for every positive
harmonic function u on B \ {0},

cu(y) <u(x)
whenever 0 < |x| = |y| <1/2.

PROOF: Harnack’s Inequality (3.6), with Q = B\ {0} and K = (1/2)S,
shows there is a constant ¢ > 0 such that for all positive harmonic u
on B\ {0}, we have cu(y) < u(x) whenever |x| = |y| = 1/2. Applying
this result to the dilates u,,0 < ¥ < 1, gives the desired conclusion. m

The following result characterizes the positive harmonic functions
on B\ {0} that are identically zero on S. This is really the heart of our
proof of Bocher’s Theorem.

3.12 Lemma: Suppose u is positive and harmonic on B \ {0} and
u(x) — 0 as |x| — 1. Then there exists a constant b > O such that

{blog(l/lxl) ifn=2
u(x) = ]
b|x|?n ifn>?2

for all x € B\ {0}.

PROOF: By Lemma 3.10, we need only show that u = A[u] on B\ {0}.
Suppose we could show that u > A[u] on B\ {0}. Then if there were a
point x € B\ {0} such that u(x) > A[u](x), we would have

Alul(x) > A[Alul](x) = Alul(x),

a contradiction. Thus we need only prove that u > A[u] on B\ {0},
which we now do.
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Let ¢ be the constant of Lemma 3.11. By Lemma 3.10, u — cA[u] is
harmonic on B\ {0}. By Lemma 3.11, u(x) — cA[u](x) > 0 whenever
0<|x| <1/2, and clearly u(x) — cA[lu](x) — 0 as |x| — 1 by our
hypothesis on u. The minimum principle for harmonic functions (1.10)
thus shows that u — cA[u] > 0 on B\ {0}.

We wish to iterate this result. For this purpose, define

gt)y=c+t(l-c)
for t € [0, 1]. Suppose we know that
3.13 w=u-—-tA[u] >0

on B\ {0} for some t € [0, 1]. Since w(x) — 0 as |x| — 1, the preceding
argument may be applied to w, yielding

w—cAlw]=u-g{t)Alu] >0

on B\ {0}. This process may be continued. Letting g™ denote the m®
iterate of g, we see that 3.13 implies

u—-g™(t)Alul >0

on B\ {0} form = 1,2,.... But g™ (t) - 1 as m — o for every
t € [0,1], so that 3.13 holding for some t € [0, 1] implies u — A[u] = 0
on B\ {0}. Since 3.13 obviously holds when t = 0, we have u—A[u] = 0
on B\ {0}, as desired. [

Now we are ready to prove Bocher’s Theorem (3.9).

PROOF OF BOCHER’S THEOREM: We first assume that n > 2 and that
u is positive and harmonic on B \ {0}. Define a harmonic function w
on B\ {0} by

w(x) =u(x) - Plulsl(x) + |x>" - 1.

As |x| — 1, we have w(x) — 0 (by 1.17), and as |x| — 0, we have
w(x) — oo (because u is positive and P[u|s] is bounded on B \ {0}).
By the minimum principle (1.10), we conclude that w is positive on
B\ {0}.
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Lemma 3.12, applied to w, shows that u(x) = v(x) + b|x|>" on
B\ {0} for some v harmonic on B and some constant b. Now letting
x — 0, we see that the positivity of u implies that b > 0; we have thus
proved Bocher’s Theorem in the case where u is positive and harmonic
on B\ {0}.

For the general positive harmonic u on B \ {0}, we may apply the
result above to the dilate u(x/2), so that

u(x/2) = v(x) + b|x|?™

on B\ {0} for some v harmonic on B and some constant b > 0. This
implies that
u(x) = v(2x) + b22 x>

on (1/2)B\ {0}, which shows that u(x) —b22-"|x|2~" extends harmon-
ically to (1/2)B, and hence to B. Thus the proof of Bocher’s Theorem
is complete in the case where n > 2. The proof of the n = 2 case is the
same, except that log(1/|x|) should be replaced by |x|?~". [

In Chapter 9, in the section Bocher’s Theorem Revisted, we will see
another approach to this result.

We conclude this section by characterizing the positive harmonic
functions on R™\ {0} for n > 2. (Recall that by 3.3, a positive harmonic
function on R? \ {0} is constant.)

3.14 Corollary: Suppose n > 2. If u is positive and harmonic on
R" \ {0}, then there exist constants a,b > 0 such that

u(x) =a+blx|>™
for all x € R™\ {0}.

PROOF: Suppose u is positive and harmonic on R™ \ {0}. Then on
B\ {0} we may write

u(x) = v(x) + b|x|>™"

as in Bocher’s Theorem (3.9). The function v extends harmonically to
all of R" by setting v(x) = u(x) — b|x|>~" for x € R" \ B. Because
liminfy_. v(x) = 0, the minimum principle (1.10) implies that v is
nonnegative on R". By 3.1, v is constant, completing the proof. [ ]
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Positive Harmonic Functions on the Ball

At the end of Chapter 2 we briefly discussed how it is possible to
define P[ f] when f is not continuous, and indicated that it was neces-
sary to do so in order to characterize the bounded harmonic functions
on B. A similar idea works for positive harmonic functions on B—given
a positive finite Borel measure u on S, we can define

Plul(x) = Lm,c) Au ()

for x € B. The function so defined is positive and harmonic on B,
as the reader can check by differentiating under the integral sign or
by using the converse to the mean-value property. In Chapter 6 we
will show (see 6.15) that every positive harmonic function on B is the
Poisson integral of a measure as above. Many important consequences
follow from this characterization, among them the result (see 6.44)
that every positive harmonic function on B has boundary values almost
everywhere on S, in a sense to be made precise in Chapter 6.
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Exercises
1. Use 3.5 to give another proof of Liouville’s Theorem for positive

harmonic functions (3.1).

2. Can equality hold in either of the inequalities in Harnack’s In-
equality for the ball (3.4)?

3. Show that for every multi-index « there exists a constant C such

that
Cxu(0)

(1 = [x|)ledsn-t

ID%u(x)| <

for every x € B and every positive harmonic u on B. Use this to
give another proof of Liouville’s Theorem for positive harmonic
functions.

4, Let Q be an open square in R2. Prove that there exists a positive
harmonic function u on Q such that u(z)d(z, 0Q) is unbounded
on Q.

5. Define s on Q x Q by
s(x,y) =sup{u(y)/u(x) : u is positive and harmonic on Q}.

Prove that s is continuous on Q x Q.

6. Suppose u is positive and harmonic on the upper half-space H.
Prove that if z € H and u is bounded on the ray {rz : v > 0},
then u is bounded in the cone I'y(0) for every « > 0.

7. Suppose u is positive and harmonic on the upper half-space H,
z € H, and u(rz) - L as v — 0, where L € [0,]. Show that
if L = o, then u has nontangential limit c at 0. Prove a similar
result for the case L = 0. Show that u need not have a nontan-
gential limit at 0 if L € (0, o0).

8. Prove the analogue of Theorem 2.10 for positive harmonic func-
tions on H; with a common limit along two distinct rays.

9. Suppose u is positive and harmonic on H. Show that u has non-
tangential limit L at O if and only if lim;, .o u(¥z) = L for every
z e H.
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10.

11.

12.

13.

14.

15.

16.

17.

Show that if pointwise divergence to o occurs in Harnack’s Prin-
ciple (3.8), then the divergence is “uniform” on compact subsets
of Q.

Prove that a pointwise convergent sequence of positive harmonic
functions on Q converges uniformly on compact subsets of .

Suppose Q is connected and (u,,) is a sequence of positive har-
monic functions on Q. Show that at least one of the following
statements is true:

(a) (u;,) contains a subsequence diverging to co pointwise on Q;

(b) (u4,) contains a subsequence converging uniformly on com-
pact subsets of Q.

Suppose that u is a radial function in C2(B \ {0}). Let g be the
function on (0,1) defined by g(|x|) = u(x). Compute Au in
terms of g and its derivatives. Use this to prove that a radial
harmonic function on B \ {0} must be of the form given by the
conclusion of 3.10.

Prove that the constant b and the function v in the conclusion
of Bécher’s Theorem (3.9) are unique.

Suppose n > 2. Assume a € Q and u is harmonic on Q \ {a}.
Show that if u is positive on some punctured ball centered at a,
then there exists a nonnegative constant b and a harmonic func-
tion v on Q such that u(x) = b|x —al*> " +v(x) on Q\ {a}.

(a) Suppose n > 2. Let u be harmonic on B \ {0}. Show that if
liminf u (x)|x|" 2 > —oo,
x—0

then there exists a function v harmonic on B and a constant
b such that u(x) = b|x|2 " + v(x) on B.

(b) Formulate and prove a similar result for n = 2.

Let A = {a;,ay,...} denote a discrete subset of R". Characterize
the positive harmonic functions on R™ \ A.






CHAPTER 4

The Kelvin Transform

The Kelvin transform performs a role in harmonic function the-
ory analogous to that played by the transformation f(z) — f(1/z)
in holomorphic function theory. For example, it transforms a function
harmonic inside the unit sphere into a function harmonic outside the
sphere. In this chapter, we introduce the Kelvin transform and use it
to solve the Dirichlet problem for the exterior of the unit sphere and to
obtain a reflection principle for harmonic functions. Later, we will use
the Kelvin transform in the study of isolated singularities of harmonic
functions.

Inversion in the ‘Unit Sphere

When studying harmonic functions on unbounded open sets, we will
often find it convenient to append the point  to R". We topologize
R™ U {c0} in the natural way: a set w C R"™ U {0} is open if it is an
open subset of R" in the ordinary sense or if w = {oo} U (R™ \ E),
where E is a compact subset of R™. The resulting topological space
is compact and is called the one-point compactification of R™. Via the
usual stereographic projection, R U {o} is homeomorphic to the unit
sphere in R"*1,

The map x — x*, where

x/|x)? ifx #0,c
x*=40 ifx =0

I ifx=0

59
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is called the inversion of R™ U {o} relative to the unit sphere. Note
that if x ¢ {0, o0}, then x* lies on the ray from the origin determined
by x, with |[x*| = 1/|x|. The reader should verify that the inversion
map is continuous, is its own inverse, is the identity on S, and takes a
neighborhood of o onto a neighborhood of 0.

For any set E C R" U {0}, we define E* = {x* : x € E}.

The inversion map preserves the family of spheres and hyperplanes
in R™ (if we adopt the convention that the point o belongs to every
hyperplane). To see this, observe that a set E C R" is a nondegenerate
sphere or hyperplane if and only if

4.1 E={xeR":alx|?+b-x+c =0},

where b € R" and a, ¢ are real numbers satisfying |b|? — 4ac > 0. We
easily see that if E has the form 4.1, then E* has the same form (with
the roles of a and c reversed); inversion therefore preserves the family
of spheres and hyperplanes, as claimed.

Recall that a Cl-map ¥: Q — R" is said to be conformal if it pre-
serves angles between intersecting curves; this happens if and only if
the Jacobian ¥’ (x) is a scalar multiple of an orthogonal transformation
for each x € Q.

4.2 Proposition: The inversion x — x* is conformal on R™ \ {0}.

PROOF: Set ¥(x) = x* = x/|x|%. Fix y € R"\ {0}. Choose an or-
thogonal transformation T of R" such that Ty = (|»|[,0,...,0). Clearly

Y=T10¥oT,

sothat V' (y) = T 1o ¥ (T(y)) o T.

Thus to complete the proof we need only show that ¥’ (T (y)), which
equals ¥'(]y1,0,...,0), is a scalar multiple of an orthogonal transfor-
mation. However, a simple calculation, which we leave to the reader,
shows that the matrix of ¥'(|y/|,0,...,0) is diagonal, with —1/|y|? in
the first position and 1/|y|? in the other diagonal positions. Hence the
proof of the proposition is complete. [ ]
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Motivation and Definition

Suppose E is a compact subset of R™. If u is harmonic on R" \ E, we
naturally regard o as an isolated singularity of . When should we say
that u has a removable singularity at «? There is an obvious answer
when n = 2, because here the inversion x — x* preserves harmonic
functions: if Q c R?\ {0} and u is harmonic on Q, then the function
x — u(x*) is harmonic on Q*. (Note that on R? = C, inversion is the
map z — 1/z.) When n = 2, then, we say that u is harmonic at o
provided the function x — u(x*) has a removable singularity at 0.

Unfortunately, the inversion map does not preserve harmonic func-
tions when n > 2 (consider, for example, u(x) = |x|2~"). Nevertheless,
there is a transformation involving the inversion that does preserve har-
monic functions for all n > 2; it is called the Kelvin transformation in
honor of Lord Kelvin who discovered it in the 1840s [17].

We can guess what this transformation is by applying the symme-
try lemma to the Poisson kernel. Fixing € € S, recall that P(-,Q) is
harmonic on R" \ {T} (1.18). By the symmetry lemma (1.13), we have

Ix-Cl=|IxI"1x - IxIC|

for all x € R™\ {0}. Applying this to P(x,C) = (1 — |x|%)/|x = C|", we
easily compute that

4.3 P(x,C) = —|x|>"P(x*,Q)

for all x € R"\ {0,C}. The significant fact here is that the right side
of 4.3 is a harmonic function of x on R™ \ {0, C}. Except for the minus
sign, the definition of the Kelvin transformation is staring us in the
face.

Thus, given a function u defined on a set E ¢ R" \ {0}, we define
the function K[u] on E* by

K[ul(x) = x> "u(x*);

the function K[u] is called the Kelvin transform of u. Note that when
n=2,Klullx)=u(x*).

We easily see that K[K[u]] = u for all functions u as above; in other
words, the Kelvin transform is its own inverse.
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The transform K is also linear—if u, v are functions on E and b, ¢
are constants, then K[bu + cv] = bK[u] + cK[Vv] on E*.

The Kelvin transform preserves uniform convergence on compact
sets. Specifically, suppose E is a compact subset of R™ \ {0} and (u,)
is a sequence of functions on E. Then (u,,) converges uniformly on E
if and only if (K[u,]) converges uniformly on E*.

The Kelvin Transform Preserves
Harmonic Functions

In this section we will see that the Kelvin transform of every har-
monic function is harmonic. We begin with a simple computation.

4.4 Lemma: If p is a polynomial on R™ homogeneous of degree m,
then
A(lx|*7"7Mp) = [x |22 A,

PROOF: Let t € R. Use the product rule for Laplacians (1.19) along
with Exercise 3 in Chapter 1 to get

A(lx|tp) = |x|'Ap + 2t|x|'2x - Vp + t(t + n - 2)|x|'?p.

If p is homogeneous of degree m, then x - Vp = mp (see Exercise 29
in Chapter 1), so the equation above reduces to

4.5 Allx|'p) = IxI'Ap + t2m +t + n - 2)| x| 2p.
Taking t = 2 — n — 2m now gives the conclusion of the lemma. [ ]

If p is homogeneous of degree m, then clearly K[p] = |x|2 " 2"p.
This observation is used twice in the proof of the next proposition,
which shows that the Kelvin transform comes close to commuting with
the Laplacian.

4.6 Proposition: If u is a C? function on an open subset of R™\ {0},
then
A(K[ul) = K[|x|*Au].
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PROOF: First suppose that p is a polynomial on R" homogeneous of
degree m. Then

AK[p]) = A(|x|>7"—2mp)
_ |x|27n72mAp

= K[Ix|*Ap],

where the second equality follows from Lemma 4.4 and the third equal-
ity holds because |x|*Ap is homogeneous of degree m + 2.

The paragraph above shows that the proposition holds for poly-
nomials (by linearity). Because polynomials are locally dense in the
C2-norm, the result holds for arbitrary C2? functions u, as desired. m

We come now to the the crucial property of the Kelvin transform.

4.7 Theorem: If O c R™\ {0}, then u is harmonic on Q if and only
if K[u] is harmonic on Q*.

PROOF: From the previous proposition, we see that A(K[u]) = 0 if
and only if Au = 0. ]

Harmonicity at Infinity

Because the Kelvin transform preserves harmonicity, we make the
following definition: if E C R™ is compact and u is harmonic on R" \ E,
then u is harmonic at o provided K[u] has a removable singularity at
the origin. Notice that in the n = 2 case this definition is consistent
with our previous discussion.

If u is harmonic at o, then K[u] has a finite limit L at O; in other
words

lim |x |2 "u(x/|x|?) = L.
x—0

From this we see that if u is harmonic at o, then lim,_., u(x) = O when
n > 2, while lim, .. u(x) = L when n = 2. This observation leads to
characterizations of harmonicity at «o. We begin with the n > 2 case.
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4.8 Theorem: Assume n > 2. Suppose u is harmonic on R" \ E,
where E C R™ is compact. Then u is harmonic at oo if and only if
limy . u(x) =0.

PROOF: We have just noted above that if u is harmonic at o, then
limy_o u(x) =0.

To prove the other direction, suppose that limy_ u(x) = 0. Then
|x|"2K[u](x) — 0 as x — 0. By Exercise 2(a) of Chapter 2, K[u] has
a removable singularity at 0, which means u is harmonic at co. ]

Now we turn to the characterization of harmonicity at oo inthe n = 2
case.

4.9 Theorem: Suppose u is harmonic on R? \ E, where E C R? is
compact. Then the following are equivalent:

(a) u is harmonic at oo;
(b) limy_.u(x) =L for some complex number L;
(c) u(x)/log|x| - 0 as x — oo;

(d)  wu is bounded on a deleted neighborhood of .

PROOF: We have already seen that (a) implies (b).

That (b) implies (c) is trivial.

Suppose now that (c) holds. Then K[u](x)/log |[x| — 0 as x — 0. By
Exercise 2(b) of Chapter 2, K[u] has a removable singularity at 0. Thus
u is harmonic at o, which implies (d).

Finally, suppose that (d) holds, so that u is bounded on a deleted
neighborhood of o. Then K[u](x) = u(x*) is bounded on a deleted
neighborhood of 0. Thus by Theorem 2.3, (a) holds, completing the
proof. [ ]

Boundedness near o is thus equivalent to harmonicity at co when
n = 2, but not when n > 2. We now take up the question of bounded-
ness near o« in higher dimensions.
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4.10 Theorem: Suppose n > 2 and u is harmonic and real valued on
R" \ E, where E is compact. Then the following are equivalent:

(a) u is bounded in a deleted neighborhood of oo;
(b)  u is bounded above or below in a deleted neighborhood of ;
(c) U — ¢ is harmonic at « for some constant c;

(d)  wu has a finite limit at .

PROOF: The implications (a) = (b) and (d) = (a) are trivial. If (c) holds
then u has limit ¢ at « by Theorem 4.8; hence (c) = (d). We complete
the proof by showing (b) = (c).

Without loss of generality, we assume that u is positive in a deleted
neighborhood of «~. Thus the Kelvin transform K[u] is positive in a
deleted neighborhood of 0. By Bocher’s Theorem (3.9) there is a con-
stant ¢ such that K[u](x) — c|x|> " extends harmonically across 0.
Applying the Kelvin transform shows that u — ¢ is harmonic at . =

Conditions (a), (c), and (d) of Theorem 4.10 are equivalent without
the hypothesis that u is real valued.

Note that Theorem 4.10 provides a new proof of Liouville’s Theorem
for positive harmonic functions (3.1). Specifically, if n > 2 and u is
positive and harmonic on R", then by Theorem 4.10 u must have finite
limit ¢ at o. By the maximum/minimum principle, u = c. This new
proof of Liouville’s Theorem amounts to the observation that—via the
Kelvin transform—Bocher’s Theorem implies Liouville’s Theorem, at
least for n > 2.

The implication also holds when n = 2. If u is positive and harmonic
on R?, then by Bocher’s Theorem (3.9) there is a constant b > 0 such
that v(x) = K[u](x) — blog|1/x| has harmonic extension across 0.
Thus v is an entire harmonic function. If b > 0, then we would have
limy_. v(x) = oo, which contradicts the minimum principle. Thus
b = 0 and lim,_ . v(x) = u(0), from which it follows that v = u(0).
Hence u = u(0), as desired.

In Chapter 9, we will see that Liouville’s Theorem implies Bocher’s
Theorem when n > 2, and we will present generalized versions of these
theorems.
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The Exterior Dirichlet Problem

In Chapter 1, we solved the Dirichlet problem for the interior of
the unit sphere S—given any f € C(S), there is a unique function u
harmonic on B and continuous on B such that u|s = f. To solve the
corresponding problem for the exterior of the unit sphere, we define
the exterior Poisson kernel, denoted P,, by setting

x]? -1

Pe(XyC) = |X _ §|1’L

for |x| >1and € € S. Given f € C(S), we define the exterior Poisson
integral P.[ f] by

Polf1(x) = Lf(lj)Pe(x, ) da (O)
for |x| > 1.

4.11 Theorem: Suppose f € C(S). Then there is a unique function u
harmonic on B* and continuous on B such that uls = f. Moreover,
u = P,[f] onB*\ {co}.

REMARK: For n > 2, we are not asserting that there exists a unique
continuous © on B*, with u harmonic on {x € R"™ : |x| > 1}, such
that uls = f. For example, the functions 1 — |x|2~" and 0, which agree
on S, are both harmonic on R™ \ {0}. The uniqueness assertion in the
theorem above comes from the requirement that # be harmonic at oo
(recall that co € B*).

PROOF OF THEOREM 4.11: Let v € C(B) denote the solution of the
Dirichlet problem for B with boundary data f on S, so that v|s = f and

v(x) = Jsf(cmx, 0) do (2)

for x € B. The function u = K[v] is then harmonic on B* (if we set
u(00) = limy—o K[V](x)), u is continuous on B*, and uls = f.
We have

w(x) = Lf(C)lez‘"P(X*, 0) do(0)

for |x| > 1. By 4.3, this gives u = P,[ f] on B* \ {0}, as desired.
The uniqueness of u follows from the maximum principle. [ ]
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Symmetry and the
Schwarz Reflection Principle

Given a hyperplane E, we say that a pair of points are symmetric
about E if E is the perpendicular bisector of the line segment joining
these points. For each x € R", there exists a unique xg € R™ such that
x and xg are symmetric about E; we call xg the reflection of x in E.
Clearly (xg)r = x for every x € R".

We say Q is symmetric about the hyperplane E if QF = Q, where
Qf = {XEZXEQ}.

/ XE

Q is symmetric about E.

If T is a translation, dilation, or rotation, then T preserves symmetry
about hyperplanes; in other words, if T is any of these maps and E is
a hyperplane, then T(x) and T (xg) are symmetric about T (E) for all
x € R™.

Given a hyperplane E = {x € R": b - x = ¢}, where b is a nonzero
vector in R" and c is a real number, we set E* = {x e R": b - x > c};
geometrically, E* is an open half-space with 0E* = E.
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We now come to the Schwarz reflection principle for hyperplanes;
the reader who has done Exercise 3 in Chapter 2 can probably guess
the proof.

4.12 Theorem: Suppose Q) is symmetric about a hyperplane E. If u is
continuous on Q N E+, u is harmonicon QN E*, and u = 0 on QN E,
then u extends harmonically to Q.

PROOF: We may assume that E = {(x,y) € R" : y = 0} and that
E* ={(x,y) € R":y > 0}. The function

u(x,y) if (x,y)eQandy =0

Vi) = {—u(x,—y) if (x,y)eQandy <0

is continuous on Q and satisfies the mean-value property. Hence, by
Theorem 1.24, v is a harmonic extension of u to all of Q. [ ]

We now extend the notions of symmetry and reflection to spheres.
If E = S, the unit sphere, then inversion is the natural choice for the
reflection map x — xg. So here we set xr = x*. More generally, if
E = 0B(a,r), we define

4.13 Xp=a+7r3(x—a)*,

and we say that x and xg are symmetric about E. Note that the center
of E and the point at infinity are symmetric about E. We say that Q is
symmetric about the sphere E if QO = Q, where QF = {xg : x € Q};
see 4.14.

We remark in passing that symmetry about a hyperplane can be
viewed as a limiting case of symmetry about a sphere; see Exercise 10
of this chapter. (We adopt the convention that o = c when E is a
hyperplane.)

Translations, dilations, and rotations obviously preserve symmetry
about spheres. The inversion map also preserves symmetry—about
spheres as well as hyperplanes—although this is far from obvious. Let
us look at a special case we need below. Suppose E is the sphere with
center (0,...,0,1) and radius 1. Then E contains the origin, so that E*
is a hyperplane; in fact,

E* ={(x,y) eR":y =1/2} U {0},
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4.14 Q is symmetric about E.

as the reader can easily check. Assume for the moment that n = 2;
here we identify R? with C, so that inversion is the map z — 1/ Z. Given
z € C\ {0}, we need to show that z* and (zg)* are symmetric about E*.
A moment’s reflection shows that to do this we need only verify that
the conjugate of z* —i/2 equals (zg)* —i/2; this bit of algebra we leave
to the reader. To go from R? to R with n > 2, observe that inversion
preserves every linear subspace of R". Given z € R"\ {0}, then, we look
at the two-dimensional plane determined by 0, z, and zg. Because the
center of E is on the line determined by z and zg, this plane contains the
(0, y)-axis. We can thus view this plane as C, with (0,...,0,1) playing
the role of i. The proof for R? therefore shows that z* and (zg)* are
symmetric about E* in R™.

We can now prove the Schwarz reflection principle for regions sym-
metric about spheres.

4.15 Theorem: Suppose Q) is a region symmetric about 0B(a,v). If u
is continuous on Q N B(a,r), u is harmonic on Q n B(a,r), and u = 0
on Q N oB(a,r), then u extends harmonically to €.

PROOF: We may assume a = (0,...,0,1) and » = 1; we are then
dealing with the sphere E discussed above. Because Q is symmetric
about E, Q* is symmetric about the hyperplane E*, as we just showed.
Our hypotheses on u now show that the Schwarz reflection principle
for hyperplanes (4.12) can be applied to the Kelvin transform of u.
Accordingly, K[u] extends to a function v harmonic on Q*. Because
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the Kelvin transform is its own inverse, K[v] extends © harmonically
to Q. -

Let us explicitly identify the harmonic reflection of u across a sphere
in the concrete case of S, the unit sphere.

4.16 Theorem: Suppose Q is connected and symmetric about S. If u
is continuous on Q N B, u is harmonic on QN B, and u = 0 on QN S,
then the function v defined on Q by

{u(x) if x€eQnNB
Vv(x) = _
—K[ul](x) if xeQn (R"\B)

is the unique harmonic extension of u to Q.

PROOF: Seta = (0,...,0,1) and define w(x) = v(x —a); the domain
of the function w is then Q + a, which is symmetric about the sphere
E of the previous proof. We will be done if we can show that K[w] has
the appropriate reflection property about the hyperplane E*. What we
need to show, then, is that

K[wl((x +a)*) = -K[wl((x* +a)*)
for all x € Q. This amounts to showing that
Ix +a|"?v(x) = —|x* +a|"?v(x*)
for all x € Q. By Exercise 1 of this chapter, |x*+a|/|x+al = |x|~1. We

therefore need only show that v = —K[v] on Q. But this last identity
follows easily from the definition of v. [ ]
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Exercises

1. Show thatif € € S and x € R" \ {0}, then

Ix +C

Ix* +C| =
[x|

2. Show that at x € R\ {0}, the determinant of the Jacobian of the
inversion map equals —1/|x|%".

3. Let f be a function of one complex variable that is holomorphic
on the complement of some disk. We say that f is holomorphic
at o provided f(1/z) has a removable singularity at 0. Show
that the following are equivalent:

(a) f is holomorphic at oo;
(b) f is bounded on a deleted neighborhood of ;
() lim,. f(2)/z=0.

4. Assume w C R" U {0} is open. Show that u is harmonic on w if
and only if K[u] is harmonic on w*.

5. (@) Show that if n > 2, then the only harmonic function on
R"™ U {0} is identically zero.
(b) Prove that all harmonic functions on R%2 U {0} are constant.

6. Suppose that u is harmonic and positive on R? \ E, where F is
compact. Characterize the behavior of u near .

7. Prove that the solution to the exterior Dirichlet problem in The-
orem 4.11 is unique.

8. Suppose that f is continuous on 0B(a,7) and that u solves the
Dirichlet problem for B(a,*) with boundary data f. What is the
solution (expressed in terms of u) of the Dirichlet problem for
(R" U {oo}) \ B(a,r) with boundary data f?

9. Let E denote the hyperplane {x € R" : b - x = c}, where b is a
nonzero vector in R" and c is a real number. For x € R", show
that the reflection x is given by the formula

_2((x-b)-c)b

X=X
F IE
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10.

11.

12.

13.

Let E denote the hyperplane R"*~! x {0}. Fix a point z = (0, y)
in the upper half-space. Show that the reflections of z about
spheres of radius R centered at (0,R) converge to zg = (0,—7y)
as R — oo.

Suppose E is a sphere of radius » centered at a, with 0 ¢ E.
Show that the radius of E* is 7/ |72 — |a|?| and the center of E*
isa/(lal® —r?).

Show that the inversion map preserves symmetry about spheres
and hyperplanes. In other words, if E is a sphere or hyperplane,
then x* and (xg)* are symmetric about E* for all x.

Let E be a compact subset of S with nonempty interior relative
to S. Prove that there exists a nonconstant bounded harmonic
function on R" \ E.



CHAPTER 5

Harmonic Polynomials

Recall the Dirichlet problem for the ball in R™: given f € C(S), find
u € C(B) such that u is harmonic on B and uls = f. We know from
Chapter 1 that

— |x|?

-

for x € B. To prove that P[ f] is harmonic on B, we computed its Lapla-
cian by differentiating under the integral sign in the equation above and
noting that for each fixed € € S, the Poisson kernel (1 — |x|%)/|x — C|™
is harmonic as a function of x.

Suppose now that f is a polynomial on R restricted to S. For fixed
C € S, the Poisson kernel (1 — [x|?)/|x — C|" is not a polynomial in x,
so nothing in the formula above suggests that P[ f] should be a poly-
nomial. Thus our first result in this chapter should be somewhat of
a surprise: P[f] is indeed a polynomial, and its degree is at most the
degree of f.

Further indications of the importance of harmonic polynomials will
come when we prove that every polynomial on R"™ can be written as
the sum of a harmonic polynomial and a polynomial multiple of |x/|2.
This result will then be used to decompose the Hilbert space L2(S) into
a direct sum of spaces of harmonic polynomials. As we will see, this
decomposition is the higher-dimensional analogue of the Fourier series
decomposition of a function on the unit circle in R2.

Our theory will lead to a fast algorithm for computing the Poisson
integral of any polynomial. The algorithm involves differentiation, but
not integration!

w(x) = PLI(x) = jf@ Ao (©)

73
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Next, we will use the Kelvin transform to find an explicit basis for
the space of harmonic polynomials that are homogeneous of degree m.
The chapter concludes with a study of zonal harmonics, which are used
to decompose the Poisson kernel and to show that the homogeneous
expansion of a harmonic function has nice convergence properties.

Polynomial Decompositions

We begin with a crucial theorem showing that the Poisson integral of
a polynomial is a polynomial of a special form. The proof uses, without
comment, the result that the Poisson integral gives the unique solution
to the Dirichlet problem.

Note that the theorem below implies that if p is a polynomial, then
the degree of P[p|s] is less than or equal to the degree of p. This
inequality can be strict; for example, if p (x) = |x|2, thenP[p|s] = 1.

5.1 Theorem: If p is a polynomial on R™ of degree m, then
Plplsl= (1 —Ix[")g+p
for some polynomial q of degree at most m — 2.

PROOF: Let p be a polynomial on R" of degree m. If m = 0orm =1,
then p is harmonic and hence P[p|s] = p, so the desired result follows
by taking q = 0. Thus we can assume that m > 2.

For any choice of g, the function (1 - |x|%)g + p equals p on S. Thus
to solve the Dirichlet problem for B with boundary data p|s, we need
only find g such that (1 — |x|%)gq + p is harmonic. In other words, to
prove the theorem we need only show that there exists a polynomial g
of degree at most m — 2 such that

5.2 A((1 - |xI%)q) = —Ap.

To do this, let W denote the vector space of all polynomials on R" of
degree at most m — 2, and define a linear map T: W — W by

T(q) = A((1 - |x]*)q).
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If T(q) =0, then (1 — |x|?)q is a harmonic function; this harmonic
function equals 0 on S, and hence by the maximum principle equals 0
on B; this forces g to be 0. Thus T is injective.

We now use the magic of linear algebra (an injective linear map from
a finite-dimensional vector space to itself is also surjective) to conclude
that T is surjective. Hence there exists a polynomial g of degree at most
m — 2 such that 5.2 holds, and we are done. [ ]

The following corollary will be a key tool in our proof of the direct-
sum decomposition of the polynomials (Proposition 5.5). Here “poly-
nomial” means a polynomial on R", and “nonzero” means not identi-
cally 0.

5.3 Corollary: No nonzero polynomial multiple of |x|? is harmonic.

PROOF: Suppose p is a nonzero polynomial on R" of degree m
and |x|?p is harmonic. Because p|s = (|x|?p)|s, the Poisson integral
P[p|s] must equal the harmonic polynomial |x|%p, which has degree
m + 2. This contradicts the previous theorem, which implies that the
degree of P[p|s] is at most m. [

Every polynomial p on R™ with degree m can be uniquely written
in the form p = Z;n:o pj, where each p; is a homogeneous polynomial
on R" of degree j. We call p; the homogeneous part of p of degree j.
Note that Ap = Z;n:o Apj, and thus p is harmonic if and only if each
p; is harmonic (because a polynomial is identically O if and only if each
homogeneous part of it is identically 0).

In the next section we will be working in L?(S). Two distinct poly-
nomials of the same degree can have equal restrictions to S, but two
homogeneous polynomials of the same degree that agree on S must
agree everywhere. Thus we will find it convenient to restrict atten-
tion to homogeneous polynomials. Let us denote by 2, (R") the com-
plex vector space of all homogeneous polynomials on R" of degree m.
Let 7, (R™) denote the subspace of P,, (R") consisting of all homoge-
neous harmonic polynomials on R" of degree m. For example,

54 p(x,y,z) = 8x°> —40x3y? + 15xy* —40x3z% + 30xy?z% + 15xz*

is an element of H5(R3), as the reader can verify; we have used (x, y, z)
in place of (x1, x2, x3) to denote a typical point in R3.
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In the following proposition, we write P,, (R") as the algebraic di-
rect sum of the two subspaces H,, (R") and |x|?P,,_»(R™), meaning
that every element of 2, (R™) can be uniquely written as the sum of
an element of H,,(R") and an element of |x|?P,,_>(R"). In the next
section we will see that this is an orthogonal decomposition when we
restrict all functions to S and use the usual inner product that comes
from surface-area measure.

5.5 Proposition: If m > 2, then

P (R™) = Hyp (R P x|>Ppp—2 (R™).

PROOF: Let p € P, (R"). Then

p =Plpls] +1xI°a—q

for some polynomial g of degree at most m — 2 (by Theorem 5.1). Take
the homogeneous part of degree m of both sides of the equation above,
getting

5.6 p=Pm+|x1°am-2,

where p;, is the homogeneous part of degree m of the harmonic func-
tion P[p|s] (and hence p,, € H,n (R™)) and g, _» is the homogeneous
part of degree m — 2 of q (and hence g2 € Pim—2(R™)). Thus every
element of P, (R™) can be written as the sum of an element of H,,, (R™)
and an element of |x|?Py,_2(R"™).

To show that this decomposition is unique, suppose that

Pm + 1X1°@m-2 = Pm + X2 Gm-2,
where puy, Pm € Him R™) and qm-2, dm-2 € Pm_2(R™). Then
Pm = Pm = |XI*(@m-2 — dm-2)-
The left side of the equation above is harmonic, and the right side is a

polynomial multiple of |x|?. Thus Corollary 5.3 implies that py, = Pm
and gm-2» = gm-», as desired. ]
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The map p ~ pm, where p € P (R") and p,, € Hy, (R™) are as
in 5.6, is called the canonical projection of Py, (R™) onto H,, (R™). Later
we will find a formula for this projection (see Theorem 5.18).

We now come to the main result of this section. Asusual, [t] denotes
the largest integer less than or equal to t. Thus in the theorem below,
the last index m — 2k equals O or 1, depending upon whether m is even
or odd.

5.7 Theorem: Every p € P,,,(R™) can be uniquely written in the form
p=pm+IxPpmoa+- -+ 1x1Fpmoa,
where k = [5] and each p; € H;(R™).

PROOF: The desired result obviously holds when m = 0 or m = 1,
because P,, (R") = H,,(R™) in those cases. Thus we can assume that
m = 2.

Suppose that p € P,,;(R"). By the previous proposition, p can be
uniquely written in the form

p =pm+Ix|%q,

where p,, € H,, (R") and g € Py, _2(R™). By induction, we can as-
sume that the theorem holds when m is replaced by m — 2. Taking
the unique decomposition for g given by the theorem and plugging it
into the equation above gives the desired decomposition of p. This
decomposition is unique because p,, is uniquely determined and the
decomposition of g is also uniquely determined. [

If p € Pr(R™) and py, Pm—2, - - -, Pm—2k are as in the theorem above,
then the solution to the Dirichlet problem for B with boundary data p|s
is

Pm+t Pm-2+ -+ Pm-2k-

To see this, observe that the function above is harmonic and that it
agrees with p on S. Later in this chapter we will develop an algorithm
for computing pw, Pm-2,---, Pm-2k (and thus P[p|s]) from p.

We finish this section by computing dim #,, (R"), the dimension
(over C) of the vector space H,, (R™). Because H(R") is the space of
constant functions, dim H,(R™) = 1. Because {7 (R") is the space of
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linear functions on R", we have dim #{; (R") = n. The next proposition
takes care of higher values of m.

5.8 Proposition: If m > 2, then

oty - (") < ().

PROOF: We begin by finding dim 7,,(R"). Because the monomials
{x%: x| = m} form abasis of P, (R"), dim P,, (R") equals the number
of distinct multi-indices « = (&,..., &) with |¢] = m. Adding 1 to
each «;, we see that dim P, (R") equals the number of multi-indices

= (x1,...,0y), with each «; > 0, such that || = n + m. Now
consider removing n—1 integers from the interval (0, n + m) C R. This
partitions (0,n + m) into n disjoint open intervals. Letting «,..., &y,
denote the lengths of these intervals, taken in order, we have

n
> aj=n+m.

Each choice of n — 1 integers from (0, n + m) thus generates a multi-
index x with |x| = n + m, and each multi-index of degree n + m arises
from one and only one such choice. The number of such choices is, of

course, ("J;ffl_l). Thus

dim P, (R") = ("*m_ 1).

-1
From Proposition 5.5 we have
dim H,, (R™) = dim P,,, (R™) — dim P, > (R™).

Combining the last two equations gives the desired result. [ ]

Sp ﬁenca[ Harmonic Decomposition
of 1205

In Proposition 5.5, we showed that the space of homogeneous poly-
nomials of degree m decomposes as the direct sum of the space of
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harmonic homogeneous polynomials of degree m and |x|? times the
homogeneous polynomials of degree m — 2. Now we turn to ideas re-
volving around orthogonal direct sums, which means that we need to
introduce an inner product.

Because a homogeneous function on R" is determined by its restric-
tion to S, we follow the natural impulse to work in L2(S, do ), which we
denote simply by L2(S). In other words, L2(S) denotes the usual Hilbert
space of Borel-measurable square-integrable functions on S with inner
product defined by

(f.g) = Lfyda.

Our main result in this section will be a natural orthogonal decompo-
sition of L?(S).

Homogeneous polynomials on R" of different degrees, when re-
stricted to S, are not necessarily orthogonal in L2(S). For example,
x12 and x1* are not orthogonal in this space because their product is
positive everywhere on S. However, the next proposition shows that
if the homogeneous polynomial of higher degree is harmonic, then we
indeed have orthogonality (because H, (R") is closed under complex
conjugation).

5.9 Proposition: If p,q are polynomials on R" and q is harmonic
and homogeneous with degree higher than the degree of p, then

J pqdo = 0.
s

PROOF: The desired conclusion involves only the values of p and
q on S. Hence by linearity and Theorem 5.7, it suffices to prove the
proposition when p is replaced by a homogeneous harmonic polyno-
mial. Thus we can assume that p € Hy(R") and that g € H,,(R"),
where k < m.

Green’s identity (1.1) implies that

5.10 J (pDngq — qDnp) do = 0.
s
But for C € S,

d d
(Dnp)(C) = - p(rOly=1 = E(r"m;))u:l = kp (D).
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Similarly, Dng = mq on S. Thus 5.10 implies that
(m—k)f pado = 0.
S

Because k < m, the last integral vanishes, as desired. [

Obviously |x|2P,,_2(R™) restricted to S is the same as Py,_»(R")
restricted to S. Thus the last proposition shows that if we restrict all
functions to S, then the decomposition given in Proposition 5.5 is an or-
thogonal decomposition with respect to the inner product on L2(S).

The restriction of H,, (R") to S is sufficiently important to receive
its own name and notation. A spherical harmonic of degree m is the
restriction to S of an element of H,, (R™). The collection of all spherical
harmonics of degree m will be denoted by 7, (S); thus

}[m(S) = {P|5 pE }[m(Rn)}-

The map p — pls provides an identification of the complex vector
space H, (R™) with the complex vector space H,,(S). We use the no-
tation H, (S) when we want to emphasize that we are considering the
functions to be defined only on S.

For example, take n = 3 and consider the function

5.11 a(x,y,z) = 15x — 70x3 + 63x°

defined for (x,y,z) € S. Is q an element of H5(S)? Although g ap-
pears to be neither harmonic nor homogeneous of degree 5, note that
on S we have

a(x,y,z) = 15x(x> + > + z°)2 = 70x3(x* + y> + z%) + 63x°.

The right side of the equation above is a homogeneous polynomial
on R3 of degree 5, and as the reader can check, it is harmonic. Thus g,
as defined by 5.11, is indeed an element of H5(S). (To save a bit of
work, note that the right side of the equation above equals the polyno-
mial p € Hs5(R3) defined by 5.4, so g = pls. Examples 5.4 and 5.11
were generated using the software described in Appendix B.)
Restating some previous results in terms of spherical harmonics, we
see that Proposition 5.9 implies that H}(S) is orthogonal to H,, (S) in
L%(S) whenever k # m. Theorem 5.7 implies that if p is a polynomial
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on R™ of degree m, then p|s can be written as a sum of spherical har-
monics of degree at most m. In our next theorem, we will use these
results to decompose L2(S) into an infinite direct sum of spaces of
spherical harmonics.

We will need a bit of Hilbert space theory. Recall that if H is a
complex Hilbert space, then we write H = @,,_, H» when the following
three conditions are satisfied:

(a) Hy is a closed subspace of H for every m.
(b)  Hy is orthogonal to Hy, if k # m.

(c) For every x € H, there exist x,, € Hy, such that
X=Xo+Xx1+---,

the sum converging in the norm of H.

When (a), (b), and (c) hold, the Hilbert space H is said to be the direct
sum of the spaces H,,. If this is the case, then the expansion in (c) is
unique. Also, if (a) and (b) hold, then (c) holds if and only if the complex
linear span of |J;,_, Hy, is dense in H.

We can now easily prove the main result of this section.

5.12 Theorem: L>(S) = @y o Hm(S).

PROOF: Condition (a) above holds because each HH,,(S) is finite di-
mensional and hence is closed in L2(S).

We have already noted that condition (b) above follows from Propo-
sition 5.9.

To verify condition (c), we need only show that the linear span of
Um—o Hm (S) is dense in L%(S). As we have already noted, Theorem 5.7
implies that if p is a polynomial on R", then p|s can be written as a
finite sum of elements of U;,_y #m (S). By the Stone-Weierstrass The-
orem (see [14], Theorem 7.33), the set of restrictions p|s, as p ranges
over all polynomials on R", is dense in C(S) with respect to the supre-
mum norm. Because C(S) is dense in L%(S) and the L2-norm is less
than or equal to the L*-norm on S, this implies that the linear span of
Ummeo Hom (S) is dense in L?(S), as desired. [

The theorem above reduces to a familiar result when n = 2. To
see this, suppose p € H,, (R?) is real valued. Then p is the real part
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of an entire holomorphic function f whose imaginary part vanishes
at the origin. The Cauchy-Riemann equations imply that all (complex)
derivatives of f except the m'™ derivative vanish at the origin. Thus
f = cz™ for some complex constant ¢, and so

p=cz™+czm.

This implies that H,, (R?) is the complex linear span of {z™,z™}. Thus
FHm(S), as a space of functions of the variable ei?, is the complex linear
span of {e™? ¢~im01 (or of {cosm®,sinm0}). Hence for f € L2(S),
the decomposition promised by the theorem above takes the form

Sf= Z ame™?,
m=—o0
where the sum converges in L(S). In other words, when n = 2 the
decomposition given by the theorem above is just the standard Fourier
series expansion of a function on the circle.

When n > 2, we can think of the theorem above as providing an
expansion for functions f € L?(S) analogous to the Fourier series ex-
pansion, with spherical harmonics playing the roles of the exponential
functions e™? (or of the trigonometric functions cos m®, sin m®o).

Inner Product of Spherical Harmonics

Suppose p = > s bax* and g = >, cax® are harmonic polynomials
on R™. In this section we focus on the question of computing the inner
product of p and g in L?(S). We denote this inner product by (p, q),
although technically (p|s, q|s) would be more correct.

Each of p, g can be written as a sum of homogeneous harmonic poly-
nomials, and we can expand the inner product (p, q) accordingly. By
Proposition 5.9, the inner product of terms coming from the homoge-
neous parts of different degrees equals 0. In other words we could, if
desired, assume that p and g are homogeneous harmonic polynomials
of the same degree. Even then it appears that the best we could do
would be to write

(p,a) = ZZb(@J x*B do(x).
o« B N
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The integral over S of the monomial x*+# was explicitly calculated by
Hermann Weyl in Section 3 of [20]; using that result would complete a
formula for (p, q). We will take a different approach.

We have no right to expect the double-sum formula above to reduce
to a single-sum formula of the form

<p1q> = Z b(XGW(XJ
(0.4

because distinct mononials of the same degree are not necessarily or-
thogonal in L?(S). For example, x12 and x»2 are not orthogonal in
this space because their product is positive everywhere on S. However,
a single-sum formula as above is the main result of this section; see
Theorem 5.14.

The single-sum formula that we will prove makes it appear that the
monomials form an orthonormal set in L2(S), which, as noted above,
is not true. But we are dealing here only with harmonic polynomials,
and no monomial of degree above 1 is harmonic. In some mysterious
fashion being harmonic forces enough cancellation in the double sum
to collapse it into a single sum.

The following lemma will be a key tool in our proof of the single-sum
formula.

513 Lemma: If m > 0 and p,q € Hyn(R"), then

1
mn+2m-—2)

J pqdo = J Vp -Vgdo.
S S

PROOF: Fix m > 0 and p,q € Hp(R™). Using the homogeneity
of pq, we see, just as in the proof of Proposition 5.9, that pgq equals
(1/2m) times the normal derivative of pq on S. Thus

1

L pado = 5 VB Jg V(pa) -nds

1
2mnV (B)

jBA(pqmv,

where the nV (B) term appears in the first equality because of the switch
from normalized surface-area measure do to surface-area measure ds
(see A.2 in Appendix A) and the second equality comes from the diver-
gence theorem (1.2). Convert the last integral to polar coordinates (1.5),
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apply the product rule for the Laplacian (1.19), and use the homogene-
ity of Vp and Vq to get

1
J pqdo = ij r”*zm*g’J Vp -Vaqdo dr
s m Jo s

1
T mm+2m-2)

J Vp -Vqgdo,
s

as desired. m

Now we can prove the surprising single-sum formula for the inner
product of two harmonic polynomials.

5.14 Theorem: If p = > bax* and q = > ycux® are harmonic
polynomials on R", then

(p,a) = Z baCoWy,
o

where
!

Tnm+2).. . m+2lxl-2)

Wq

PROOF: Every harmonic polynomial can be written as a finite sum of
homogeneous harmonic polynomials. We already know (from Proposi-
tion 5.9) that homogeneous harmonic polynomials of different degrees
are orthogonal in L2(S). Thus it suffices to prove the theorem under
the assumption that p,q € H,, (R") for some nonnegative integer m.
Because F,,(R™) is closed under complex conjugation, we can also
assume, with no loss of generality, that each ¢, € R.

If m = 0, then p,q are constant and the desired result obviously
holds (where the empty product in the denominator of the formula
defining w is interpreted, as usual, to equal 1).

So fix m > 0 and assume, by induction, that the theorem holds for
smaller values of m. Letej = (0,...,0,1,0,...,0), where the 1 appears
in the j® slot. Now Vp - Vq is a sum of terms, each of which is a prod-
uct of harmonic polynomials. Thus using our induction hypothesis we
have
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L Vp-Vado = L(Z bajx® %) (> cajx® %) do(x)
j=1 o< o

n
(x—ej)!
— 2 J
‘;%b“c““f nm+2)...(n+2m-—4)
«!

n
b“c‘*];“fn(n+2)...(n+2m—4)

I
=[]

!
zbo(C(x x!'m .
= nmn+2)...m+2m-4)

The equation above, when combined with Lemma 5.13, gives the de-
sired formula. n

Spherical Harmonics Via Differentiation

Compute a few partial derivatives of the function |x|2~". You will
find the answer is always of the same form—a polynomial divided by a
power of |x|. For example,

(2 —-n)(Ix]?> - nx1?)
|x|n+2

D1%(|x|>™) =

Notice here that the polynomial in the numerator is harmonic. This
is no accident—differentiating |x |2~ exactly k times will always leave
us with a homogeneous harmonic polynomial of degree k divided by
|x|"—2+2k a5 we will see in Lemma 5.15. We will actually see much more
than this, when we show (Theorem 5.18) that this procedure gives a for-
mula for the canonical projection of P, (R") onto H,,(R"). This sec-
tion concludes with the development of a fast algorithm for finding the
Poission integral of a polynomial via differentiation (Theorem 5.21).

The Kelvin transform will play a key role here. To see why, ob-
serve that the Kelvin transform applied to the example in the paragraph
above leaves us with the harmonic polynomial in the numerator. This
indicates how we will obtain homogeneous harmonic polynomials—we
first differentiate |x|2~", and then we apply the Kelvin transform.

For p = > ycax® a polynomial on R", we define p(D) to be the
differential operator >, cqD%.
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5.15 Lemma: If p € P, (R"), then K[p(D)|x|%""] € H,n (R™).

PROOF: First we will show that K[p(D)|x|>~"] € P, (R"). By lin-
earity, we need only prove this in the special case when p is a monono-
mial. To get started, note that the desired result obviously holds when
m = 0. Now we will use induction, assuming that the result holds for
some fixed m, and then showing that it also holds for m + 1.

Let o be a multi-index with || = m. By our induction hypothesis,
there exists u € H,, (R") such that

K[D¥|x|*"] = u.
Take the Kelvin transform of both sides of the equation above, getting
D1X|X|2—n — |X|2—n—2mu_

Fix an index j, and differentiate both sides of the equation above with
respect to x;j, getting

D;D¥|x|>™ = (2 —n - 2m)x;|x| "2 u + [x]|>7" 2D

5.16 = |x 22D - 2m)xju + |x12Dju]

— |x|27n72(m+1)v’

where v € P11 (R™). Now take the Kelvin transform of both sides of
the equation above, getting

K[D;D%|x[>™"] = v.

Thus K[DjDo‘IxIZ‘"] € Pm+1(R™). Because DjD® represents differ-
entiation with respect to an arbitrary multi-index of order m + 1, this
completes the induction argument.

All that remains is to prove that K[p(D)|x|>~"] is harmonic. But
|x|2~™ is harmonic and every partial derivative of any harmonic func-
tion is harmonic, so p(D)|x|2~" is harmonic. The proof is completed
by recalling that the Kelvin transform of every harmonic function is
harmonic (Theorem 4.7). [}
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Suppose p € P, (R™). Proposition 5.5 gives a unique decomposition

p =pm + 1x|%q,

where py, € Hy (R") and g € P2 (R™). The previous lemma states
that K[p(D)|x|°"] € H,n(R™). So p determines two harmonic poly-
nomials, p,, and K[p(D)|x|27"], leading to an investigation of the re-
lationship between them. As we will see (Theorem 5.18), one of these
harmonic polynomials is a constant multiple of the other, with the con-
stant depending only on m and n. The key to proving this is the follow-
ing lemma, which we can guess by looking at the proof of Lemma 5.15.
Specifically, note that in 5.16, u gets multiplied by x;, just as D* is
multiplied by D;. An extra factor of 2 —n —m also appears. Thus 5.16
suggests the following lemma, where ¢,, is the constant defined by

m-—1
cm =[] @2-n-2k).
k=0

Although ¢;;, depends upon n as well as m, we are assuming that n > 2
is fixed. For n = 2, the definition of ¢, and the analogue of the follow-
ing lemma are given in Exercise 14 of this chapter.

5.17 Lemma: If n> 2 andp € P,,,(R"), then
Klp(D)|x|*"] = cm(p — |xI°q)
for some q € P, _»(R™).

PROOF: The proof is a modification of the proof of the previous
lemma. By linearity, we need only consider the case when p is a mono-
mial. The desired result obviously holds when m = 0. Now we will use
induction, assuming that the result holds for some fixed m, and then
showing that it also holds for m + 1.

Let & be a multi-index with |x| = m. By our induction hypothesis,
there exists g € P, -2 (R™) such that

K[D¥|x|>™ "] = c;m (x% — |x]%q).

Follow the proof of Lemma 5.15, setting u = ¢, (x*—|x|2q), taking the
Kelvin transform of both sides of the equation above, and then applying
D; to both sides, getting (see 5.16)
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D;D%|x|* ™"

2

x|“Dju

= |x 22l e, 12— — 2m)x; (x - |x1%q) + ||7]]
m

= |x|2n2miDe o (xx® — |x|?v),

where v € P,,,—1(R™). Now take the Kelvin transform of both sides of
the equation above, getting

K[D;D¥|x[*™] = i1 (xjx% = |x|*V).

Because xjx* represents an arbitrary monomial of order m + 1, this
completes the induction argument and the proof. [

In the next theorem we will combine the last two lemmas. Recall
that the canonical projection of P,, (R") onto H,, (R™) comes from the
decomposition given by Proposition 5.5. By the orthogonal projection
onto H, (S), we mean the usual orthogonal projection of the Hilbert
space L2(S) onto the closed subspace H,,, (S). In part (b) of the next the-
orem, to be formally correct we should have written (p (D) [x[2")|s/cm
instead of p(D)|x|>™"/cm.

5.18 Theorem: Suppose n > 2 and p € P, (R™). Then:

(@)  The canonical projection of p onto Hp, (R™) isK[p(D)|x|>""]/cm.
(b)  The orthogonal projection of pls onto Hp,(S) is p(D)|x|>"/cp.

PROOF: By Lemma 5.17, we can write
5.19 p =K[pD)Ix[*"1/cm + IxI%q

for some g € Py,—2(R™). Lemma 5.15 shows that the first term on the
right side of this equation is in #,,(R™). Thus this equation is the
unique decomposition of p promised by Proposition 5.5, and further-
more K[p(D)|x|27"]/cy, is the canonical projection of p onto H,, (R™),
which proves (a).

To prove (b), restrict both sides of 5.19 to S, getting

pls = p(D)|x|1*"/cm + qls.
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By Proposition 5.9, ql|s is orthogonal to H,(S). Thus taking the or-
thogonal projection onto 7, (S) of both sides of the equation above
gives (b). n

See Exercise 14 of this chapter for the analogue of the preceding
theorem for n = 2.

As an immediate corollary of the theorem above, we get the follow-
ing unusual identity for homogeneous harmonic polynomials.

5.20 Corollary: If n > 2 and p € H,,, (R"), then

p =KlpD)IxI>"]/cm.

Recall from Theorem 5.7 that for p € P, (R"), there is a unique
decomposition of the form

P =Pm+IxXPpm_n -+ + x|

Pm-2k;,
where k = [%] and each p; € H;(R"). Recall also that the solution to
the Dirichlet problem for B with boundary data p|s equals

Pm+Pm-2+ """+ Pm-2k-

Part (a) of the previous theorem gives a fast algorithm for computing
Pm>Pm—-2,---» Pm—2k and thus for computing the Poisson integral of
any polynomial. Specifically, p;,, can be computed from the formula
pm = K[p(D)|x|2~"]/cm. Use this to then solve for g € P,,_»(R™) in
the decomposition p = py, +|x1%q. To find p.,,_», repeat this procedure
with g in place of p and m — 2 in place of m. Continue in this fashion,
finding pm, pPm-2,--., Pm-2k-

The algorithm for computing the Poisson integral of a polynomial
described in the paragraph above relies on differentiation rather than
integration. We have found it typically to be several orders of magni-
tude faster than algorithms involving integration. The next theorem
gives another algorithm, also using only differentiation, for the exact
computation of Poisson integrals of polynomials. We have found it to
be even faster than the algorithm described in the paragraph above,
typically by a factor of about 2.
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The algorithm described by the next theorem is used by the software
discussed in Appendix B. This software shows, for example, that if
n = 5 then the Poisson integral of x1°x; equals

X1 — 10x13x2]x12  15x1x20x]*  10x13x> B 10x1x>|x? N lele
13 143 13 39 33

Note that in the solution above, the homogeneous part pg of highest or-
der (the first three terms above) consists of the original function x1°x>
plus a polynomial multiple of |x|2. This is expected, as we know that
Pe = X1°x2 — |x|?q for some g € P4(R>).

Finally, we need one bit of notation. Define A% = p, and then for i
a positive integer inductively define Aip = A(Ai"1p).

In the theorem below, we could have obtained a formula for ¢; ; in
closed form. However, in the inductive formulas given here are more
efficient for computation. These formulas come from [4], which in turn
partially based its derivation on ideas from [6].

5.21 Theorem: Suppose p € Py, (R") has the decomposition

|2k

2
p=pPm+IxXI"Pmo+ -+ x| Pm_2k,

where k = [ 5] and each pm—2j € Hm—2j(R™). Then

k
Pm-2j = D, cijlx[?TDATp
i=j
forj=0,...,k, wherecop =1 and

_ cj_l,j_l(Zm +n — 2])
2jCm+n+2-45)2m+n—4j)

Cj.j
forj=1,...,k and

_ Ci-1,j
2(j—1)2m+n -2 -2j - 2i)

Cij
fori=j+1,...,k.
PROOF: As a special case of 4.5, we have

A(lx]?lq) = 2i(2m +n -2 - 2i)|x|*2q
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for g € H,_»i(R™). Repeated application of this equation shows that
for every nonnegative integer j, the operator |x|%/A/ equals a constant
times the identity operator on |x|%#,,_»; (R™). Denoting this constant
by b; j, note that b; j = 0 if and only if j > i. Furthermore, the reader
should verify that

J
5.22 bjj=2/j1][Cm+n-2j-2i).
i=1

For j = 0,...,k, apply the operator |x|?>/A/ to both sides of the
equation p = Z]f:o |x |2 pym_2i, getting the lower-triangular system

k
5.23 X2 ATp = > by j|x|* Pm-2i.
i=j

Let (c;;) denote the matrix inverse of the (k + 1)-by-(k + 1) matrix
(bi,j); thus (cij) is also a lower-triangular matrix. View the system
5.23 as a matrix equation whose right side consists of the row matrix
of unknowns |x|%'p,,_»; times the matrix (b; ;). Now multiply (on the
right) both sides of this matrix equation by the matrix (c; ;) to solve for
| |2tpm_2i, then divide by |x|%! and interchange i and j to obtain

k
5.24 Pm-2j = . cijlx[?TDAlp,
i=i

for j =0,...,k, as desired.

The only remaining task is to prove the inductive formulas for c; ;
and c; ;. The diagonal entries of the inverse of a lower-triangular matrix
are easy to compute. Specifically, we have c¢;; = 1/bj ;. The claimed
inductive formula for c; ; now follows from 5.22.

To prove the inductive formula for ¢; j, fix j and use 4.5 to take the
Laplacian of both sides of 5.24, then multiply by |x|2/, getting

k
0= Zci,j(|x|2iai+1p +2(i-j)2Cm+n-2-2j- 2i)|x|2i*2Aip)
i=j
k . .
= > (cing+20i-j@m+n—2-2j-2i)c;;)IxI*2alp,
i=j+1
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where the second equality is obtained from the first by breaking the
sum into two parts, replacing i by i — 1 in the first part, and recombin-
ing the two sums (after the change of summation, the first summation
should go to k + 1, but the (k + 1)-term equals O; similarly, the second
sum should start at j, but the j-term equals 0).

The equality above must hold for all p € P, (R") (the ¢; ; are inde-
pendent of p). This can happen only if

Ci-1,j + 2(i—j)(2m+n— 2 — 2j— Zl‘)Ci‘j = 0,

which gives our desired inductive formula. [ ]

Explicit Bases of Hm(R") and Hp (S)

Theorem 5.18 implies that {K[D%|x|27"] : || = m} spans H, (R™)
and that {D%|x|?>~" : || = m} spans H;,(S). In the next theorem, we
find an explicit subset of each of these spanning sets that is a basis.

5.25 Theorem: If n > 2 then the set
{K[D¥x]*™"]:|&| = m and &; < 1}
is a vector space basis of H, (R™), and the set
{D¥|x|>™": || = m and x; < 1}
is a vector space basis of Hu (S).

PROOF: Let B = {K[D%|x|2""] : || = mand o; < 1}. We will
first show that B spans H,,(R"). For this we need only show that
K[D%|x|2~"] is in the span of B for every multi-index « of degree m
(by Theorem 5.18). So suppose « is a multi-index of degree m. If «; is
0 or 1, then K[D%|x|2"] is in B by definition. Now we use induction
on «;. Suppose that «; > 1 and that K[D#|x|2 "] is in the span of
B for all multi-indices B of degree m whose first components are less
than «;. Because A|x|?~" = 0, we have
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K[D¥|x|>7"] = K[D1%172D2* ... D% (D1 x|>™™)]

M=

—K[D1%72Dy% ... Dy (> Dj?|x]>™™)]

Jj=2

n
— > K[D1M72D2% ... Dy *(D;?|x|*™™)].
j=2

By our induction hypothesis, each of the summands in the last line is
in the span of B, and therefore K[D%|x|%2~"] is in the span of B. We
conclude that B spans F,, (R™).

To complete the proof that B is a basis of #;,(R™), we show that
the cardinality of B is at most the dimension of #,,(R"). We have
B = {K[D%|x|>~"]}, where « ranges over multi-indices of length m
that are not of the form (8, + 2, B2, ..., Bn) with |B| = m — 2. Therefore
the cardinality of B is at most #{x : |x| = m} — #{B : |B| = m — 2},
where # denotes cardinality. But from Proposition 5.5, we know that
this difference equals the dimension of #,, (R™).

Having shown that B is a basis of 7{,, (R"), we can restrict to S,
obtaining the second assertion of this theorem. [ ]

The software described in Appendix B uses Theorem 5.25 to con-
struct bases of H,, (R") and H,,,(S). For example, this software pro-
duces the following vector space basis of 4 (R3):

{31x1* = 30|x[%x2° + 35x2%,
3|x|%x0x3 — 7x23x3,

Ix|* = 5|x1%x22 — 5|x|%x32 + 35x2%x32,

31x]%x2x3 — 7x2x3°,

31x]* - 30]x|°x3% + 35x3%,

31x|2x1x2 — 7x1x23,

Ix12x1x3 — 7x1X2° X3,

|x|2x1X2 — 7X1X2X3°,

3|x|%x1x3 — 7x1x33}.
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Although the previous theorem is valid only when n > 2, the n = 2
case is easy—earlier in the chapter we saw that {z™, z"} is a basis of
Hm(R?) and {ei™? e~im0} ig a basis of Hyu (S).

Zonal Harmonics

We continue to view F,,(§) as an inner product space with the
L2(S)-inner product. Fix a point n € S, and consider the linear map
A: Hn(S) — C defined by

Alp) =pn).

Because H,, (S) is a finite-dimensional inner-product space, there ex-
ists a unique function Z,, (-, n) € H,, (S) such that

p) = () Zi (- ) = Lp(C)zm@,n)da@

for all p € #,,,(S). The spherical harmonic Z,, (-, n) is called the zonal
harmonic of degree m with pole . The terminology comes from geo-
metric properties of Z,, that will be explained shortly.

We easily compute Z;;, when n = 2. Clearly Zy = 1. For m > 0,
Hn (S) is the two-dimensional space spanned by {ei™? ¢~im?} as we
saw earlier. Thus if we fix e!®? € S, there are constants «, 8 € C such
that Z,, (e?,e'?) = xe!™? + Be~™9 The reproducing property of the
zonal harmonic then gives

yel™m?® 4 Se ime — J (yelme + 5e—1m9)(ae—1m9 + Belme) %
0
=yx+6B

for every y, 8 € C. Thus &« = e"?® and B = ¢!™®. We conclude that
5.26 Zm (19 e1®) = oim(0-0) 4 »im(@=-0) — 3 cogm (0 — Q).

Later (5.38) we will find an explicit formula for zonal harmonics in
higher dimensions.

We now return to the case of arbitrary n > 2. The next proposition
gives some basic properties of zonal harmonics. The proof of (c) below
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uses orthogonal transformations, which play an important role in our
study of zonal harmonics. We let O(n) denote the group of orthogo-
nal transformations on R”". Observe that H,, (R") is O (n)-invariant,
meaning thatif p € H,,(R*) and T € O(n), then p o T € H,,, (R™). It
follows that H,,(S) is O (n)-invariant as well.

5.27 Proposition: Suppose C,n € S and m = 0. Then:

(a) Zm is real valued.

b)  Zm(C,n) = Zm(n,0).

(©  Zwm(C, T(N) = Zm(T~XC),n) foral T € O(n).
(d)  Zm(n,n) = dim Hy, (R™).

(€)  1Zm(C,n)| < dim Hy, (R™).

PROOF: To prove (a), suppose p € Hy, (S) is real valued. Then
0=Imp(n)

:lva(é)mdU(E)

_ _Lp(g) Im Zn (G, ) do (2).

Defining p by p(€) = Im Z,,,(C, ) yields

[ mZ(&,m)* do@ -0,

which implies Im Z;,, = 0, proving (a).

To prove (b), consider any orthonormal basis e, ..., en,, of Hp(S),
where h,, = dim7,,(S) = dim H,,(R") (see Proposition 5.8 for an
explicit formula for h,,). By standard Hilbert space theory,

Mo o
Zm(,m) = > (Zm(-,n),ej)ej = > ej(n)e;.
j=1 Jj=1

Thus

hm

5.28 Zm(€,n) = > ej(n)e;(D).

J=1
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Because Z,, is real valued, the equation above is unchanged after com-
plex conjugation, which implies (b).
To prove (c), let T € O(n). For every p € H,,(S) we have

p(T(n) =(poT)(n)

- L p(T(©))Zm(C, ) do (L)

_ L p(0)Zm (T"1(T),n) do (D),

the last equality following from the rotation invariance of o. By the
uniqueness of the zonal harmonic, the equation above gives (c).
To prove (d), note that taking € = T(n) in (c) gives

Zm(T(N), T(N)) = Zm(n,n).

Thus the function n —» Z,,(n,n) is constant on S. To evaluate this
constant, take € = n in 5.28, obtaining

.
Zm(n,n) = > lej(n)]2.
j=1

Now integrate both sides of the equation above over S, getting
hm

Zm(n,n) = L(z lej(m)12) dor(n) = hyn = dim Hi (R™),
j=1

which gives (d).
To prove (e), note that

1 Zm (I3 = (Zm(-,0)y Zm (+,10)) = Zm (N, n) = dim FHp, (R™),
where || ||> denotes the norm in L2(S). Now

1 Zm (T, )| = {Zm (-, C), Zin (-, m))|
<N Zm O 21 Zim (-, 0 |l2
= dim H,,, (R™),

completing the proof. [
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Exercise 19 of this chapter deals with the question of when the in-
equality in part (e) of the proposition above is an equality.

Our previous decomposition L2(S) = Do Hm(S) has an elegant
restatement in terms of zonal harmonics, as shown in the next theorem.
Note that this is just the Fourier series decomposition when n = 2.

5.29 Theorem: Suppose f € L%(S). Let pm(n) = (f, Zm(-,n)) for
m=0andn €S . Then pym € Hmu(S) and

f= Z Pm
m=0

in L2(S).

PROOF: By Theorem 5.12, we can write f = >, _, qm for some choice
of gm € Hm(S), where the infinite sum converges in L2(S). The proof
is completed by noticing that

pm(N) = (fs Zm(,m) = (O Qs Zm ;M) = {@m, Zm (-,0)) = am (1),
k=0

where the third equality comes from the orthogonality of spherical har-
monics of different degrees (Proposition 5.9). [ ]

The Poisson Kernel Revisited

Every element of H,,(S) has a unique extension to an element of
Hp (RM); given p € Hyy, (S), we will let p denote this extension as well.
In particular, the notation Z;, (-, €) will now often refer to the extension
of this zonal harmonic to an element of #,, (R").

Suppose x € R"*. If x # 0 and p € H,,,(R"), then

5.30 p(x) = |x|"p(x/|xl)

- |x|mLzo(C)zm(x/|x|,z;> Ao (©)

- Lp(z;)zm(x,Z)dU(O.
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We easily check that the first and last terms above also agree when
x = 0. Note that Z,,(x, -) is a spherical harmonic of degree m for each
fixed x € R™.

Our next result uses the equation above to expresses the Poisson
integral of a polynomial in terms of zonal harmonics.

5.31 Proposition: Let p be a polynomial on R" of degree m. Then

PIPIsI) = Y | p(©)Zk(x,€) do (@)
k=0"S

for every x € B.

PROOF: By Theorem 5.1, P[p|s] is a polynomial of degree at most m
and hence can be written in the form

5.32 Plplsl= . pi
k=0
where each py € Hy(R™). For each x € B and each k we have
P = | PU©)Zu(x, D) do (D)
DN SLAPRSELS
S 2o

- [ r@zx 0 o),

where the first equality comes from 5.30, the second equality comes
from the orthogonality of spherical harmonics of different degrees (see
Proposition 5.9), and the third equality holds because p and its Poisson
integral Z;’LO pj agree on S. Combining the last equation with 5.32
gives the desired result. [ ]

The proposition above leads us to the zonal harmonic expansion of
the Poisson kernel.
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5.33 Theorem: For every n = 2,
P(x,0) = > Zm(x,T)
m=0

for all x € B, C € S. The series converges absolutely and uniformly on
K x S for every compact set K C B.

PROOF: For a fixed n, Proposition 5.27(e) and Exercise 10 of this
chapter show that there exists a constant C such that

| Zm(x,0)| < Cm"=2|x|™

for all x € R"™, T € S. The series >, _, Zm(x,C) therefore has the
desired convergence properties.

Fix x € B. From Propositions 5.31 and 5.9 we see that

| f@Pxdr@) - [ £©) Y Znx, 0 do@)
m=0

whenever f is the restriction of a polynomial to S. Because such func-
tions are dense in L?(S), this implies that P(x,Z) = > _o Zm (x, C) for
almost every ¢ € S. But all the functions involved are continuous, so
we actually have equality everywhere, as desired. [

When n = 2, we can express the theorem above in a familiar form.
Recall that we used complex analysis (see 1.12) to show that the Poisson
kernel for B, takes the form

P(ret? ¢i?) = Z ylmlgim@-@) — 1 4 Z rM2cosm(6 — @)
m=-—oo m=1

for all r € [0,1) and all 8, € [0,21]. By 5.26, this is exactly the
expansion in the theorem above.

The preceding theorem enables us to prove that the homogeneous
expansion of an arbitrary harmonic function has the stronger conver-
gence property discussed after Theorem 1.31.
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5.34 Corollary: If u is a harmonic function on B(a, r), then there exist
Pm € Hp (R™) such that

u(x) = > pmix-a)
m=0
for all x € B(a,r), the series converging absolutely and uniformly on
compact subsets of B(a,r).

PROOF: We first assume that u is harmonic on B. For any x € B,
Theorem 5.33 gives

u(x) = | w@Px,0)do(@) = > | w(@)Zn(x,0)do(Q).
S S
m=0

Letting pm(x) = [ u(C)Zm(x,C)do(C) for x € R", observe that
Pm € Hpy (R™). As in the proof of Theorem 5.33,

P (x)| < Cm"*2|x|T"j uldo
S

for all x € R™, and thus the series > p,, converges absolutely and
uniformly to u on compact subsets of B.

After a translation and dilation, the preceding argument shows that
if u is harmonic on B(a,r), then u has an expansion of the desired
form in each B(a,s), 0 < s < r. By the uniqueness of homogeneous
expansions, all of these expansions are the same, and thus u has the
desired expansion on B(a, 7). [

A Geometric Characterization
of Zonal Harmonics

In this section we give a simple geometric characterization of zonal
harmonics. Recall the definition of a “parallel” from cartography: if we
identify the surface of the earth with S ¢ R3 so that the north pole is at
(0,0,1), then a parallel is simply the intersection of S with any plane
perpendicular to the z-axis. The notion of a parallel is easily extended
to all dimensions. Specifically, given n € S, we define a parallel orthog-
onal to n to be the intersection of S with any hyperplane perpendicular
ton.
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Parallels orthogonal to n.

We claim that the zonal harmonic Z,, (-, n) is constant on each par-
allel orthogonal to n. To prove this, observe that a function f on S
is constant on parallels orthogonal to n if and only if f o T~! = f for
every T € O(n) with T(n) = n. Thus Proposition 5.27(c) proves our
claim.

Our goal is this section is to show that scalar multiples of Z,,(-,n)
are the only members of 7, (S) that are constant on parallels orthog-
onal to n (Theorem 5.37). This geometric property explains how zonal
harmonics came to be named—the term “zonal” refers to the “zones”
between parallels orthogonal to the “pole” n.

We will use two lemmas to prove our characterization of zonal har-
monics. The first lemma describes the power series expansion of a
real-analytic radial function.

5.35 Lemma: If f is real analytic and radial on R", then there exist
constants ¢y, € C such that

(o8]

F(x)= > cmlx®™

m=0

for all x near 0.
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PROOF: Assume first that f € P, (R™) and that f is notidentically O.
Because f is radial, it has a constant value ¢ # 0 on S, which implies
that f(x) = c|x|™ for all x € R™. Clearly m is even (otherwise f would
not be a polynomial). Thus f has the desired form in this case.

Now suppose that f is real analytic and radial, and that > p,, is
the homogeneous expansion of f near 0. Let T € O(n). Because f is
radial, f = f o T, which gives > py, = > pm o T near 0. Since p,, is a
homogeneous polynomial of degree m, the same is true of p;, o T, so
that p;, = pm o T for every m by the uniqueness of the homogeneous
expansion of f. This is true for every T € O(n), and therefore each
pPm is radial. The result in the previous paragraph now completes the
proof. [ ]

The next lemma is the final tool we need for our characterization of
zonal harmonics. Recall that we can identify R with R"~! x R, writing
a typical point z € R" as z = (x, ).

5.36 Lemma: Suppose that u is harmonic on R" and that u(-,y) is
radial on R"~! for each v € R. Suppose further that u(0,y) = 0 for all
v €R. Thenu = 0.

PROOF: Recall that the power series of a function harmonic on R"
converges everywhere on R" (see Exercise 34 in Chapter 1). Because u
is real analytic on R" and each u(-,y) is radial on R"*"!, Lemma 5.35
implies that the expansion of u takes the form

ulx,y) = > cm(y)|x|?™,

m=0

where each ¢, is a real-analytic function of . Because u is harmonic,
we obtain

0=Au(x,y)

Doom IXP+ > cmem () [x 2D
m=0 m=1
m=

[em” (V) + Cms1Cm+1 (V) 11x]%™,
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where «;,,, = 2m((2m + n — 3). Looking at the last series, we see that
each term in brackets vanishes. Because co(y) = u(0,y) = 0, we easily
verify by induction that each c;, is identically zero. Thus u = 0, as
desired. ]

Let N denote the north pole (0,...,0,1). We can now characterize
the zonal harmonics geometrically.

5.37 Theorem: Let n € S. A spherical harmonic of degree m is con-
stant on parallels orthogonal to n if and only if it is a constant multiple

PROOF: We have already seen that Z,,(-,n) is constant on parallels
orthogonal to n.

For the converse, we may assume m > 1. For convenience we first
treat the case n = N. So suppose p € H,,(R") is constant on parallels
orthogonal to N. For T € O(n — 1), we then have

p(Tx,y) =p(x,y)

for all (x,y) € S, and hence for all (x, y) € R". Because this holds for
all T € O(n — 1), we conclude that p(-,y) is radial on R"~! for each
v € R. In particular, Z,, ((-,y),N), regarded as an element of F{,, (R"),
is radial on R""! for each y € R.

Now choose ¢ such that p(N) = ¢Z;;(N,N), and define

u = p _CZm(',N)-

Then u is harmonic on R", u(-,y) is radial on R"*~! for each y € R,
and u(0,y) = u(yN) = y™u(N) = 0 for every y € R. By Lemma 5.36,
u = 0. Thus p is a constant multiple of Z,,(-,N), as desired.

For the general n € S, choose T € O(n) such that T(N) = n. If
p € Hy(S) is constant on parallels orthogonal to n, then p o T is
constant on parallels orthogonal to N. Hence poT is a constant multiple
of Z,, (-,N), which implies that p is a constant multiple of Z,, (-,N)oT 1,
which, by Proposition 5.27(c), equals Z,, (-, ). [
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An Explicit Formula
for Zonal Harmonics

The expansion of the Poisson kernel given by Theorem 5.33 allows
us to find an explicit formula for the zonal harmonics.

5.38 Theorem: Let x e R" and let C € S. Then Z,,(x,C) equals

[m/2]
3 knm+2)...(n+2m—2k—4) v m=2Kk| 2k
(n+2m-2) go( 1) 25k (m = 200 (x- Q)M x|

for each m > 0.

PROOF: The function (1 — z) /2 is holomorphic on the unit disk in
the complex plane, and so it has a power series expansion

5.39 (1-2z)"2=> ¢z*
k=0

for |z| < 1. We easily compute that

5.40 cr = (?)(g+1)'];,'(g+k_l).

Fix € € S. For |x| small, 5.39 and the binomial formula imply
that

P(x,0) = (1 —Ix|*)(1+|x|*—2x - L)

=(1-Ix1?) > cx(@x - T [x[Hk
k=0

0 k
= (1= Ix1?) Y e > (-1 (5) 2K (x - D) x|,
k=0 j=0

By Theorem 5.33, Z,, (-, €) is equal to the sum of the terms of degree m
in the power series representation of P(-, ). Thus the formula above
implies that

5.41 Zm(x,T) ZQm(X)_|x|ZQm—2(X);
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where g,, and g,_» are the sums of terms of degree m and m — 2,
respectively, in the double series above. It is easy to see that

Am(x) = > c(=)mR( K )22em (L gy2komx2mo2k,
m/2<k<m

Replacing the index k by m — k in this sum shows that

[m/2]

Am(x) = > cmor(=D¥ (M F)2m 2K (x )Mk x 2K,
k=0

Using 5.40, the last equation becomes

[m/2]

Am(x) = > (_1)k"("+2)--.(n+2m_2k_2)
k=0

2Kk (1 — 2K)] (x - Q)™ P

By replacing m by m — 2, we obtain a formula for g,,->. In that formula,
replace the index k by k—1, and then combine terms in 5.41 to complete
the proof. [ ]

Note that for x € S, the expansion in the theorem above shows
that Z,,(x, C) is a function of x - €. We could have predicted this by
recalling from the last section that on S, the zonal harmonic Z,, (-, )
is constant on parallels orthogonal to C.

The formula for zonal harmonics given by the theorem above may
be combined with Proposition 5.31 and the formula for the integral
over S of any monomomial ([20], Section 3) to calculate explicitly the
Poisson integral of any polynomial. However, this procedure is typi-
cally several orders of magnitude slower than the algorithm given by
Theorem 5.21.
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Exercises

1. Suppose p is a polynomial on R" such that p|s = 0. Prove that
there exists a polynomial g such that p = (1 — |x|?)q.

2. Suppose p is a homogeneous polynomial on R" and u = P[p|s].
Prove that u is a homogeneous polynomial with the same degree
as p if and only if p is harmonic.

3. Suppose p is a polynomial on R" and u = P[p|s]. Prove that the
degree of u is less than the degree of p if and only if the homo-
genenous part of p of highest degree is a polynomial multiple
of |x|2.

4. Suppose that f is a homogeneous polynomial on R" of even (re-
spectively, odd) degree. Prove that P[ f] is a polynomial consist-
ing only of terms of even (respectively, odd) degree.

5. Suppose E is an open ellipsoid in R".

(a) Prove that if p is a polynomial on R™ of degree at most m,
then there exists a harmonic polynomial g on R™ of degree
at most m such that q|3r = p|sE.

(b) Use part (a) and the Stone-Weierstrass Theorem to show that
if f € C(E), then there exists u € C(E) such that u|sr = f
and u is harmonic on E.

6. Let f be a polynomial on R™. Prove that P.[f|s], the exterior
Poisson integral of f|s (see Chapter 4), extends to a function
that is harmonic on R" \ {0}.

7. Generalized Dirichlet Problem: Show that if f and g are polyno-
mials on R", then there is a unique polynomial p with pls = f|s
and Ap = g. (The software described in Appendix B can find p
explicitly.)

8. From Pascal’s triangle we know <NA;1) = (ﬁ) + (M]\il). Use this
and Proposition 5.8 to show that

amat )= ("7 (1)

form > 1.
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9.

10.

11.

12.

13.

14.

15.

16.

Prove that dim H,,, (R") < dim Hy,.1 (R™) when n > 2.

Prove that for a fixed n,

dim F, (R™) _ 2
mn-2 (n—2)!
as m — oo,
Prove that 4
S %12 = x2%° do(x) = o

Suppose p,q € H,, (R™). Prove that
pD)gl=nn+2)...(n+2m — Z)J pqdo.
S

(Note that the left side of the equation above, which appears to
be a function, is actually a constant because p and g are both
homogeneous polynomials of degree m.)

Where in the proof of Lemma 5.17 was the hypothesis n > 2
used?

For n = 2, let ¢,y = (=2)™LY(m — 1)I. Suppose m > 0 and
p € Pm(R?).

(a) Prove that
K[p(D)log|x|] = cm(p — IxI%q)

for some q € Py, _»(R?).

(b) Prove that the orthogonal projection of p onto H,, (R?) is
K[p(D)log|x[]/cm.

Given a polynomial f on R", how would you go about determin-
ing whether or not f|s is a spherical harmonic?

Prove that if p € H,,, (R™), then
DiK[p]l =K[IxI?D;p + (2 -n—-2m)x;p]

forl<j=<n.
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17.

18.

19.

20.

21.

22.

Prove that if p € H,,, (R™), where n > 2 and m > 0, then

Let f € C(S). The Neumann problem for B with boundary data
f is to find a function harmonic on B whose outward normal
derivative on S equals f and whose value at the origin is 0.

(a) Show that the Neumann problem with boundary data f has
at most one solution.

(b) Show if the Neumann problem with boundary data f has a
solution, then [¢ fdo = 0.

(c) Show that if p is a polynomial on R", then the Neumann
problem with boundary data p|s has a solution if and only
if [ pdo = 0. Describe how you would calculate a solution
to the Neumann problem with boundary data p|s from the
solution to the Dirichlet problem with boundary data p|s,
and vice versa.

(@) For n = 2, find a necessary and sufficient condition for
equality in Proposition 5.27(e).

(b) Prove thatif n > 2 and m > 0, then the inequality in Propo-
sition 5.27(e) is an equality if and onlyif C = nor € = —n.

Define Py (x,C) = 2%20 Zm (x,C). Show that for fixed € € S,

il’lfPM(X,C)ﬁ—oo as M — oo,
xX€EB

even though for each fixed x € B, Py(x,C) — P(x,C) > 0 as
M — o (by Theorem 5.33).

Fix x € B. For f = P(x, -), what is the expansion given by The-
orem 5.29? Show how this could be used to give an alternative
proof of Theorem 5.33.

Give an example of a real-analytic function on B whose homoge-
neous expansion (about 0) does not converge in all of B. (Com-
pare this with Corollary 5.34.)
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23.

24,

25.

26.

27.

28.

29.

Suppose u € C1(B) is such that the function x —~ x - Vu(x) is
harmonic on B. Prove that u is harmonic on B.

Suppose u is harmonic on R™ and u is constant on parallels or-
thogonal to np € S. Show that there exist ¢, c1,... € C such that

u(x) = > cmZm(x,n)

m=0
for all x € R".

Suppose that u is harmonic on B, u is constant on parallels or-
thogonal ton € S, and u(rn) = 0 for infinitely many » € [-1, 1].
Prove that u = 0 on B.

Show that u need not vanish identically in Exercise 25 if “har-
monic on B” is replaced by “continuous on B and harmonic on B”.
(Suggestion: Set qm (x) = Zy (x, n)/(dim H,, (R™)) and consider
a sum of the form X}, (—1)%crqm, (x), where the coefficients
ck are positive and summable and the integers mj are widely
spaced.)

Show that there exists a nonconstant harmonic function u on R2
that is constant on parallels orthogonal to e? as well as on par-
allels orthogonal to e'? if and only if 8 — @ is a rational multiple
of .

Suppose n > 2 and C,n € S. Under what conditions can a func-
tion on S be constant on parallels orthogonal to € as well as on
parallels orthogonal to n?

Fix a positive integer m. By Theorem 5.38, there is a polynomial
q of one variable such that Z,,(n,C) = q(n - C) forall n,C € S.
Prove that if n is even, then each coefficient of g is an integer.






CHAPTER 6

Harmonic Hardy Spaces

Poisson Integrals of Measures

In Chapter 1 we defined the Poisson integral of a function f € C(S)
to be the function P[f] on B given by

6.1 PLA(x) = Lf(E)P(x,Z;) Ao (C).

We now extend this definition: for y a complex Borel measure on S, the
Poisson integral of u, denoted P[u], is the function on B defined by

6.2 PLul(x) = LP(x,C)du(C).

Differentiating under the integral sign in 6.2, we see that P[u] is har-
monic on B.

The set of complex Borel measures on S will be denoted by M(S).
The total variation norm of u € M(S) will be denoted by ||u||. Recall
that M(S) is a Banach space under the total variation norm. By the
Riesz Representation Theorem, if we identify u € M(S) with the linear
functional A, on C(S) given by

Au(f) = Lfdll,

then M (S) is isometrically isomorphic to the dual space of C(S). (A
good source for these results is [15].)

111
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We will also deal with the Banach spaces LP(S),1 < p < c. When
p € [1,00), LP(S) consists of the Borel measurable functions f on S
for which

1£ll, = (L 1P do) P < oo;

L= (S) consists of the Borel measurable functions f on S for which
I flle < oo, where || f]l» denotes the essential supremum norm on S
with respect to . The number g € [1, «] is said to be conjugate to p
ifl/p+1/q=1. If 1 < p < o and q is conjugate to p, then L(S)
is the dual space of L?(S). Here we identify g € L1(S) with the linear
functional Ay on L?(S) defined by

Ag(f) = L fgdo.

Note that because o is a finite measure on S, L?(S) ¢ L1(S) for all
p € [1, c]. Recall also that C(S) is dense in L7 (S) for 1 < p < 0.

It is natural to identify each f € L!(S) with the measure u e M(S)
defined on Borel sets E C S by

6.3 ur(E) = Lfd(f.

Shorthand for 6.3 is the expression duy = fdo. The map f — uyis a
linear isometry of L1(S) into M(S). We will often identify functions in
L'(S) as measures in this manner without further comment.

For f € L1(S), we will write P[f] in place of P[uyr]. Here one could
also try to define P[f] as in 6.1. Fortunately the two definitions agree,
because if @ is abounded Borel measurable function on S (in particular,
if = P(x,-)), then [ @ dus = [¢ @ f do. Our notation is thus consis-
tent with that defined previously for continuous functions on S.

Throughout this chapter, when given a function u on B, the notation
u, will refer to the function on S defined by u, () = u(rZ); here, of
course, 0 <7 < 1.

We know that if f € C(S), then P[f] has a continuous extension
to B. What can be said of the more general Poisson integrals defined
above? We begin to answer this question in the next two theorems.
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6.4  Theorem: The following growth estimates apply to Poisson inte-
grals:

(a) If u e M(S) and u = P[u], then ||u, |1 < ||lull forall v € [0,1).

(b) Ifl<p=<o,fell(S),andu = P[f], then |uyll, < | fll, for
all v € [0,1).

PROOEF: The identity
6.5 P(rn,C) = P(rC,n),
valid for all n,C € S and all ¥ € [0, 1), will be used to prove both (a)

and (b).
To prove (a),lety € M(S) andsetu = P[u]. Forn € Sandr € [0,1),

lu(rn)| < LP(rn,cmwc),

where |u| denotes the total variation measure associated with u. Fu-
bini’s theorem and 6.5 then give

luplls = JS lw(rm)| do ()
sj j P(rn, ©) dIul(€) do(n)
SJS

:J J P(r¢,n)do(n)dlul(C)
S§JS
= lull.

For (b), assume first that 1 < p < o. Let f € LP(S) and setu = P[ f].
Then

lu(rn)| = L IFC)Parn, ©) do (D).
By Jensen’s inequality,
()P < L LF)IPPGrn, ) do (D).

Integrate this last expression over S and use an argument similar to
that given for (a) to get [[u,llp, < I fllp, as desired.
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The case f € L*(S) is the easiest. With u = P[f], we have
wtrn)| < | @)1 P(n,©) do (©)

< [1flls LP(rn,C)dU(C)
= 1 f 1l .

Our first consequence of the last theorem is that ||u,|l, is an in-
creasing function of » for each harmonic function u. A necessary and
sufficient condition for the inequality in the corollary below to be an
equality is given in Exercise 4 of this chapter.

6.6 Corollary: If u is harmonicon B and 0 <v < s < 1, then
||u1’||p = ”uS”p
forall p € [1, o].
PROOF: Suppose u is harmonic on B and 0 < ¥ < s < 1. The idea

of the proof is to think of u, as a dilate of the Poisson integral of u;
then the result follows from the previous theorem. More specifically,

lurllp = [IP[uslellp < llusllp,
r rllp p

where the equality follows from Theorem 1.21 and the inequality fol-
lows from Theorem 6.4(b). ]

If f e C(S)and u = P[f], we know that u,, — f in C(S) as v — 1.
This fact and Theorem 6.4 enable us to prove the following result on

LP-convergence.

6.7 Theorem: Supposel < p < . If f € LP(S) and u = P[f], then
luy = fllp = 0asr — 1.

PROOF: Let p € [1,), let f € LP(S), and set u = P[f]. Fix € > 0,
and choose g € C(S) with || f — gll, < &. Setting v = P[g], we have

lluy _f”p < |luy — Vr”p + vy _g”p +1lg _f”p-
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Now (uy —vy) = (P[f — gl)+, hence |lu, — vill, < € by Theorem 6.4.
Note also that [V — gllp < [[Vy — gll. Thus

lur = fllp < lve — glle + 2€.

Because g € C(S), we have ||V — glle — 0 as ¥ — 1. It follows that
limsup, . luy — fll, < 2¢&. Since ¢ is arbitrary, [lu, — fll, — 0, as
desired. [ ]

Theorem 6.7 fails when p = . In fact, for f € L®(S) and u = P[ f],
we have |[u, — fllo — 0 as+ — 1if and only if f € C(S), as the reader
should verify.

In the case u € M(S) and u = P[u], one might ask if the L!-functions
U, always converge to pu in M(S). Here as well the answer is negative.
Because L!(S) is a closed subspace of M(S), u, — u in M(S) precisely
when pu is absolutely continuous with respect to o.

We will see in the next section that there is a weak sense in which
convergence at the boundary occurs in the cases discussed in the two
paragraphs above.

Weak* Convergence

A useful concept in analysis is the notion of weak* convergence.
Suppose X is a normed linear space and X* is the dual space of X. If
A1,Ay,... € X*, then the sequence (Ag) is said to converge weak* to
A € X* provided limy_o Ar(x) = A(x) for every x € X. In other
words, Ay — A weak* precisely when the sequence (Ayg) converges
pointwise on X to A. We will also deal with one-parameter families
{Ay:7r €[0,1)} C X*; here we say that A, — A weak*if A, (x) - A(x)
as v — 1 for each fixed x € X.

A simple observation we need later is that if Ay — A weak*, then

6.8 IAll < liininf I Akl

Here ||A] is the usual operator norm on the dual space X* defined by
IAIl = sup{|A(x)|:x € X, ||x[| < 1}.

Convergence in norm implies weak* convergence, but the converse
is false. A simple example is furnished by £2, the space of square
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summable sequences. Because 2 is a Hilbert space, (£2)* = £2. Let
ex denote the element of £2 that has 1 in the k'® slot and 0’s elsewhere.
Then for each a = (a1,a»,...) € ¥?, {(a,ex) = ax for every k. Thus
ex — 0 weak* in €2 as k — oo, while |lex|| = 1 in the £2-norm for every k.
This example also shows that inequality may occur in 6.8.

Our next result is the replacement for Theorem 6.7 in the cases
mentioned at the end of the last section.

6.9 Theorem: Poisson integrals have the following weak* conver-
gence propetrties:

(a) If ue M(S) and u = P[u], thenu, — U weak*in M(S) asr — 1.

(b) If f € L*(S) and u = P[f], then u, — f weak* in L*(S) as
r — 1.

PROOEF: Recall that C(S)* = M(S). Suppose u € M(S), u = P[u],
and g € C(S). To prove (a), we need to show that

6.10 Jguyda—»Jgdu
S S

asr — 1.
Working with the left-hand side of 6.10, we have

j gur do :j g(@)j P&, n) du(n) do(©)
S S S
:j j 9(@)Prn, ) do () du(n)
SJS
= LP[g](m)du(n),

where we have used 6.5 again. Because g € C(S), P[gl(rn) — g(n)
uniformly on S as ¥ — 1. This proves 6.10 and completes the proof
of (a).

The proof of (b) is similar. We first recall that L' (S)* = L®(S). With
f e L*(S)and u = P[f], we thus need to show that

6.11 Jguyda—»J’gfd(r
s s
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as ¥ — 1, for each g € L'(S). Using the same manipulations as
above, we see that the left side of 6.11 equals [¢(P[g]),f do. By The-
orem 6.7, (P[g])y — g in L'(S) as r — 1. Because f € L*(S), we
have (P[g]),f — gf in L'(S). This proves 6.11, completing the proof
of (b). [ ]

In Chapter 2 we told the reader that every bounded harmonic func-
tion on B is the Poisson integral of a bounded measurable function
on S. In Chapter 3, we claimed that each positive harmonic function
on B is the Poisson integral of some positive measure on S. We will
prove these results in the next section. The key to these proofs is the
following fundamental theorem on weak* convergence.

6.12 Theorem: If X is a separable normed linear space, then ev-
ery norm-bounded sequence in X* contains a weak* convergent sub-
sequence.

PROOF: Assume (Ay,) is a norm-bounded sequence in X*. Then
(Am) is both pointwise bounded and equicontinuous on X (equiconti-
nuity follows from the linearity of the functionals A,,). By the Arzela-
Ascoli Theorem for separable metric spaces (Theorem 11.28 in [15]),
(Am) contains a subsequence (A, ) converging uniformly on compact
subsets of X. In particular, (A, ) converges pointwise on X, which
implies that (A, ) converges weak* to some element of X*. [ ]

In the next section we will apply the preceding theorem to the sep-
arable Banach spaces C(S) and L9(S),1 < g < oo.

The Spaces h* (B)

The estimates obtained in Theorem 6.4 suggest the definition of
some new function spaces. For 1 < p < oo, we define h” (B) to be the
class of functions 1 harmonic on B for which

lullpe = sup llurlly < oco.
0<r<1

Thus h? (B) consists of the harmonic functions on B whose L?P-norms
on spheres centered at the origin are uniformly bounded. Because
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lluyll, is an increasing function of v for each harmonic function u
(Corollary 6.6), we have

u =lim ||u
1]l ne r—»l” rllp

for each u € h”(B). Note that h*(B) is the collection of bounded
harmonic functions on B, and that

lullp= = sup [u(x)|.
XEB

We refer to the spaces h” (B) as “harmonic Hardy spaces”. The usual
“Hardy spaces”, denoted by H? (B>), consist of the functions in h”? (B>)
that are holomorphic on B»; they are named in honor of the mathemati-
cian G. H. Hardy, who first studied them.

It is straightforward to verify that h” (B) is a normed linear space
under the norm || |[pr. A consequence of Theorem 6.13 below is that
h? (B) is a Banach space.

Here are some observations that can be elegantly stated in terms of
the h?-spaces:

(@ Themap u — P[u] is a linear isometry of M(S) into h!(B).

(b) Forl < p < oo, the map f — P[f] is a linear isometry of L¥(S)
into h” (B).

Let us verify these claims. First, the maps in question are clearly
linear. Second, in the case of (a), we have

IPLu]llp < llpll

by Theorem 6.4. On the other hand, 6.8 and Theorem 6.9 show that
Iull < lilgipfll(P[u])rll1 = [[P[p]llp1-

This proves (a). The proof of (b) when p = o is similar. The proof of
(b) when 1 < p < = is even easier, following from Theorem 6.7.

We now prove the remarkable result that the maps in (a) and (b)
above are onto.
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6.13 Theorem: The Poisson integral induces the following surjective
isometries:

(a) The map u — Plu] is a linear isometry of M(S) onto h'(B).

(b) For1l < p < o, the map f — P[f] is a linear isometry of L¥(S)
onto h” (B).

PROOF: All that remains to be verified in (a) is that the range of the
map p — P[u]is all of h!(B). To prove this, suppose u € h!(B). By
definition, this means that the family {u, : v € [0, 1)} is norm-bounded
in L1(S), and hence in M(S) = C(S)*. Theorem 6.12 thus implies there
exists a sequence v; — 1 such that the sequence u,; converges weak*
to some u € M(S). The proof of (a) will be completed by showing that
u = Plul.

Fix x € B. Because the functions y — u(r;y) are harmonic on B,
we have

6.14 u(rjx) = Lu(er)P(x,C) do(C)

for each j. Now let j — . Simply by continuity, the left side of 6.14
converges to u(x). On the other hand, because P(x,-) € C(S), the
right side of 6.14 converges to P[u](x). Therefore u(x) = P[u](x),
and thus u = P[u] on B, as desired.

The proof of (b) is similar. Fix p € (1, ], let u € h?(B), and let g be
the number conjugate to p. Then the family {u, : v € [0,1)} is norm-
bounded in L7 (§) = L4(S)*. By Theorem 6.12, there exists a sequence
r; — 1 such that u,; converges weak* to some f € LP(S). The argument
given in the paragraph above may now be used, essentially verbatim,
to show that u = P[f]; the difference is that here we need to observe
that P(x,-) € L4(S). We leave it to the reader to fill in the rest of the
proof. [ ]

The theorem above contains the assertion made in Chapter 2 that if
u is bounded and harmonic on B, then u = P[f] for some f € L*(S).
We next take up the claim made in Chapter 3.

6.15 Corollary: If u is positive and harmonic on B, then there is a
unique positive measure pu € M(S) such that u = P[u].
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PROOEF: Suppose u is positive and harmonic on B. Then
J luyldo = J urdo =u(0)
S S

for every v € [0,1), the last equality following from the mean-value
property. Thus u € h!(B), which by Theorem 6.13 means that there is
a unique u € M(S) such that u = P[u]. Being the weak* limit of the
positive measures u, (Theorem 6.9(a)), u is itself positive. [ ]

Our next proposition gives a growth estimate for functions in h” (B).
For a slight improvement of this proposition, see Exercise 11 of this
chapter.

6.16 Proposition: Suppose 1 < p < c. If u € h?(B), then

1 1/p
6ol < () el

for all x € B.
PROOF: Suppose u € h”(B) and x € B. First consider the case
where 1 < p < «. By Theorem 6.13, there exists f € LP(S) such that

u = P[f]; furthermore [[ulln» = IIfllp. Let g be the number conjugate
to p. Now

)| = | [ F©Pe 0 do @)
6.17 < (] px.0rtao @)l
Notice that

J P(x,0)4do(C) < supP(x,C)q‘lj P(x,0)do(C)
S ces S

o 1+]x] )‘H
6.18 = (7(1 X

Combining 6.17 and 6.18 gives the desired result.
The p = 1 case is similar and is left to the reader. [ ]
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We conclude this section with a result that will be useful in the next
chapter.

6.19 Theorem: Let € € S. Suppose that u is positive and harmonic
on B, and that u extends continuously to B\ {C} withu =0 on S\ {C}.
Then there exists a positive constant ¢ such that

u=cP(-,0).

PROOF: We have u = P[u] for some positive u € M(S) by The-
orem 6.15, and we have u, — u weak* in M(S) as » — 1 by Theo-
rem 6.9. The hypotheses on u imply that the functions u, converge
to 0 uniformly on compact subsets of S \ {C} as ¥ — 1. Therefore
J¢ @ du = 0 for any continuous @ on S that is zero near §. This im-
plies that u(S \ {€}) = 0, and thus that u is a point mass at £. The
conclusion of the theorem is immediate from this last statement. [

The Hilbert Space h?(B)

The map f — P[f]is alinear isometry of L2(S) onto h?(B) (by Theo-
rem 6.13). Because L2(S) is a Hilbert space, we can use this isometry to
transfer a Hilbert space structure to h?(B). Specifically, we can define

(PLF1,PLg]) = (f,g) = Lfyda

for f,g € L?(S), where we use { , ) to denote the inner product on
both h?(B) and L2(S), allowing the context to make clear which is in-
tended.

Given u, v € h?(B), it would be nice to have an intrinsic formula for
(u,v) that does not involve finding f,g € L?(S) such that u = P[f]
and v = P[g]. Fortunately, Theorem 6.7 leads to such a formula. We
have u, — f and v, — g in L2(S), and thus (u,,v,) — {(f,g). Hence

(u,v) = limJ u(rC)vr)do(C).
r-1J8

For f € L2(S) and x € B, we have

6.20 PLfI(x) = (f,P(x,")).
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To translate this to an intrinsic formula on h?(B), we need to find the
Poisson integral of P(x, -). In other words, we need to extend P(x, -),
which is currently defined on S, to a harmonic function on B. To do
this, note that

1-|x|?2 1—|x|?

P(x,C) = Ix-CI" (1-2x-C+ |x[2)n/2

for T € S. We extend the domain of P by defining

1-Ix|?|y|?
(1-2x-y+|x|2|y|2)n/2

6.21 P(x,y) =

for all x, y € R™ x R" for which the denominator above is not 0. Note
that this agrees with our previous definition when y € S.

Our extended Poisson kernel P has the pleasant properties that
P(x,y) = P(y,x) and P(x,y) = P(|x|y,x/|x|). The last equation
shows that for x fixed, P(x,-) is a harmonic function (because it is
a dilate of a harmonic function). In particular, for x € B, the func-
tion P(x, -) is harmonic on B and hence is the function in h?(B) that
corresponds to the unextended Poisson kernel P(x,-) € L%(S). The
extended Poisson kernel will play a major role when we study Bergman
spaces in Chapter 8.

Translating 6.20 to h?(B), we have the intrinsic formula

6.22 u(x) ={u,P(x,-))

forall x € Band u € h?(B). The usefulness of this viewpoint is demon-
strated by the next proposition, which gives a sharp growth estimate
for functions in h?(B), slightly better than the p = 2 case of Proposi-
tion 6.16.

6.23 Proposition: If u € h?(B), then

2
)] < | —2XE e
(1-—|x|2)n-1

PROOF: Suppose u € h?(B) and x € B. From the Cauchy-Schwarz
inequality and 6.22, we have

for all x € B.
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lu(x) [ < [[P(x, ) l[n2llullp2.

Now
IP(x, )2, = (P(x,-),P(x,")) = P(x,x),

where the last equality comes from 6.22. Use 6.21 to compute P (x, x)
and complete the proof. [

The Schwarz Lemma

The Schwarz Lemma in complex analysis states that if h is holo-
morphic on B, with |h| < 1 and h(0) = 0, then |h(z)| < |z]| for all
z € Bp; furthermore, if equality holds at any nonzero z € B>, then
h(z) = Az for all z € By, where A is a complex number of modulus one.
In this section we take up the Schwarz Lemma for functions harmonic
on By,.

Hermann Amandus Schwarz (1843-1921), whose reflection principle
we used in Chapter 4 and whose lemma we now extend to harmonic
functions, is also noted for his discovery of a procedure for solving the
Dirichlet problem.

Let S* denote the northern hemisphere {C € S : ,, > 0} and let
S~ denote the southern hemisphere {C € S : C,, < 0}. We define a
harmonic function U = U, on B by setting
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U=P[Xs+ — Xs-1].

In other words, U is the Poisson integral of the function that equals 1
on ST and —1 on S~. Note that U is harmonic on B, with |U| < 1 and
U(0) =0.

The following theorem shows that U and its rotations are the ex-
tremal functions for the Schwarz Lemma for harmonic functions. Re-
call that N = (0,...,0,1) denotes the north pole of S.

6.24 Harmonic Schwarz Lemma: Suppose that u is harmonic on B,
lul <1 on B, and u(0) = 0. Then

[u(x)| < U(]xIN)

for every x € B. Equality holds for some nonzero x € B if and only if
u =AU o T), where A is a complex constant of modulus 1 and T is an
orthogonal transformation.

PROOF: Fix x € B. After arotation, we can assume that x lies on the
radius from O to N, so that x = |x|N.

First we consider the case where u is real valued. By Theorem 6.13,
there is a real-valued function f € L*(S) such that u = P[f] and
Ifllo < 1.

We claim that u(x) < U(x). This inequality is equivalent to the
inequality

[0+ renreoao = [ - f@px o

Because x = |x|N, we have P(x,C) = (1 —|x|?)/(1 +|x|? = 2|x|Cn)"™?,
so the inequality above is equivalent to

1+ f(C)
6.25 J'sf (1+|x]2=2|x|Cp)n/? a0 (@)

SJ 1-f(@)

s+ (T+[x12 = 2|x[Cu)"/?

do(C).

The condition u(0) = 0 implies that [¢- fdo = — [;. f do. Thus, since
Cy, is negative on S~ and positive on S*, we have
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[ 1+ /(@)
s

- (1 + [x]? = 2|x|Cn)"/2

da(g)sJ 1+ f(2)

s= (1 + |x]2)n/2

_ J 1=SO) s

s+ (1 + [x[2)n/2

SJ 1-f(0) Ao (©).

s+ (1 + |x]2 = 2|x|Cp)/?

do (C)

Thus 6.25 holds, completing the proof that u(x) < U(x). Note that if
x # 0, then the last two inequalities are equalities if and only if f =1
almost everywhere on S* and f = —1 almost everywhere on S~. In
other words, we have u(x) = U(x) if and only if u = U.

Now remove the restriction that u be real valued. Choose 8 € C
such that |B| = 1 and Bu(x) = |u(x)|. Apply the result just proved to
the real part of fu, getting |u(x)| < U(x), with equality if and only if
Bu =U. [ ]

Note that while the extremal functions for the Schwarz Lemma for
holomorphic functions are the entire functions z — Az (with [A| = 1),
the extremal functions for the Harmonic Schwarz Lemma are discontin-
uous at the boundary of B. Later in this section we will give a concrete
formula for U when n = 2; Exercise 24 of this chapter gives formulas
for U(|x|N) when n = 3,4. The software package described in Ap-
pendix B can compute U (|x|N) for higher values of n.

The Schwarz Lemma for holomorphic functions has a second part
that we did not mention earlier. Specifically, if h is holomorphic on B>
and |h| < 1 on By, then |h'(0)| < 1; equality holds if and only if
h(z) = Az for some constant A of modulus one. (Almost all complex
analysis texts add the hypothesis that h(0) = 0, which is not needed
for this part of the Schwarz Lemma.) The next theorem gives the cor-
responding result for harmonic functions. Here the gradient takes the
place of the holomorphic derivative.

6.26 Theorem: Suppose u is a real-valued harmonic function on B,
and |u| < 1 on B,,. Then

2V (Bn-1)

[(Vu)(0)] < V(By)

Equality holds if and only if uw = U o T for some orthogonal transforma-
tionT.
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PROOF: We begin by investigating the size of the partial derivative
D,u(0). By Theorem 6.13, there is a real-valued function f € L*(S)
such that u = P[f] and || f|lo < 1. Differentiating under the integral
sign in the Poisson integral formula, we have

Do (0) Lf(C)DnP(O, 2) do (2)
- njsf@:)cn Ao (C)

< nL [Tl do (T).

Equality holds here if and only if f = 1 almost everywhere on S and
f = —1 almost everywhere on S—, which is equivalent to saying that
u equals U. The last integral can be easily evaluated using A.6 from
Appendix A:

2
V(Bn) Bn-1
_ ZV(Bn—l)
~ V(Bp)

(1= 1x>)712(1 = |x[H)2dVy1 (x)

”L Cl do (D)

Thus D, u(0) < 2V (By,-1)/V(By), with equality if and only if u = U.
Applying this result to rotations of u, we see that every directional
derivative of u at 0 is bounded above by 2V (B, -1)/V (By); the length
of Vu(0) is therefore bounded by the same constant, with equality if
and only if u is a rotation of U. [ ]

The bound given above on |(Vu)(0)| could not be improved if we
added the hypothesis that u(0) = 0, because the extremal function
already satisfies that condition.

When n = 2, the preceding theorem shows that [(Vu)(0)| < 4/m.
Note that the optimal constant 4/t is larger than 1, which is the optimal
constant for the Schwarz Lemma for holomorphic functions.

Theorem 6.26 fails for complex-valued harmonic functions (Exer-
cise 23 of this chapter). The gradient, which points in the direction of
maximal increase for a real-valued function, seems to have no natural
geometric interpretation for complex-valued functions.
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We now derive an explicit formula for the extremal function U when
n = 2. Here the arctangent of a real number is always taken to lie in
the interval (-1r/2,17/2).

NN

2
iy

The graph of the harmonic function U, along with the boundary of its
domain. On the upper-half of unit circle in the xy-plane, this function
equals 1; on the lower half of the circle it equals —1.

6.27 Proposition: Let z = (x, y) be a point in B>. Then

2 2y
Ux(x,y) = - arctan [ “x2_ 2

and A
U2(|zIN) = - arctan |z|.

PROOF: Think of z = x + iy as a complex variable. The conformal
map z — (1+z)/(1-z) takes B> onto the right half-plane. The function
z — log[(1+z)/(1 - z)], where log denotes the principal branch of the
logarithm, is therefore holomorphic on B,. Multiplying the imaginary
part of this function by 2/, we see that the function u defined by

2y

2
u(x,y) = ; a.I'Ctal'lﬁ_:y2

is harmonic on Bo.
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Because u is bounded on By, Theorem 6.13 implies that u = P[ f] on
B, for some f € L*(S). Theorem 6.9 shows that u, — f weak*in L*(S)
as v — 1. But note that u extends to be continuous on B U ST U S,
withu=1onS*and u = -1 on S~; thus u, — u|s weak* in L*(S) as
¥ — 1 (by the dominated convergence theorem). Hence f = u|s almost
everywhere on S. Thus u = U, completing the proof of the first part
of the proposition.

The second assertion in the proposition now follows from standard
double-angle identities from trigonometry. [ ]

The Fatou Theorem

Recall the cones I'y(a) defined in the section Limits Along Rays of
Chapter 2. We will use these cones to define nontangential approach
regions in the ball. For « > 0 and € € S, we first translate and rotate
I['x(0) to obtain a new cone with vertex € and axis of symmetry con-
taining the origin. This new cone crashes through the sphere on the
side opposite of €, making it unsuitable for a nontangential approach
region in B. To fix this, consider the largest ball B(0, 7 (x)) contained in
the new cone (we do not need to know the exact value of v («)). Taking
the convex hull of B(0,7(«)) and the point C, and then removing the
point €, we obtain the open set Q4(C) pictured here.

The region Q4(€) has the properties we seek for a nontangential
approach region in B with vertex C. Specifically, Q4 (L) stays away
from the sphere except near ¢, and near C it equals the translated and
rotated version of I'y(0) with which we started.

We have Q«(T) C Qg(C) if & < B, and B is the union of the sets
0O« (C) as « ranges over (0, o).

Note that

T(Qa(T)) = Qu(T (D))

for every orthogonal transformation T on R™. This allows us to transfer
statements about the geometry of, say, Q«(N) to any Q(Q).

A function u on B is said to have nontangential limit L at C € S if
for each o > 0, we have u(x) — L as x — C within Q4 (Q).

In this section we prove thatif u € h!(B), then u has a nontangential
limit at almost every € € S. (In this chapter, the term “almost every-
where” will mean “almost everywhere with respect to o”.) Theorems
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The nontangential approach region Q(C).

asserting the almost everywhere existence of limits within approach
regions are commonly referred to as “Fatou Theorems”. The first such
result was proved by Fatou [8], who in 1906 showed that bounded har-
monic functions in the open unit disk have nontangential limits almost
everywhere on the unit circle.

We approach the Fatou theorem for h!(B) via several operators
known as “maximal functions”. Given a function # on B and « > 0,
the nontangential maximal function of u, denoted by Ny[u], is the
function on S defined by

Na[ul(€) = sup |u(x)l.
xeQx(T)

The radial maximal function of u, denoted by R[u], is the function on
S defined by
R[ul(@) = sup. lu(rQ)l.

0<r<

Clearly R[u](T) < N[ul(C) for every € € S and every o > 0. The
following theorem shows that, up to a constant multiple, the reverse
inequality holds for positive harmonic functions on B.
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6.28 Theorem: For every & > 0, there exists a constant Cy < oo such
that

Na[ul(€) < CaR[ul(0)
for all T € S and all positive harmonic functions u on B.

PROOF: Let € € S. The theorem then follows immediately from the
existence of a constant Cy such that

6.29 P(x,n) < C4P(1xIC,n)

for all x € Qx(C) and all n € S. To prove 6.29, apply the law of cosines
to the triangle with vertices 0, x, and C in 6.30 to see that there is a
constant Ay such that

Ix = Tl < Aa(l = |x])

for all x € Q4 (T).

6.30 |x — C| is comparable to (1 — |x|) for x € Q«(T).

Thus



The Fatou Theorem 131

[IxIT - n| =< |IxIC - x|+ Ix —n|
<|C-x|+Ix-nl

< (Ax+Dlx —nl

for all x € Qy(C) and all n € S. This shows that 6.29 holds with
Cx=(1+A)". ™

We turn now to a key operator in analysis, the Hardy-Littlewood
maximal function. For € € S and 6 > 0, define

K(C,0) ={neS:In-Cl <6}

Thus (T, 6) is the open “spherical cap” on S with center € and radius 6.
(Note that k(C,6) = S when 6 > 2.) The Hardy-Littlewood maximal
function of u € M(S), denoted by M[u], is the function on S defined
by

k()
MIpI(©) =sup” (2 6)) -

Suppose u € M(S) is positive and § > 0 is fixed. Let (T;) be a
sequence in S such that £; — C. Because the characteristic functions
of k(Tj, ) converge to 1 pointwise on k(C, d) as j — o, Fatou’s Lemma
shows that

p(k(C,0)) < liggglfu(K(Cjﬁ))-

In other words, the function € — u(k(g,8)) is lower-semicontinuous
on S. From the definition of M[u], we conclude that M[u] is the
supremum of lower-semicontinuous functions on S, and thus M[u]
is lower-semicontinuous. In particular, M[u]: S — [0, o] is Borel mea-
surable.

In the next theorem we begin to see the connection between the
Hardy-Littlewood maximal function and the Fatou Theorem.

6.31 Theorem: If u € M(S) and u = P[u], then
R[ul(C) < M[ul(T)

forallC €S.
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PROOF: Observe that if f is a continuous, positive, and increasing
function on [—1, 1], then given ¢ > 0, there exists a step function

m
@ =coX[-1,11 + Z CiX(t;,1]
j=1

suchthat f < < f+eon[-1,1];here -1 <t; <--- <ty <1and
CQy.--yCm € [0, ).

We may assume u is positive and that £ = N. Fix v € [0,1). Then
P(rN,n) = f(ny), where

1-7?
1-2rt+r2)n/2

f(t)=(

fort € [-1,1]. Let € > 0. Because f has the properties specified in the
first paragraph, there exists a step function @ as above with

P(rN,n) < @(nn) <P(N,n) +¢

for all n € S. Now for any t € R, the function on S defined by
n — X@11(nn) is the characteristic function of an open cap centered

at N. We conclude that there are caps ky,..., km, centered at N, and
nonnegative numbers cy, ..., C;, such that
m
6.32 P(rN,n) < > cjX«,(n) <P(rN,n) + ¢
j=0
foralln € S.

Integrating the first inequality in 6.32 over S with respect to u, we
get

u(rN) < > cju(k;)
j=0

cjo (kj) (u(kj) /o (kj))

Mz

0

J

< M) (3 cjo(xp))
j=0

< M[ul(N)(1 + ¢).
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The last inequality follows by integrating the second inequality in 6.32
over S with respect to o. Because ¢ is arbitrary, we conclude that
u(rN) < M[u](N), and thus R[u](N) < M[u](N), as desired. [

Theorem 6.37 below estimates the o-measure of the set where M[ u]
islarge. The “covering lemma” that we prove next will be a crucial ingre-
dient in its proof. We abuse notation slightly and adopt the convention
that if k = k(C, §), then 3k denotes the cap k(C, 39).

6.33 Covering Lemma: Given caps Kj = k(C;,0j),j = 1,...,m, there
exists a subset J c {1,...,m} such that:

(a) The collection {k; : j € J} is pairwise disjoint;

®  Uxkjc 3k,

J=1 JjeJ

PROOF: We describe an inductive procedure for selecting the desired
subcollection. Start by choosing a cap kj, having the largest radius
among the caps 1, ..., k. If all caps intersect k;,, we stop. Otherwise,
remove the caps intersecting «;,, and from those remaining, select one
of largest radius and denote it by «;,. If all the remaining caps intersect
Kj,, we stop; otherwise we continue as above. This process gives us a
finite subcollection {k; : j € J}, where J = {j1, j2,...}.

The subcollection {k;: j € J} clearly satisfies (a).

Given k € {Ki,...,Km}, let k" denote the first cap in the sequence
Kj,, Kj,, ... such that k N k’ is nonempty. The way in which the caps in
{kj:j € J} were chosen shows that the radius of k' is at least as large
as that of k. By the triangle inequality, k C 3k, proving (b). [

In proving the next theorem we will need the fact that there exist
constants a > 0, A < o, depending only on the dimension 7, such that

6.34 ad" ' <o(k(C,8)) <As™!

forall € € S and all 6 € (0, 2]. Intuitively, k (T, 6) looks like an (1 —1)-
dimensional ball of radius 6 for small 6 > 0, indicating that 6.34 is
correct. One may verify 6.34 rigorously by using formula A.3 in Ap-
pendix A.
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From 6.34 we see that
6.35 o(3k) <3" Y A/a)o (k)

for all caps k C S.
To motivate our next result, note that if f € L'(S) and ¢ > 0, then

to({1f] > t}) = j{ fldo < £,

Lf1>
giving

6.36 0({|f|>t})s”f%.

Here we have used the abbreviated notation {|f| > t} to denote the
set {€ € S :|f(C)| > t}. The next theorem states that for u € M(S),
the Hardy-Littlewood maximal function M[u] is almostin L (S), in the
sense that it satisfies an inequality resembling 6.36.

6.37 Theorem: For every u € M(S) and every t € (0, «),

Clipll

o({M[u]>t}) < :

where C = 3" 1(A/a).

PROOEF: Suppose t € (0, ). Let E C {M[u] > t} be compact. Then
for each € € E, there is a cap k centered at € with |u|(k)/o (k) > t.
Being compact, E is covered by finitely many such caps. From these
we may choose a subcollection with the properties specified in 6.33.
Thus there are pairwise disjoint caps ki, ..., Ky such that 3ky,...,3KN
cover E, and such that |u|(kj)/o(k;) >t for j =1,...,N. By 6.35 and
the definition of C, we therefore have

N

N N
Ki
cE) =S 0Bk =C Y oy =c > M) Clul,
j=1 j=1 ot t
the pairwise disjointness of the caps ki,...,Kky was used in the last

inequality. Taking the supremum over all compact E C {M[u] > t}
now gives the conclusion of the theorem. [ ]
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Let us write M[ £] in place of M[u] when du = fdo for f € L1(S).
The conclusion of Theorem 6.37 for f € L1(S) is then

6.38 o({M[f]>1t}) < %f”l

We now prove the Fatou theorem for Poisson integrals of functions
in L1(S).

6.39 Theorem: If f € L1(S), then P[f] has nontangential limit f(C)
at almost every C € S.

PROOF: For f € L1(S) and « > 0, define the function L[ f] on S by

Lu[fIC) = limsup [P[f1(x) — f(D)].

c
x€Q(T)

We first show that L[ f] = 0 almost everywhere on S.
Note that

6.40 Lulf] = NalPLUSNO]+ IS,

and that L[ f1+f2] < L&l f1]1+ L[ f2] (both statements holding almost
everywhere on S). Note also that L[ f] = 0 for every f € C(S).

Now fix f € L'(S) and « > 0. Also fixing ¢t € (0, «), our main goal
is to show that o ({L4[f] > 2t}) = 0.

Given £ > 0, we may choose g € C(S) such that ||f — gll1 < &. We
then have

Loulf] = Lalf — g1+ Lalg]
= Lolf - 9]
< Nu[PLIf = gll] + If - g
< CuR[PLIf = gll] + |f - g
< CaMIIf = gll + 1f = 4l
this holding at almost every point of S. In this string of inequalities we

have used 6.40, 6.28, and 6.31 in succession.
We thus have
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6.41 {Lalf]> 2t C{CaM[If —gll >t} U{lf —gl>t}.

By 6.38 and 6.36, the o-measure of the right side of 6.41 is less than

or equal to

Clallf — gl If = glh
t t '

Recalling that || f — gll1 < € and that ¢ is arbitrary, we have shown that
the set {L4[f] > 2t} is contained in sets of arbitrarily small o-measure,
and therefore o ({L4[f] > 2t}) = 0.

Because this is true for every t € (0, o), we have proved L4[f]=0
almost everywhere on S.

To finish, let f € L(S), and define E,,, = {Lu[f] = 0} for m =

1,2,.... We have shown that E,, is a set of full measure on S for each
m, and thus () E;, is a set of full measure. At each € € () E;,, P[f] has
nontangential limit f(Z), which is what we set out to prove. [ ]

Recall that p € M (S) is said to be singular with respect to o, writ-
ten u L o, if there exists a Borel set E C S such that o(E) = 0 and
|ul(E) = ||ull. Recall also that each u € M(S) has a unique decomposi-
tion du = fdo + dus, where f € L1(S) and ys L o; this is called the
Lebesgue decomposition of p with respect to o. The following result is
the second half of the Fatou Theorem for h!(B).

6.42 Theorem: If u L o, then P[u] has nontangential limit 0 almost
everywhere on S.

PROOF: Much of the proof is similar to that of Theorem 6.39, and so
we will be brief about certain details.

It suffices to prove the theorem for positive measures, so suppose
U € M(S) is positive and p L o. For & > 0, define

Lo[u](T) =limsup P[u](x)
x—C

x€Qu(T)
for € € S. Fixing t € (0, ), the proof will be completed by showing
that o ({ L[] > 2t}) = 0.
Let ¢ > 0. Because u L o, the regularity of u implies the exis-
tence of a compact set K ¢ S such that o0(K) = 0 and u(S\K) < ¢.
Writing p = py + pz, with dyy = Xgdp and dus = Xs\x du, observe
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that L4[p1] = 0 on S \ K (see Exercise 2 of this chapter) and that

el = pu(S\K) <&
Because Ly[u] < L[] + La[u2], we have

6.43 {Lalu]l > 2t} C {Laln] > t} U {Llp2] > t}
C KU {CaM[p2] > t}.

(The inequality Ly[up] < CoM[ 2] is obtained as in the proof of Theo-
rem 6.39.) Recalling that o (K) = 0, we see by Theorem 6.37 that the left
side of 6.43 is contained in a set of o-measure at most (CCqllu21)/t,
which is less than (CCye)/t. Since ¢ is arbitrary, we conclude that
o({Lylu] > 2t}) =0, as desired. [

Theorems 6.39 and 6.42 immediately give the following result.

6.44 Corollary: Suppose u € M(S) and du = fdo + dus is the
Lebesgue decomposition of u with respect to o. Then P[u] has non-
tangential limit f(C) at almost every C € S.

If u € h'(B), then u = P[u] for some pu € M(S) by Theorem 6.13.
Corollary 6.44 thus implies that u has nontangential limits almost ev-
erywhere on S. Because h” (B) c h!'(B) for all p € [1, ], the same
result holds for all u € h? (B).
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Exercises

1. Show that if f € L'(S) and € € S is a point of continuity of f,
then P[ f] extends continuously to B U {C}.

2. Suppose V C S is open, u € M(S), and |u|(V) = 0. Show that if
C €V, then P[u](x) — 0 as x — C unrestrictedly in B.

3. Suppose that y € M(S) and € € S. Show that
(1 -r)"'Plu](rC) — 2u({C})

asrv — 1.
4. Suppose that u is harmonic functionon Band 0 < v <s < 1.

(a) Prove that ||u,||; = |lus|l; if and only if there is a constant
¢ such that culp is positive.

(b) Suppose 1 < p < co. Prove that |lu,ll, = llusll, if and only
u is constant.

5. (a) Give an example of a normed linear space and a weak* con-
vergent sequence in its dual space that is not norm-bounded.

(b) Prove that in the dual space of a Banach space, every weak*
convergent sequence is norm-bounded. (Hint: Use the uni-
form boundedness principle.)

6. It is easy to see that if puj — p in M(S), then P[u;] — P[u] uni-
formly on compact subsets of B. Prove that the conclusion is still
valid if we assume only that u; — u weak* in M(S).

7. Suppose that (uj) is a norm-bounded sequence in M(S) such
that (P[u;]) converges pointwise on B. Prove that (u;) is weak*
convergent in M(S).

8. Prove directly (that is, without the help of Theorem 6.13) that
h? (B) is a Banach space for every p € [1, «].

9. Prove that a real-valued function on B belongs to h!(B) if and
only if it is the difference of two positive harmonic functions
on B.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

Let € € S. Show that P(-,C) € h?(B) for p = 1 but not for any
p > 1.

Suppose 1 < p < o and u € h”(B). Prove that
(1—[x™VPu(x) -0

as |x| — 1.

A family of functions F ¢ L1 (S) is said to be uniformly integrable
if for every € > 0, there exists a § > 0 such that [; [fldo < ¢
whenever f € F and o (E) < 6. Show that a harmonic function
u on B is the Poisson integral of a function in L!(S) if and only
if the family {u, : ¥ € [0,1)} is uniformly integrable.

Prove that there exists u € h!(B) such that u(B n B(C,s)) =R
forall € € S, € > 0. (Hint: Let u = P[u], where u is a judiciously
chosen sum of point masses.)

Suppose that p € [1,o) and u is harmonic on B. Show that
u € h?(B) if and only if there exists a harmonic function v on B
such that |u|” < v on B.

Suppose n > 2. Show that if u is positive and harmonic on
{x € R": |x| > 1}, then there exists a unique positive measure
U € M(S) and a unique nonnegative constant ¢ such that

u(x) = Po[ul(x) +c(1 - |x[?>7")

for |x| > 1. (Here P, is the external Poisson kernel defined in
Chapter 4.) State and prove an analogous result for the case
n=_2.

Let Q denote B3 minus the x3-axis. Show that every bounded
harmonic function on Q extends to be harmonic on Bs.

Suppose € € S and f is positive and continuous on S \ {C}.
Need there exist a positive harmonic function 1 on B that extends
continuously to B\ {€} withu = f on S\ {C}?

Suppose E C S and o (E) = 0. Prove that there exists a positive
harmonic function u on B such that u has nontangential limit oo
at every point of E.
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19.

20.

21.

22.

23.

24.

25.

Let F denote the family of all positive harmonic functions u
on B such that u(0) = 1. Compute inf{u(N/2) : u € F} and
sup{u(N/2) : u € F}. Do there exist functions in F that attain
either of these extreme values at N/2? If so, are they unique?

Find all extreme points of F, where F is the family defined in the
previous exercise. (A function in ¥ is called an extreme point of
F if it cannot be written as the average of two distinct functions

in F.)
Show that

1 xPlyl?
1= 2x -y + IxPly)n?

Lp(x,mp(y,cmmm -

for all x,y € B.

Prove that if u € h?(B), u(0) = 0, and ||u|l,2 < 1, then
1+ |x]?
A e P T

Show that the bound on [(Vu)(0)| given by Theorem 6.26 can
fail if the requirement that u be real valued is dropped.

for all x € B.

Show that )
1 1-|x|
Us(IxIN) = — |1 - ——>L
3([xIN) IXI[ ﬁﬂxl?}
and
2 (1+|x[?)?arctan |x| — [x|(1 - |x]?)
UsliN) = X201+ % P2)

(Hint: Evaluate the Poisson integrals that define Usz(|x|N) and
U4 (|x|N), using an appropriate result from Appendix A. Be pre-
pared for some hard calculus.)

Suppose u is harmonic on B and X, _, Pm is the homogeneous
expansion of u about 0. Prove that

Il = (3 | 1pmldo)
m=0 S

1/2
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26.

27.

28.

29.

30.

31.

Schwarz Lemma for h®-functions: Prove that if u is harmonic
on B and ||ull2 < 1, then |Vu(0)| < /n. Find all functions for
which this inequality is an equality.

For a smooth function u on B, we define the radial derivative Dru
by setting Dru(x) = x - Vu(x) for x € B. Show that there exist
positive constants ¢ and C, depending only on the dimension n,
such that

1/2
clullpe < [u(0) + (L IDRu(x)12(1 =[x dV(x)) =< Cllullp

for all u harmonic on B. (Hint: Use the homogeneous expansion
of u, Exercise 29 in Chapter 1, and polar coordinates.)

(a) Find a measure u € M(S) with M[u] ¢ L1(S).

(b) Can the measure u in part (a) be chosen to be absolutely
continuous with respect to o?

Let u € M(S). Show that if

_p(k(C,9))
lim ——=—< =1L

M o(k@,o) LEC

then lim,_.; P[u](rT) = L. (Suggestion: Without loss of general-
ity, € = N. For n near N, approximate P (N, 1) as in the proof of
Theorem 6.31.)

Let f € L'(S). A point € € S is called a Lebesgue point of f if

1
lim ———— J - do =0.

50 0(K(T,0)) Jr,o 7 -7

Show that almost every € € S is a Lebesgue point of f. (Hint:

Imitate the proof of Theorem 6.39.)

For u a function on B, let u*(Z) denote the nontangential limit
of u at ¢ € §, provided this limit exists. Show thatif 1 < p <
and u € h”(B), then u = P[u*], while this need not hold if
u € h'(B).
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32.

Let f(z) = e1*2/1-2) for z € B,. Show that the holomorphic
function f has a nontangential limit with absolute value 1 at
almost every point of S, even though f is unbounded on B,. Ex-
plain why this does not contradict h?-theory.



CHAPTER 7

Harmonic Functions

on Half-Spaces

In this chapter we study harmonic functions defined on the upper
half-space H. Harmonic function theory on H has a distinctly differ-
ent flavor from that on B. One advantage of H over B is the dilation-
invariance of H. We have already put this to good use in the section
Limits Along Rays in Chapter 2. Some disadvantages that we will need
to work around: dH is not compact, and Lebesgue measure on 0H is
not finite.

Recall that we identify R” with R"~! x R, writing a typical point
z € R"as z = (x,y), where x € R"! and y € R. The upper half-
space H = Hy, is the set

H={(x,y) eR":y > 0}.

We identify R"~! with R"*~! x {0}; with this convention we then have
0H =R" L,

For u a function on H and y > 0, we let u, denote the function
on R"! defined by

Uy(x) =ulx,y).

The functions u, play the same role on the upper half-space that the
dilations play on the ball.

143
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The Poisson Kernel
for the Upper Half-Space

We seek a function Py on H x R"~! analogous to the Poisson kernel
for the ball. Thus, for each fixed t € R"~1, we would like Py (-,t) tobe a
positive harmonic function on H having the appropriate approximate-
identity properties (see 1.20).

Fix t = 0 temporarily; we will concentrate first on finding Py (-, 0).
Taking our cue from Theorem 6.19, we look for a positive harmonic
function on H that extends continuously to H \ {0} with boundary val-
ues 0 on R* 1\ {0}. One such function is u(x, y) = y, but obviously
this is not what we want—u doesn’t “blow up” at 0 as we know Py (-, 0)
should. On the other hand, © does blow up at «. Applying the Kelvin
transform, we can move the singularity of u from o to 0 and arrive at
the desired function.

Thus, with u(x,y) = v, let us define

v = K[u]

on H, where K is the Kelvin transform introduced in Chapter 4. A
simple computation shows that

y

veaY) = ket o

for all (x,y) € H. Because the inversion map preserves the upper
half-space and the Kelvin transform preserves harmonic functions, we
know without any computation that v is a positive harmonic function
on H.

The function v has the property that v, (x) = y~ =Dy (x/y) for
all (x,y) € H. Therefore the change of variables x — yx’ shows that
Jgn-1 vy (x)dx is the same for all v > 0. (Here dx denotes Lebesgue
measure on R""1) Because [gn-1vi(x)dx < oo (verify using polar
coordinates—see 1.5), there exists a positive constant ¢, such that

—_— —y =
n [y A = n | =

for all y > 0. We will show that ¢,, = 2/(nV(B,)) at the end of this
section.



The Poisson Kernel for the Upper Half-Space 145

The function ¢, v has all the properties we sought for Py (-,0). To
obtain Py (-,t), we simply translate ¢, v by t. Thus we now make our
official definition: for z = (x,y) € Hand t € R"1, set

Yy
"x —tl2 + y?niz

Py(z,t) =c

The function Py is called the Poisson kernel for the upper half-space.
Note that Py can be written as

y

PH(Z, t) = Cnm.

In this form, Py reminds us of the Poisson kernel for the ball. (If
(x,v) € H, then v is the distance from (x, y) to 0H; analogously, the
numerator of the Poisson kernel for B is roughly the distance to 0B.)

The work above shows that Py (-, t) is positive and harmonic on H
for each t € R""1. We have also seen that

7.1 J Py(z,t)dt = 1
R‘Vl*]

for each z € H. The next result gives the remaining approximate-
identity property that we need to solve the Dirichlet problem for H.

7.2 Proposition: For every a € R"! and every § > 0,

J Py(z,t)dt — 0
[t—al>0
as z — a.

We leave the proof of Proposition 7.2 to the reader; it follows without
difficulty from the definition of Py.

Let us now evaluate the normalizing constant c;,. We accomplish
this with a slightly underhanded trick:

1

2 (¢ 1 y
oo Jo 1+ 72 JR (x 2+ y2ynz X dy

_2 Y
= e (I vy XY

e

R Y
Jo Tt 4rde©

nVv(B)/2,
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where the third equality is obtained by switching to polar coordinates
(see 1.5) and S* denotes the upper half-sphere.

The Dirichlet Problem
for the Upper Half-Space

For u a complex Borel measure on R"~!, the Poisson integral of p,
denoted by Py[u], is the function on H defined by

Palu)(z) = | Pulz ) du(o),

We can verify that Py [u] is harmonic on H by differentiating under the
integral sign, or by noting that Py[u] satisfies the volume version of
the mean-value property on H.

We let M(R"1) denote the set of complex Borel measures on R" L.
With the total variation norm || ||, the Banach space M (R"!) is the dual
space of Co(R"™1), the space of continuous functions f on R*~! that
vanish at o (equipped with the supremum norm).

For 1 < p < oo, LP(R"*!) denotes the space of Borel measurable
functions f on R"~! for which

1/p

11 = (], 1FCorax) <o

L®(R" 1) consists of the Borel measurable functions f on R""! for
which || flle < o, where || f]l denotes the essential supremum norm
on R"*~! with respect to Lebesgue measure.

Recall that on S, if p > g then L?(S) c L4(S). OnR" ! if p # g
then neither of the spaces L? (R"~1), L1(R""!) contains the other. The
reader should keep this in mind as we develop Poisson-integral theory
in this new setting.

The Poisson integral of f € LP(R"*™!), for any p € [1, ], is the
function Py[f] on H defined by

Palf1(2) = | F(OPu(z, 0 a

Because Py (z,-) belongs to L4(R™"1) for every g € [1, ], the inte-
gral above is well-defined for every z € H (by Holder’s inequality). An
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argument like the one given for Py[u] shows that Py[ f] is harmonic
on H.
We now prove aresult that the reader has surely already guessed.

7.3 Solution of the Dirichlet Problem for H: Suppose f is continu-
ous and bounded on R"~!. Define u on H by

{PH[f](Z) if ze H
u(z) = .
f(z) if ze R 1,

Then u is continuous on H and harmonic on H. Moreover,

lul < [1flle
on H.

PROOF: The estimate |u| < || fll» on H is immediate from 7.1. We
already know that u is harmonic on H.

The proof that u is continuous on H is like that of Theorem 1.17.
Specifically, let a € R"*~! and & > 0. Then

u(z) - fla)| = URH (f(t) = f(@)Pu(z,t) dt
sj LF(E) = f(@)| Puz,t) dt
[t—al<6

+2||f||wj Pz 0 de

[t—al>
for all z € H. If 6 is small, the integral over {|t — a| < 6} will be small
by the continuity of f at a and 7.1. The integral over {|t — a| > 0}
approaches 0 as z — a by Proposition 7.2. [

In the special case where f is uniformly continuous on R"~!, we can
make a stronger assertion:

7.4 Theorem: If f is bounded and uniformly continuous on R"!
and u = Py[ f1, then u, — f uniformly on R""1 as y — 0.

PROOF: The uniform continuity of f on R""! shows that the esti-
mates in the proof of Theorem 7.3 can be made uniformly in a. [
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See Exercise 4 of this chapter for a converse to Theorem 7.4.
The next result follows immediately from Corollary 2.2 and Theo-
rem 7.3; we state it as a theorem because of its importance.

7.5 Theorem: Suppose u is a continuous bounded function on H that
is harmonic on H. Then u is the Poisson integral of its boundary values.
More precisely,

u = Pylulgn-1]

on H.

We now take up the more general Poisson integrals defined earlier.
Certain statements and proofs closely parallel those in the last chapter;
we will be brief about details in these cases.

7.6  Theorem: The following growth estimates apply to Poisson inte-
grals:

(@ If pe M(R™1) and u = Pylp], then luy 1 < llull forall y > 0.
(b) Supposel < p < oo. If f € LP(R* ) and u = Py[f], then
luyllp < Ifllp forall y > 0.

PROOF: The identity

7.7 Py ((x,¥),t) = Pu((t,¥),x),

valid for all x,t € R"*! and > 0, is the replacement for 6.5 in this
context. The rest of the proof is the same as that of Theorem 6.4. =

The next result is the upper half-space analogue of Theorem 6.7.
Here the noncompactness of 0H = R"~! forces us to do a little extra
work.

7.8 Theorem: Suppose that 1 < p < . If f € LP(R™ ) and
u = Pyl f], then luy — fll, = 0asy — 0.

PROOF: We first prove the theorem for f € C.(R"*1), the set of con-
tinuous functions on R*~! with compact support. Because C.(R" 1)
is dense in LP(R"*"1) for 1 < p < oo, the approximation argument
used in proving Theorem 6.7 (together with Theorem 7.6) will finish
the proof.
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Let f € C.(R"* 1), and set u = Py[f]. Choose a ball B(0,R) that
contains the support of f. Because f is uniformly continuous on R*1,
Theorem 7.4 implies that u, — f uniformly on R"~! as y — 0. Thus
to show that ||u, — fll, — 0, we need only show that

7.9 J Uy (x)IPdx -0
|x|>2R
asy — 0.
For |x| > 2R, we have
Cn)y
Uy (x ”sj t)|? n
L&
(x| = R)"

where C = ¢l f11%Vn_1(B(0,R)) and the first inequality follows from
Jensen’s inequality. It is now easy to verify 7.9 by integrating in polar
coordinates (1.5). ™

As in the last chapter, weak* convergence replaces norm conver-
gence for Poisson integrals of measures and L*-functions.

7.10 Theorem: Poisson integrals have the following weak* conver-
gence propetrties:

(@ If ue MR" 1) and u = Py[ul, then u, — p weak* in M(R"1)
asy — 0.

(b) IffeL®R" 1) andu = Pyl f], thenu, — f weak*inL*(R" 1)
asy — 0.

PROOF: The Banach spaces M(R"™1) and L (R""!) are, respectively,
the dual spaces of Co(R"*!) and L} (R*"!). Note thatif g € Co(R* 1),
then g is uniformly continuous on R*~!, and therefore (Py[g]) y =4
uniformly on R*~! as v — 0 (by Theorem 7.4). The proof of Theo-
rem 6.9 can thus be used here, essentially verbatim. Again, the identity
7.7 replaces 6.5. [ ]

If fis continuous and bounded on R"!, then there is a function on
the closed half-space H that is harmonic on H and agrees with f on the
boundary R"1; see 7.3. What happens if we drop the assumption that
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f is bounded? Without any growth estimate on f, we cannot expect
to find a solution to the Dirichlet problem with boundary data f by
integrating f against some kernel as in 7.3. Nevertheless, the following
theorem asserts that a solution exists with just the assumption that
f is continuous. We are not asserting any sort of uniqueness for the
solution, because a multiple of y can be added to any solution to obtain
another solution.

7.11 Theorem: Suppose f € C(R"!). Then there exists u € C(H)
such that u is harmonic on H and u|gn-1 = f.

PROOF: We will construct a sequence of functions ug, u1, ... in C(H)
such that for each k the following hold:

(a) Uk is harmonic on H;

(b)  ur(x,0) = f(x) for all x € R"! with |x| < k;
1 _
© (U1 —ur) (x, )] < oK for all (x,y) € H with [(x,y)| < k/2.

This will prove the theorem, because (c) implies that the sequence
(uy) converges uniformly on each compact subset of H to a function
u € C(H); from (a) and Theorem 1.23 we have that u is harmonic on H;
from (b) we have that u|gn-1 = f.

We construct the sequence (uy) inductively, starting by taking ug
to be the constant function whose value is f(0). Now fix k and suppose
that we have u;, € C(H) satisfying (a) and (b) above. To construct uy1,
let w € C(H) be such that w is harmonic on H and w(x,0) = f(x)
for all x € R"* ! with |x| < k + 1 (to see that such a w exists, extend
flk+1)B,_, to abounded continuous function on R"~! and then use 7.3).
Now

(W —up)(x,0) =0
for all x € R"! with |x| < k. Thus by the Schwarz reflection principle
(4.12), (W — ux) lypng extends to a harmonic function v on kB. The
proof of 4.12 shows that

7.12 v(x,y) =-v(x,—y)

for all (x,y) € kB.



The Harmonic Hardy Spaces h” (H) 151

The expansion of v into an infinite sum of homogeneous harmonic
polynomials converges uniformly to v on (k/2)B (see 5.34). Taking an
appropriate partial sum, we conclude that there is a harmonic polyno-
mial p such that

(v = p)(x, )| < %

for all (x,y) € (k/2)B. Note that p(x,0) = 0 for all x € R""1, because
7.12 implies that the power series expansion of v contains only odd
powers of y.

Now let ug+1 = w — plyg. Then ug+1 € C(H) and Uy, is harmonic
on H. Furthermore, ux.1(x,0) = f(x) forall x € R" 1 with |x| < k+1.
Finally, if (x, y) € H with |(x,y)| < k/2, then

[(Ug+1 —ur) (x5, ) = 1w —p —ur) (x, )l

=|(v-p)(x,»)l
1
<ok
and thus uy.1 has all the desired properties. [

The Harmonic Hardy Spaces h¥ (H)

For p € [1, o], we define the harmonic Hardy space h” (H) to be the
normed vector space of functions u harmonic on H for which

lullpr = sup l[uyllp < oo.
y>0

Note that h® (H) is simply the collection of bounded harmonic func-
tions on H, and that

lullpe = sup lu(z)|.
zeH

We leave it to the reader to verify that h? (H) is a normed linear space
under the norm || ||x».

As the reader should suspect by considering what happens in the
ball, if u € h? (H) then the norms |[u, ||, increase as y — 0 to [[ullns.
To prove this, we need to do some extra work because of the noncom-
pactness of 0H = R"~!. We begin with the following result.
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7.13 Theorem: Let p € [1,00). Then there exists a constant C, de-
pending only on p and n, such that

Cllullpy
lu(x,y)| < W

for all uw € h? (H) and all (x,7y) € H. In particular, every u € h¥ (H)
is bounded on H + (0, y) for each y > 0.

PROOF: Let (xg,Y0) € H, and let w denote the open ball in R" with
center (xo, vo) and radius (/2. The volume version of the mean-value
property, together with Jensen’s inequality, shows that

1
7.14 P <
lu(x0,¥0)| Vi@

on
~ Va(B)yo"

| i av,

w

J [ul? dvy.

w

Setting Q = {(x,y) € H:y9/2 <y <3y0/2}, we have

J lul? dv, < J lul? dvy,
w Q

3y0/2

-], . JR u(x, )17 dx dy
0

< yo(lullne)?.

This estimate and 7.14 give the conclusion of the theorem after taking
p® roots. n

Theorems 7.5 and 7.13 show thatif p € [1,c] and u € h” (H), then
for each y > 0 we have

7.15 u(z+(0,¥)) = Pulu,1(2)

forallz € H.

The next corollary is not entirely analogous to Corollary 6.6 because
the conclusion that |1y, increases as y decreases is not true for an
arbitrary harmonic function on H. For example, if u(x,y) = y — 1,
then ||luill, = 0 while [[uy|l, = oo for all ¥ # 1. Thus we have the
hypothesis in the next corollary that u € h? (H).
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7.16 Corollary: Suppose1l < p < o and u € h? (H). Then

||uy2||p = ||uy1 ||p
whenever 0 < y; < v». Furthermore,

u = lim |[u .
Il pe yaoll yllp

PROOF: The idea is the same as in the proof of Corollary 6.6. Specif-
ically, if 0 < y; < y» then

||uy2||p = ||P[uy1]y2—y1 ||p = ||uy1||p,

where the equality follows from 7.15 and the inequality follows from
Theorem 7.6(b).

The formula for ||u|» now immediately follows from the definition
of ||ullpr and the first part of the corollary. [ ]

The next theorem is the analogue for the half-space of Theorem 6.13
for the ball. The results we have proved so far in this chapter allow the
proof from the ball to carry over directly to the half-space, as the reader
should verify.

7.17 Theorem: The Poisson integral induces the following surjective
isometries:
@) The map p — Py u] is a linear isometry of M(R"1) onto h!(H).

(b) For 1l < p < oo, the map f — Pylf] is a linear isometry of
LP(R™ 1) onto h? (H).

From the Ball to the Upper Half-Space,
and Back

Recall the inversion map x — x* defined in Chapter 4. This map
takes spheres containing 0 onto hyperplanes, and takes the interiors
of such spheres onto open half-spaces. Composing the inversion map
with appropriate translations and dilations will give us a one-to-one
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map of B onto H. There are many such maps; the one we choose below
has the advantage of being its own inverse under composition.

LetN = (0,1) and S = (0, —1) (here 0 denotes the origin in R"*~1); we
can think of N and S as the north and south poles of the unit sphere S.
Now define ®: R™ \ {S} — R™\ {S} by

d(z) =2(z-8)* +S.

It is easy to see that @ is a one-to-one map of R™ \ {S} onto itself. We
can regard ® as a homeomorphism of R™ U {c} onto itself by defining
®(S) = o and ®() = S. The reader may find it helpful to keep the
following diagram in mind as we proceed.

® maps B onto H and H onto B.

The next result summarizes the basic properties of ®.

7.18 Proposition: The map ® has the following properties:

(@ @(®(z)) =z forallze R"U {};

(b) @ is a conformal, one-to-one map of R" \ {S} onto R™ \ {S};
(o) ® maps B onto H and H onto B;

(d & maps S\ {S} onto R* ! and R"! onto S\ {S}.
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PROOF: The proof of (a) is a simple computation.

In (b), only conformality needs to be checked. Recalling that the
inversion map is conformal (Proposition 4.2), we see that & is the com-
position of conformal maps, and hence is itself conformal.

We prove (c) and (d) together. Noting that ®(S) = c, we know that
® maps S \ {S} onto some hyperplane. Because the inversion map pre-
serves the (0, y)-axis, the same is true ®. The conformality of ® thus
shows that (S \ {S}) is a hyperplane perpendicular to the (0, y)-axis.
Since ®(N) = 0, we must have ®(S \ {S}) = R"L. It follows that ®(B)
is either the upper or lower half-space. Because ®(0) = N, we have
®(B) = H, as desired. [

We now introduce a modified Kelvin transform X that will take har-
monic functions on B to harmonic functions on H and vice-versa. Given
any function u defined on a set E C R™ \ {S}, we define the function
XK[u] on ®(E) by

Klul(z) =222z — |2y (d(2)).

Note that when n = 2, K[ul(z) = u(®(z)).
The factor 2("2)/2 js included so that K will be its own inverse.
That is, we claim
K[K[ul]=u

for all u as above, a computation we leave to the reader.
The transform X is linear—if u, v are functions on E and b, c are
constants, then

K[lbu +cv] =bX[ul + cX[v]
on ®(E).

Finally, K preserves harmonicity. The real work for the proof of
this was done when we proved Theorem 4.7.

7.19 Proposition: If Q c R™\ {S}, then u is harmonic on Q if and
only if K[u] is harmonic on ®(Q).

PROOF: Because X is its own inverse, it suffices to prove only one
direction of the theorem. So suppose that u is harmonic on Q. Define
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a harmonic function v on %(Q —8S) by v(z) = u(2z +S). By Theo-
rem 4.7, the Kelvin transform K[v] is harmonic on 2(Q —S)*, and thus
K[v](z — S) is harmonic on 2(Q — S)* + S = ®(Q). But, as is easily
checked, K[v](z-S) = 2@-M/2 % [u](z), so that K [u] is harmonic on
®(Q), as desired. [

Positive Harmonic Functions on the

Upper Half-Space

Because the modified Kelvin transform X takes positive functions to
positive functions, Proposition 7.19 shows that K preserves the class
of positive harmonic functions. Thus u is positive and harmonic on H
if and only if K [u] is positive and harmonic on B. This will allow us to
transfer our knowledge about positive harmonic functions on the ball
to the upper half-space. For example, we can now prove an analogue
of Theorem 6.19 for the upper half-space.

7.20 Theorem: Let t € R"L. Suppose that u is positive and harmonic
on H, and that u extends continuously to H \ {t} with boundary values 0
on R"1\ {t}. Suppose further that

u©,y)
y

7.21 0 asy — o.

Then u = cPy(-,t) for some positive constant c.

PROOF: The function K[u] is positive and harmonic on B. Thus
by 6.19,
Klul = Plu]

for some positive uy € M(S), where as usual P denotes the Poisson
kernel for the ball. Our hypothesis on u implies that K[u] extends
continuously to B\ {S,®(t)}, with boundary values 0 on S \ {S,®(t)}.
The argument used in proving Theorem 6.19 then shows that u is the
sum of point masses at S and ®(t).

An easy computation gives

1+1’)

Klul(rs) =2n=2/2(1 — 7)2‘"u<0,
1-7r
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foreveryr € [0,1). Now from 7.21 we see that (1-7)" 1K [u](rS) - 0
as ¥ — 1, and this implies u({S}) = 0 (see Exercise 3 in Chapter 6).
Thus p is a point mass at ®(t), and therefore K[u] is a constant
times P(-,®(t)). Because Py(-,t) also satisfies the hypotheses of The-
orem 7.20, K[Py(-,t)] is a constant times P(-,®(t)) as well. Thus

Klu] = cK[Pu(-,t)]

for some positive constant c. Applying K to both sides of the last
equation, we see that the linearity of K gives the conclusion of the
theorem. -

We can think of the next result as the “t = «” case of Theorem 7.20.

7.22 Theorem: Suppose that u is positive and harmonic on H and that
u extends continuously to H with boundary values 0 onR"~1. Then there
exists a positive constant ¢ such that u(x,y) = cy forall (x,y) € H.

PROOF: The function K[u] is positive and harmonic on B, extends
continuously to B \ {S}, and has boundary values O on S \ {S}. By The-
orem 6.19, K[u] is a constant times P(-,S). Because the same is true
of K[v], where v(x,y) = y on H, K[u] is a constant times K[Vv]. As
in the proof of the last theorem, this gives us the desired conclusion. m

The modified Kelvin transform K allows us to derive the relation
between P and Py, the Poisson kernels for B and H, with a minimum
of computation.

7.23 Theorem:
Pu(z,t) = 2" 2cu (1 + [t]?) 2|z = S|* "P(®(2), (1))
forallz € Hand t € R 1,

PROOF: Fix t € R"™!, and let u(z) denote the right side of the equa-
tion above that we want to prove. Then u is positive and harmonic on
H, and it is easy to check that u extends continuously to H \ {t} with
boundary values 0 on R* 1\ {t}. We also see that u(0,y)/y — 0 (with
plenty of room to spare) as y — o. Thus by Theorem 7.20, u is a con-
stant multiple of Py(-,t). Evaluating at z = N now gives the desired
result. [ ]
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We turn now to the problem of characterizing the positive harmonic
functions on H. We know that if u is a finite positive Borel measure on
R""1 then Py[u] is a positive harmonic function on H. Unlike the case
for the ball, however, not all positive harmonic functions on H arise in
this manner. In the first place, Py[u] defines a positive harmonic func-
tion on H for some positive measures u that are not finite—Lebesgue
measure on R"~!, for example. Secondly, the positive harmonic func-
tion y is not the Poisson integral of anything that lives on R,

Let us note that if p is any positive Borel measure on R”*~1, then

7.24 Palul(2) = | Pu(z,t) du(t)

is well-defined as a number in [0, ] for every z € H. We claim that
7.24 defines a positive harmonic function on H precisely when

du(t)
7.25 JR TENBRE

To see this, note that if z € H is fixed, then Py (z,t), as a function
of t, is bounded above and below by positive constant multiples of
(1 + |t]?)~™2, Thus if 7.24 is finite for some z € H, then it is finite
for all z € H, and this happens exactly when 7.25 occurs. In this case
Py[u] is harmonic on H, as can be verified by checking the volume
version of the mean-value property.

We now state the main result of this section.

7.26 Theorem: If u is positive and harmonic on H, then there exists
a positive Borel measure u on R"! and a nonnegative constant c such
that

u(x,y) =Pulul(x,y) +cy
forall (x,y) € H.

The main idea in the proof of this result is the observation that if
Uu is positive and harmonic on H, then XK[u] is positive and harmonic
on B, and hence is the Poisson integral of a positive measure on S. The
restriction of this measure to S \ {S} gives rise to the measure u, and
the mass of this measure at S gives rise to the term cy.

Before coming to the proof of Theorem 7.26 proper, we need to
understand how measures on S pull back, via the map ®, to measures
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on R™"~1, For any positive v € M(S), we can define a positive measure
vod € M(R" 1) by setting (v o ®)(E) = v(®(E)) for every Borel set
E c R"* 1, We then have the following “change of variables formula”,
valid for every positive Borel measurable function f on S \ {S}:

7.27 L\{S}fdv - JRH (fod)d(vod).

The last equation is easy to verify when f is a simple function on S\ {S};
the full result follows from this by the monotone convergence theo-
rem.

PROOF OF THEOREM 7.26: If u is positive and harmonic on H, then
XK[u] is positive and harmonic on B, and thus K[u] = P[A] for some
positive measure A € M(S). Define v € M(S) by dv = Xg (53 dA. We
then have

XKlu] =P[v]+A({SHP(-,S).

By the linearity of X,

u = XK[P[v]] + A({S}HXK[P(-,S)].
From Theorem 7.22 it is easy to see that K[P(-,S)] is a constant multi-
ple of  on H. The proof will be completed by showing that K[P[v]] =

Py [u] for some positive Borel measure p on R L.
Because v({S}) =0,

PIv](2) :j P(z,0) dv(C)
S\{S}
for all z € B. Thus by 7.27,

K[PIv]](z) = L\{S} 2n=2121z _g|27"p($(z2),C) dv(T)

= J 1 22121z _ |2 P (B (z), (1)) d(v o ) ()
R""
for every z € H. In the last integral we may multiply and divide by

W (t), where @ (t) = 2Mm=2/2¢, (1 +|t|2)""2. Withdpu = (1/p) d(vod),
we then have K[P[v]] = Py[u], as desired. ]
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Nontangential Limits

We now look briefly at the Fatou Theorem for the Poisson integrals
discussed in this chapter. Rather than tediously verifying that the maxi-
mal function arguments of the last chapter carry through to the present
setting, we use the modified Kelvin transform X to transfer the Fatou
Theorem from B to H.

The notion of a nontangential limit for a function on H was defined
in Chapter 2; the analogous definition for a function on B was given
in Chapter 6. We leave it to the reader to verify the following asser-
tion, which follows from the conformality of the map ®: a function u
on H has a nontangential limit at t € R"~! if and only if K[u] has a
nontangential limit (within B) at & (t).

Another observation that we leave to the reader is that the map &
preserves sets of measure zero. More precisely, a Borel set E ¢ R*"1
has Lebesgue measure 0O if and only if ®(E) has o-measure 0 on S; this
follows easily from the smoothness of .

In this chapter, the term “almost everywhere” will refer to Lebesgue
measure on R"~1. Putting the last two observations together, we see
that a function u on H has nontangential limits almost everywhere
on R"71 if and only if K[u] has nontangential limits o-almost every-
where on S.

The next result is the Fatou theorem for Poisson integrals of func-
tions in L? (R™1).

7.28 Theorem: Let p € [1,0]. If f € LP(R" 1), then Py[f] has
nontangential limit f(x) at almost every x € R"~1,

PROOF: Because every real-valued function in L? (R*"1) is the dif-
ference of two positive functions in L? (R""!), we may assume that
f = 0. The function u = Py[f] is then positive and harmonic on H,
and thus K [u] is positive and harmonic on B. By 6.15 and 6.44, K[u]
has nontangential limits o -almost everywhere on S. As observed ear-
lier, this implies that u has a nontangential limit g(x) for almost every
x € R* L,

We need to verify that f = g almost everywhere. For p < o, The-
orem 7.8 asserts that [lu, — fll, — 0 as y — 0; thus some subse-
quence (U, ) converges to f pointwise almost everywhere on R"~! and
hence f = g. For p = oo, Theorem 7.10(b) shows that u, — f weak*
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in L*(R""!) as y — 0. But we also have u, — g weak* in L* (R""!) by
the dominated convergence theorem, and so we conclude f = g. [

The theorem above shows, by Theorem 7.17, that if u € h? (H) and
p € (1, o], then u has nontangential limits almost everywhere on R"*1,
The next theorem gives us the same result for h!(H) as a corollary.

7.29 Theorem: Suppose u € M(R" 1) is singular with respect to
Lebesgue measure. Then Py[u] has nontangential limit 0 almost ev-
erywhere on R" 1,

PROOF: We may assume that u is positive. By analogy with 7.27, we
define pyo® € M(S) by setting (to®)(E) = u(®(E\ {S})) for every Borel
set E C S. We then have

K[Plpo®]] = Pulv],

where dv = (1/y)du and  is as in the proof of 7.26. Because u is
singular with respect to Lebesgue measure on R"™ !, i o & is singular
with respect to o. By 6.42, P[u o ®] has nontangential limit 0 almost
everywhere on S. The equation above tells us that Py[v] has nontan-
gential limit 0 almost everywhere on R"~!. From this we easily deduce
that Pg[u] has nontangential limit 0 almost everywhere on R" 1. [

The Local Fatou Theorem

The Fatou Theorems obtained so far in this book apply to Poisson
integrals of functions or measures. In this section we prove a different
kind of Fatou theorem—one that applies to arbitrary harmonic func-
tions on H satisfying a certain local boundedness condition.

We will need to consider truncations of the cones I'y(a) defined in
Chapter 2. Thus, for any h > 0, we define

I"(a) = {(x,y) €eH:|x —al <xyandy < h}.

A function u on H is said to be nontangentially bounded at a € R*~1
if u is bounded on some l"g(a). Note that if u is continuous on H, then
u is nontangentially bounded at a if and only if u is bounded on I'} (a)
for some o« > 0. We can now state the main result of this section.
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TR (a)

Rnfl

The truncated cone T (a).

7.30 Local Fatou Theorem: Suppose that u is harmonic on H and
E c R" 1 s the set of points at which u is nontangentially bounded.
Then u has a nontangential limit at almost every point of E.

A remarkable feature of this theorem should be emphasized. For
each a € E, we are only assuming that u is bounded in some I'*(a); in
particular, « can depend on a. Nevertheless, the theorem asserts the
existence of a set of full measure F C E such that u has a limitin I'y(a)
for every a € F and every o > 0.

The following lemma will be important in proving the Local Fatou
Theorem. Figure 7.32 may be helpful in picturing the geometry of the
region Q mentioned in the next three lemmas.

7.31 Lemma: Suppose E ¢ R""! is Borel measurable, x > 0, and

Q= Jrla.

acE

Then there exists a positive harmonic function v on H such that v > 1
on (0Q) n H and such that v has nontangential limit O almost every-
where on E.
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PROOF: Define a positive harmonic function w on H by
W(X,y) = PH[XEC](le) +y1

where Xgc denotes the characteristic function of E¢, the complement
of E in R"!, By Theorem 7.28, w has nontangential limit 0 almost
everywhere on E.

R
0 |
Q
R?’l*l
E E E E
7.32 Q=JTIka.
acE

We wish to show that w is bounded away from 0 on (0Q) N H. Be-
cause w(x,1) = 1,we have w > 1 on the “top” of 0Q). Next, observe that
(x,y) belongs toT'y(a) if and only if a € B(x, xy) (where B(x, xy) de-
notes the ball in R”~! with center x and radius xy). So if (x, y) € 0Q
and 0 < y < 1, then (x,y) ¢ I'y(a) for all a € E (otherwise (x,y) € Q),
giving B(x, xy) C E€. Therefore

_ cn)y
PH[XEC](Xsy)_JEC (|X_t|2 +y2)1’l/2 dt
ZJ nY dt
B(x,xy) (|X_t|2+y2)n/2

Cn
= ———— dt.
JB(o,oo (It]2 + 1)n/2
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Denoting the last expression by ¢y (a constant less than 1 that depends
only on « and n), we see that if v = w/cy, then v satisfies the conclu-
sion of the lemma. [ ]

The crux of the proof of 7.30 is the following weaker version of the
Local Fatou Theorem.

7.33 Lemma: Let E ¢ R"! be Borel measurable, let « > 0, and let

Q=Jria.

acE

Suppose u is harmonic on H and bounded on Q. Then for almost every
a € E, the limit of u(z) exists as z — a withinTy(a).

PROOF: Because every Borel set can be written as a countable union
of bounded Borel sets, we may assume E is bounded. We may also
assume that u is real valued.

Because u is continuous on H and E is bounded, we may assume
that |u| < 1 on the open set

Q' = |JTIi(a).

acE

Choose a sequence (yy) in the interval (0,1) such that yx — 0, and
set Ex = [Q — (0,yx)] nR™" 1, Each Ej is an open subset of R"~! that
contains E. (At this point we suggest the reader start drawing some
pictures.)

For x € R""1, define

Jr(x) = Xg () u(x, yi).

Because (x,yx) € Q if and only if x € Ey, we have |fx| < 1 on R*"!
for every k. The sequence (fx), being norm-bounded in L® (R"~1!), has
a subsequence, which we still denote by (fx), that converges weak* to
some f € L*(R" 1),

Now each fy is continuous on Ey (because Ej is open), and thus
Py fi] extends continuously to H U Ej (see Exercise 17(a) of this chap-
ter). The function uy given by

ur(x,y) = Pulfil(x,y) —ulx,y + yi)
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is thus harmonic on H and extends continuously to H U Ex, with uy = 0
on Ey. In particular, uy is continuous on Q with ux = 0 on E. Further-
more, because Q + (0, yx) C Q’, we have |ug| <2 on Q.

Now let v denote the function of Lemma 7.31 with respect to Q.
Then liminf, .30 (2v — ug)(z) = 0. By the minimum principle (1.10),
2v — ug = 0on Q. Letting k — o, we then see that 2v — (Py[f]-u) =0
on Q. Because this argument applies as well to 2v + uy, we conclude
that |Pg[f] —u| <2von Q.

By Theorem 7.28, Py [ f] has nontangential limits almost everywhere
on R"! while Lemma 7.31 asserts v has nontangential limits 0 almost
everywhere on E. From this and the last inequality, the desired limits
for u follow. [

Recall that if E ¢ R"! is Borel measurable, then a point a € E is
said to be a point of density of E provided

lim Vno1(B(a,r) NE)

r—0 Vn_l(B(a,’l’)) =L

By the Lebesgue Differentiation Theorem ([15], Theorem 7.7), almost
every point of E is a point of density of E.

Points of density of E are where we can expect the cones defining O
in Lemma 7.33 to “pile up”; this will allow us to pass from 7.33 to the
stronger assertion in 7.30.

7.34 Lemma: Suppose E ¢ R""! is Borel measurable, x > 0, and

Q=Jra.

acE

Suppose u is continuous on H and bounded on Q. If a is a point of
density of E, then u is bounded in Fﬁl(a) for every B > 0.

PROOF: Let a be a point of density of E, and let B > 0. It suffices to
show that Fﬁh(a) c Q for some h > 0.
Choose 6 > 0 such that

7.35

Var(B@,r)nE) | [ « nt
anl(B(a!r)) O(+B

whenever ¥ < §; we may assume 6/(x + ) < 1. Seth = §/(x + B),
and let (x,y) € Fg(a). Then B(x, xy) C B(a, («x + B)y). This implies
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B(x, xy)NE is nonempty; otherwise we violate 7.35 (take v = (x+)y).
Choosing any b € B(x,xy) n E, we have (x,y) € I'l(b), and thus
l"l?(a) Cc Q, as desired. n

PROOF OF THEOREM 7.30: We are assuming u is harmonic on H and
E is the set of points in R*~! at which u is nontangentially bounded.
Fork =1,2,...,setEx = {a € R" ! : |u| < kon Fll/k(a)}. Then each
Ey is a closed subset of R®" !, and E = |J Ex (incidentally proving that
the set E is Borel measurable). Applying Lemma 7.34 to each Eg, and
recalling that the points of density of Ex form a set of full measure in Ej,
we see that there is a set of full measure F C E such that u is bounded
onTl(a) for every a € F and every « > 0. For each positive integer k,
we can write F as F = JFj, where F; = {a € F : |u| < jonl",i(a)}.
Lemma 7.33, applied to Fj, now shows that u has nontangential limits
almost everywhere on E, as desired. [
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Exercises
1. Assume n = 2. For each t € R, find a holomorphic function g;

on H such that Py (-,t) = Re g;.

2. In Chapter 1, we calculated P(x, C) as a normal derivative on 0B
of an appropriate modification of |x — |2~ (n > 2). Using an
appropriate modification of |z—t|2~", find a function whose nor-
mal derivative on 0H is Py(z,t).

3. Let u € M(R" 1) and let u = Py[u]. Prove that

0By, -
J Uy (x) dx — p(By_y) + HOBnt)
Bn-1 2
asy — 0.
4. Letp € [1, o] and assume u € h” (H). Show that if the functions

u, converge uniformly on R"~! as y — 0, then u extends to a
bounded uniformly continuous function on H.

5. For € € S, show that

(€1, 82,---,Cn-1,0)

®(C) = 1+,

6. For (x,y) € R"\ {S}, show that

4y
1-|® 2=
1P (x, )] X2+ (v 1 1)2

7. Show that if n = 2, then

1-iz

®(z) = ——;
—1

forevery z € C\ {—i}.

8. Suppose € € S and f € C(S\ {C}). Prove that there exists
u € C(B\ {C}) such that u is harmonic on B and u|s ¢z} = f.
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10.

11.

12.

13.

14.

15.
16.

Prove that
[ fao=cazm2| | p@@ya+inra
S R

for every positive Borel measurable function f on S. (Hint: Be-
cause ®: S\{S} — R"!is smooth, there exists a smooth function
w onR" 1 such that d(o o®) = wdt. To find w, apply 7.27 with
vV =a0.)

Using the result of the last exercise, show that
2
| F0rde = 2| F@©@) G+ 1! " do (@)
R" Cn JS

for every positive Borel measurable function f on R"*~1,

(@) Let u be apositive Borel measure on R"~! that satisfies 7.25,
and set u = Py[u]. Show that lim, .. u(0,y)/y = 0.

(b) Let u be a positive harmonic function on H. Show that
liminfy, .o u(0,y)/y > 0.

Show that if u is positive and harmonic on H, then the decompo-
sition u(x,y) = Pylul(x,y) + cy of Theorem 7.26 holds for a
unique positive Borel measure y on R”~! and a unique nonneg-
ative constant c.

Let u be a positive Borel measure on R"~! that satisfies 7.25, and
set u = Py[u]. Prove that

im | e dr= | ewdu

for every continuous function ¢ on R"~! with compact support.

Prove that K[h?(H)] c h'(B) for every p € [1, «]. (Hint: Exer-
cise 9 in Chapter 6 may be helpful here.)

Let p € [1, 0] and let £ € L7 (R™!). Show that K[ f] € L1(S).
Let p € [1,0] and let f € LP(R"*"1). Show that

K[PIKIf1](2) = Pulf1(2)

for every z € H.
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17.  Assume that f is measurable on R"~! and that

J LI+ €12 ™2 dt < oo,
Rn—l

(a) Show that if f is continuous at a, then Py[f] — f(a) as
z — a within H.

(b) Show that Py[f] tends nontangentially to f almost every-
where on R""1. (Hint: Let g denote f times the character-
istic function of some large ball. Apply Theorem 7.28 to
Pulg]; apply part (a) to Pyl f — g1.)

18. Let u be a positive Borel measure on R”~! that satisfies 7.25.
Show that if u is singular with respect to Lebesgue measure, then
P[] has nontangential limit O at almost every point of R"*~1,






CHAPTER 8

Harmonic Bergman Spaces

Throughout this chapter, p denotes a number satisfying 1 < p < .
The Bergman space b? (Q) is the set of harmonic functions u on Q such

that
1/p

fwllr = (|1 av) ™ <.

We often view b? (Q)) as a subspace of LP(Q,dV). The spaces b? (Q)
are named in honor of Stefan Bergman, who studied analogous spaces
of holomorphic functions.

Stefan Bergman (1895-1977), whose book [5] popularized the study of
spaces of holomorphic functions belonging to L? with respect to
volume measure.

171
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Reproducing Kernels

For fixed x € Q, the map u — u(x) is a linear functional on b? (Q0);
we refer to this map as point evaluation at x. The following proposition
shows that point evaluation is continuous on b? (Q).

8.1 Proposition: Suppose x € Q. Then

1
V(B)/rd(x,o0Q)n/r

lu(x)| < [l llpr

for every u € b?(Q).

PROOF: Let v be a positive number with » < d(x,0Q), and apply
the volume version of the mean-value property to u on B(x,7). After
taking absolute values, Jensen’s inequality gives

1 1
12 - 14 - p
GOV = G ) me,m'”' av = s lulh.

The desired inequality is now obtained by taking p™ roots and letting
r — d(x,0Q). ]

The next result shows that point evaluation of every partial deriva-
tive is also continuous of b? (Q2).

8.2 Corollary: For every multi-index « there exists a constant Cy
such that

C
ID"‘u(X)ISd(X S lullpr

,0Q)lal+n/p

for all x € Q and every u € b? (Q).

PROOF: Apply 8.1 and Cauchy’s Estimates (2.4) to u on the ball of
radius d(x,0Q)/2 centered at x. [ ]

The next proposition implies that b? (QQ) is a Banach space.
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8.3 Proposition: The Bergman space b? (Q) is a closed subspace of
LP(Q,dV).

PROOF: Suppose u; — u in L?(Q,dV), where (u;) is a sequence
in bP(Q) and u € LP(Q,dV). We must show that, after appropriate
modification on a set of measure zero, u is harmonic on Q.

Let K € Q be compact. By Proposition 8.1, there is a constant C < oo
such that

luj(x) —ur(x)| < Clluj — ugllpr

for all x € K and all j, k. Because (u;) is a Cauchy sequence in b? (Q),
the inequality above implies that (u;) is a Cauchy sequence in C(K).
Hence (u;) converges uniformly on K.

Thus (u;) converges uniformly on compact subsets of Q to a func-
tion v that is harmonic on Q (Theorem 1.23).

Because u; — u in L? (Q), dV), some subsequence of (u;) converges
to u pointwise almost everywhere on Q. It follows that u = v almost
everywhere on Q, and thus u € b? (Q2), as desired. [

Taking p = 2, we see that the last proposition shows that b?(Q) is
a Hilbert space with inner product

(u,v) = Lz uvdv.

For each x € Q, the map u — u(x) is a bounded linear functional on
the Hilbert space b2(Q) (by Proposition 8.1). Thus there exists a unique
function Ro (x, ) € b%2(Q) such that

w(x) = j@u(y)W,y)dvm

for every u € b?(Q). The function Rq, which can be viewed as a func-
tion on Q x Q, is called the reproducing kernel of Q.

The basic properties of R given below are analogous to properties
of the zonal harmonics we studied in Chapter 5 (even the proofs are
the same).
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8.4 Proposition: The reproducing kernel of Q has the following
properties:

(a) Rq is real valued.

()  If (um) is an orthonormal basis of b?(Q), then

Ro(x,¥) = > um(xX)um(y)

m=1

forall x,y € Q.
(©)  Ra(x,y)=Ra(y,x) forall x,y € Q.
(d)  lIRa(x, ) lpz = VRa(x,x) for all x € Q.

PROOF: To prove (a), suppose that u € b?(Q) is real valued and
x € Q. Then

0=Imu(x)
~Im j u(y)Ra(x, ) dV(y)
Q
=— JQu(y)ImRQ(x,y) av(y).

Take u = ImRq(x, -), obtaining

JQ (ImRq(x,»))*dV(y) =0,

which implies ImRg = 0. We conclude that each R, is real valued, as
desired.

To prove (b), let (1) be any orthonormal basis of b2(Q). (Recall
that L?(Q,dV), and hence b?(Q), is separable.) By standard Hilbert
space theory,

Ra(x,-) (Ra(x, ), um)um

1

ﬁMe ?MS

Um (X)) Um
1
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for each x € Q, where the infinite sums converge in norm in b2(Q).
Since point evaluation is a continuous linear functional on b?(Q), the
equation above shows that the conclusion of (b) holds.

To prove (c), note that (b) shows that Ro(x,y) = Rq(y,x), while
(a) shows that Ro(x,y) = Ro(x,y) for all x,y € Q. Putting these two
equations together gives (c).

To prove (d), let x € Q. Then

IRa(x, )l5: = (Ra(x,),Ra(x,))
= Ro(x,x),

where the second equality follows from the reproducing property of
Rq(x, -). Taking square roots gives (d). [

Because b?(Q) is a closed subspace of the Hilbert space L2(Q,dV),
there is a unique orthogonal projection of L?(Q,dV) onto b?(Q). This
self-adjoint projection is called the Bergman projection on Q; we denote
it by Qq. The next proposition establishes the connection between the
Bergman projection and the reproducing kernel.

8.5 Proposition: If x € Q, then
Qalul(x) = | uRa(x,y)av(y)

for all u € L2(Q,dV).
PROOF: Let x € Q and u € L?(Q,dV). Then
Qolul(x) = (Qalul,Ra(x, -))
= (u,Ra(x, "))

_ JQu(y)RQ(X,y)dV(y),

where the first equality above follows from the reproducing property of
Rq(x, ), the second equality holds because Qq, is a self-adjoint projec-
tion onto a subspace containing R (X, -), and the third equality follows
from the definition of the inner product and Proposition 8.4(a). [ ]

In the next section, we will find a formula for computing Qp[p]
when p is a polynomial; see 8.14 and 8.15.
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The Reproducing Kernel of the Ball

In this section we will find an explicit formula for the reproducing
kernel of the unit ball. We begin by looking at the space F;, (R™), which
consists of the harmonic polynomials on R" that are homogeneous of
degree m. Recall that the zonal harmonics introduced in Chapter 5 are
reproducing kernels for #,, (R"). Thus if p € H,,,(R™), then

8.6 p(x) = LP(C)Zm(X,C)dU(C)

for each x € R" (by 5.30). By using polar coordinates, we will obtain
an analogue of 8.6 involving integration over B instead of S.

First we extend the zonal harmonic Z,, to a function on R" x R",
We do this by making Z;, homogeneous in the second variable as well
as in the first; in other words, we set

8.7 Zim(x,y) = IxI"™ " Zm(x/1x],/1¥]).

(If either x or y is 0, we define Z,,(x,y) to be 0 when m > 0; when
m = 0, we define Z to be identically 1.) With this extended definition,
Zm(x, ) € Hpyu (R™) for each x € R"™; also, Zy,(x,y) = Zm (v, x) for
all x,y € R

We now derive the analogue of 8.6 for integration over B. For every
p € Hu (R™), we have

JBv(y)Zm(x,y)dv(y)

1
— nV(B) JO pr-1 L;o(rg)zm(x,mdo(odr

1
nV(B) jo pre2m-1 L P(C) Zm(x,C) do () dr

1
nV(B)p(x) Jo ynremel gy

- nV(B) p(x)

n+2m

for each x € R™. In other words, p(x) equals the inner product of p
with (n + 2m)Zy, (x,-)/(nV(B)) for every p € Hy, (R™).
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Now, Hy (R") is orthogonal to #,, (R™) in b?(B) if k + m, as can be
verified using Proposition 5.9 and polar coordinates (1.5). Thusif p is a
harmonic polynomial of degree M, then p(x) equals the inner product
of p with Z%ZO(H +2m)Zy (x,-)/(nV(B)). Taking M =  in the last
sum gives us a good candidate for the reproducing kernel of the ball;
Theorem 8.9 will show that this is the right guess. The following lemma
will be useful in proving this theorem.

8.8 Lemma: The set of harmonic polynomials is dense in b%(B).

PROOF: First note that if u € L?(B,dV), then u, — u in L(B,dV)
as v — 1. (For u € C(B), use uniform continuity; the general result
follows because C(B) is dense in L2(B,dV).) Thus any u € b%(B) can
be approximated in b?(B) by functions harmonic on B. But by 5.34,
every function harmonic on B can be approximated uniformly on B,
and hence in L2(B, dV), by harmonic polynomials. [}

Now we can express the reproducing kernel of the ball as an infinite
linear combination of zonal harmonics. We will use the theorem below
to derive an explicit formula for Rp.

8.9 Theorem: If x,y € B then

o0

> (n+2m)Zm(x,y).
m=0

8.10 Rp(x,y) = nVl(B)

The series converges absolutely and uniformly on K x B for every com-
pact K C B.

PROOF: For x,y € B\ {0} we have

| Zm (2, )| = |xI"™ Y™ Zm(x[|x|, ¥ /1]
< |x|™|y|™ dim H,, (R™),

where the inequality comes from Proposition 5.27(e). Now Exercise 10
in Chapter 5 shows that the infinite series in 8.10 has the convergence
properties claimed in the theorem. Thus if F(x,y) denotes the right
side of 8.10, then F(x, -) is a bounded harmonic function on B for each
x € B. In particular, F(x, -) € b2(B) for each x € B.
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Now fix x € B. The discussion before the statement of Lemma 8.8
shows that p(x) = (p, F(x, -)) whenever p is a harmonic polynomial.
Because point evaluation is continuous on b?(B) and harmonic polyno-
mials are dense in b?(B), we have u(x) = (u,F(x, -)) for all u € b%(B).
Hence F is the reproducing kernel of the ball. [ ]

Our next goal is to evaluate explicitly the infinite sum in 8.10. Be-
fore doing so, note that a natural guess about how to find a formula
for the reproducing kernel would be to find an orthonormal basis of
b2(B) and then try to evaluate the infinite sum in Proposition 8.4(b).
This approach is feasible when n = 2 (see Exercise 14 of this chapter).
However, there appears to be no canonical choice for an orthonormal
basis of b?(B) when n > 2.

Recall (see 6.21) that the extended Poisson kernel is defined by

1 |x[*|y|?

8.11 P(X!y): (1_2x_y+|x|2|y|2)71/2

for all x,y € R" x R™ for which the denominator above is not 0. Fol-
lowing 6.21, we noted some properties of the extended Poisson kernel:
P(x,y) = P(y,x) = P(|x|y,x/|x|), and for x fixed, P(x, -) is a har-
monic function.

The key connection between the extended Poisson kernel and Rj is
the formula for the Poisson kernel given by Theorem 5.33, which states
that

P(x,) = > Zm(x,T)

m=0

for x € Band C € S. For x,y € B, this implies that

> Zm(x,¥) = D Zm(ylx, /1y
m=0 m=0

=P(lylx,y/ly])
=P(x,y).

Returning to 8.10, observe that



The Reproducing Kernel of the Ball 179

(o)

d
2MZm (X, ) = Z dttz’”Zm(x Y)li=1
m=

(
-

d
dtP(tX ty)le=1.

ﬁMS

0

E2" Zin (X, ) ) I1=1

M

3

m=0

Zm (tX,13))1=1
0

ﬁMs

Thus 8.10 implies the beautiful equation

nP(x,y) + 4 P(tX ty)le=1
nV(B)

8.12 Rp(x,y) =

This simple representation gives us a formula in closed form for the
reproducing kernel Rp.

8.13 Theorem: Let x,y € B. Then

m—4)x*lyl*+ Bx-y—-2n—-4)|xI?|yI>+n
nV(B)(1 -2x -y + |x|2|y|2)l+n/2

Rp(x,y) =

PROOF: Compute using 8.12 and 8.11. [

The next result gives a formula for the Bergman projection on the
unit ball. It should be compared to Theorem 5.1 and Proposition 5.31.

8.14 Theorem: Let p be a polynomial on R™ of degree m. Then Qp[p]
is a polynomial of degree at most m. Moreover,

Qslpl(x) = z (n+ zmj P () Zi(x, ) AV (»)

nV(B)
for every x € B.

PROOF: Fix x € B. For each v € (0, 1), the function p, is a polyno-
mial of degree m. Thus by Proposition 5.9 we have
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Lv(ri)zk(x,z)da(g) =0

for all k > m. Hence

Jgp(y)zk(x,y)dvm
nvV(B)

1
:J Tn+k—1J prC)Zx(x,C)do () dr
0 N
0

for all k > m. Combining this result with 8.10 and Proposition 8.5 gives
the desired equation. ™

Recall that 7,,(R") denotes the space of polynomials on R" that
are homogeneous of degree m. The following corollary shows how
to compute the Bergman projection of a polynomial from its Poisson
integral.

8.15 Corollary: Suppose p € P, (R™) and that >, py is the solution
to the Dirichlet problem for the ball with boundary data p|s, where each
pr € Hy(RM). Then

m

Qslpl= >

k=0

n + 2k

n+k+mpk'

PROOF: For 0 < k < m and x € B, we have

Lp(y)zk(x,y)dvm
nV(B)

1
| r"*lLmr;)zux,rcma(;)dr

0

1
_ J rn+k+m71J p(C)Zy(x,C)do(T)dr
O S

pir(x)
n+k+m’

where the last equality comes from Proposition 5.31. Combining the
last equality with Theorem 8.14 now gives the desired result. [ ]

If p is a polynomial on R", then the software described in Ap-
pendix B computes the Bergman projection Qg[p] by first computing
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the Poisson integral P[p] (using Theorem 5.21) and then uses the corol-
lary above to compute Qg[p]. For example, if n = 6 and p(x) = x1*x>,
then this software computes that

X2+ xl%x2  |x]2x1%x2 4 3lx1%x2  3x1%x2
= - + - + .
Qglpl(x) 10 5 x1%x2 =6 7

Let us make an observation in passing. We have seen that if p is
a polynomial on R", then the Poisson integral P[p] and the Bergman
projection Qg[p] are both polynomials. Each can be thought of as the
solution to a certain minimization problem. Specifically, P[p] mini-
mizes

lp — ullr=(s),

while Qp[p] minimizes

lp — ull2g,av)s

where both minimums are taken over all functions u harmonic on B.
Curiously, if p is a homogeneous polynomial, then the two harmonic
approximations P[p] and Qg[p] agree only if p is harmonic (see Exer-
cise 19 in this chapter).

Examples in b¥ (B)

Because the Poisson integral is a linear isometry of L? (S) onto h” (B)
(p > 1) and of M(S) onto h!(B) (Theorem 6.13), we easily see that
h?(B) # h4(B) whenever p # q. We now prove the analogous result
for the Bergman spaces of B.

8.16 Proposition: If 1 < p < g < o, then b1(B) is a proper subset
of b?(B).

PROOF: Suppose 1 < p < q < co. Because B has finite volume mea-
sure, clearly b4(B) C bP(B). To prove that this inclusion is proper,
consider the identity map from b4%(B) into b? (B). This map is linear,
one-to-one, and bounded (by Holder’s inequality). If this map were
onto, then the inverse mapping would be continuous by the open map-
ping theorem, and so there would exist a constant C < o such that
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8.17 lullpa < Cllullpr

for all u € b? (B).

We will show that 8.17 fails. For m = 1,2,..., choose a homoge-
neous harmonic polynomial u,, of degree m, with u,, # 0. Integrating
in polar coordinates (1.5), we find that

1/p

1/p 1
(nV(B)J T’”m“"‘ldr) ,
0

o = (|, 1 ? dor)

a similar result holding for ||u,|/pa. Because L"-norms on S with re-
spect to o increase as v increases (Holder’s inequality), we have

|umllpa _ (nV(B)/(qm +n))"
lumller — (nV(B)/(pm +n))"'?’

As m — oo, the expression on the right of the last inequality tends
to co. Therefore 8.17 fails, proving that the identity map from b4(B)
into b?(B) is not onto. Thus b4(B) is properly contained in b? (B), as
desired. [ ]

We turn now to some other properties of the Bergman spaces on
the ball. First note that h? (B) C b¥(B) for all p € [1, ), as an easy
integration in polar coordinates (1.5) shows. (In fact, h? (B) C b4(B)
for all g < pn/(n —1); see Exercise 21 of this chapter.) However, each
of the spaces b” (B) contains functions not belonging to any h%(B), as
we show below. In fact, we will construct a function in every b?(B)
that at every point of the unit sphere fails to have a radial limit; such a
function cannot belong to any h%(B) by Corollary 6.44. We begin with
a lemma that will be useful in this construction.

8.18 Lemma: Let f1,(C) = ei™% for C € Sand m = 1,2,.... Then
P[fm] — 0 uniformly on compact subsets of B as m — oo.

PROOF: Let g € C(S). Using the slice integration formula (A.5 in

Appendix A), we see that [ fing do equals a constant (depending only
on n) times

1 .
Jl(l—tz)’%emﬂfs gt NT—12C) dom_1 (T) dt,
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where S, _1 denotes the unit sphere in R*! and do,_; denotes nor-
malized surface-area measure on S;_;. The Riemann-Lebesgue Lemma
then shows that [¢ fmgdo — 0 as m — o. In particular, taking
g = P(x,-) for x € B, we see that P[ f;,] — 0 pointwise on B.

Because |fiu| = 1 on S, we have |P[fin]l < 1 on B for each m.
Thus by Theorem 2.6, every subsequence of (P[f,]) contains a sub-
sequence converging uniformly on compact subsets of B. Because we
already know that P[ f;,] — O pointwise on B, we must have P[ f;,] — 0
uniformly on compact subsets of B. [

The harmonic functions of Lemma 8.18 extend continuously to B
with boundary values of modulus one everywhere on S, yet converge
uniformly to zero on compact subsets of B. In this they resemble the
harmonic functions z™ in the unit disk of the complex plane.

8.19 Theorem: Let «: [0,1) — [1, o) be an increasing function with
x(r) — co as v — 1. Then there exists a harmonic function u on B such
that

(a) lu(rC)| < x(r) forallv € [0,1) and all T € S;
(b)  atevery point of S, u fails to have a finite radial limit.

PROOF: Choose an increasing sequence of numbers s;, € [0, 1) such
that x(sy;,) > m+1. From the sequence (P[ f;,,]) of Lemma 8.18, choose
a subsequence (vy,) with |v,,| < 2™ on s, B. Suppose ¥ € [Sm, Sm+1)-
Because each vy, is bounded by 1 on B, we have

m [eY]

DO =D v+ > ()|
k=1

k=1 k=m+1
<m +2-m+D) 4 o-(m+2) | | |
<m+1
< a(sm)

< (7).

Thus > vy, (#C)| < a(v) for all ¥ € (0,1) and all € € S; furthermore,
> |vm| converges uniformly on compact subsets of B.

From the sequence (v;,) we inductively extract a subsequence (1,)
in the following manner. Set u; = v;. Because u; is continuous on B,
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we may choose r; € [0,1) such that |u;(¥C) — u1(C)| < 1/4 for all

¥ € [r1,1] and all € € S. Suppose we have chosen u, uo,..., U, from
V1,V2,... and that we have radii 0 < 77 < - - - < 3, < 1 such that
m
8.20 D luk(rC) —uk(s¥)| < 1/4 forallr,s € [rm,1], T €S.
k=1

We then select ;41 such that |um+1] < 2-™*D on v, B. Now choose
Ym+1 € (rm, 1) so that 8.20 holds with m + 1 in place of m. The radius
¥m-1 can be chosen since each 1} is continuous on B.

Having obtained the subsequence (u,,) from (vy,) (as well as the
accompanying sequence (¥;,) of radii), we define

o]
U= > Un.
m=1

From the first paragraph of the proof we know that [u(rZ)| < «(r) for
all r € [0,1), and that > u,, converges uniformly on compact subsets
of B, which implies that u is harmonic on B.

We now show that at each point of S, u fails to have a radial limit.
(Here is where we use the fact that |u,,] = 1 on S for every m.) We
have

[U(rm+18) — U] = [Um+1 Tm+1C) — Um+1 (T )|

- Z Uk (Ym+1C) — Uk (rmC)|

kfm+1

2 [Um+1 (D) = [Um+1 (Ym+18) — Um+1 (D) ]

— [ um1 (rm@) | —1/4-2 > 27F

m+2

>1-1/4-2"MD 174 -2 % 27k

m+2

>1/2-2 > 27K

m+1

Thus for each € € S, the sequence (u(+,C)) fails to have a finite limit
as m — oo, which implies that u fails to have a finite radial limit at . m
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8.21 Corollary: There is a function u belonging to (1, b¥ (B) such
that at every point of S, u fails to have a radial limit.

PROOF: Let x(v) = 1 +log ﬁ, and let u be the corresponding func-
tion guaranteed by Theorem 8.19. Integrating in polar coordinates (1.5),
we easily check that u belongs to b? (B) for every p € [1, »). [

The Reproducing Kernel
of the Upper Half-Space

The goal of this section is to find an explicit formula for the re-
producing kernel of the upper half-space. A well-motivated, although
computationally tedious, method of deriving this formula is given in
Exercise 24 of this chapter. We will present a slicker method relying on
the magic of integration by parts.

As we did for B, we will derive the reproducing kernel of H in terms
of the Poisson kernel. Recall that for z € H and t € R"!, the Poisson
kernel for H is the function

2 Zn
P t) = .
1 (z,0) nV(B) |z - t|"
For w € R", define w = (wyq,..., Wy_1, —Wy); note that w is the usual

complex conjugate of w on R? = C. We now extend the domain of Py
by defining

2 Zpn+wh
nV(B) |z —w|n

8.22 Py(z,w) =

for z # w. Note that Py(z,w) = Py(w,z) and Py(z + (0,7),w) =
Py(z,w + (0,7)) for r € R whenever these expressions make sense.
Thus
PH(Z,W) = PH(W’Z)
=Py(w+(0,z4),z - (0,2y))

for all z,w € H. Thus Py(z,-) is harmonic on {w € R": w,, > —z,}
for each z € H (being the translate of a harmonic function).
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Before proving the main result of this section, Theorem 8.24, we
prove an analogue of Lemma 8.8 for H.

8.23 Lemma: The set of functions that are harmonic and square inte-
grable on a half-space larger than H is dense in b®(H).

PROOF: Let u € b?(H). For § > 0, the function z — u(z + (0,6))
belongs to b?({z € R" : z,, > —&}). But the functions u(z + (0,5))
converge to u(z) in L>(H,dV) as § — 0. (This follows by uniform
continuity if u is continuous and has compact support in H; the set of
such functions is dense in L2(H,dV).) [

Now we can give an explicit formula for the reproducing kernel of
the upper half-space.

8.24 Theorem: Forall z,w € H,

2 > a52
Pu(z,w) = 4 n(zy +wy) |z —W|

R -
1(z,w) OWn nV(B) 1z — w|n+2

PROOF: The second equality follows, with some simple calculus,
from 8.22. Note that this equality implies 0Py (z, w)/0w;, belongs to
b2(H) for each fixed z € H (see Exercise 1 in Appendix A). The re-
mainder of the proof will be devoted to showing that the first equality
holds.

Fix z € H. Suppose 6 > 0 and u € b?({w € R" : w,, > —4}).
Then

8.25 JHu(w) Py (z,w)dV(w)

0
oWy
e 0
rR* 1 Jo oy

Now, u is bounded and harmonic on H by 8.1. Thus, after integrating
by parts in the inner integral, the right side of 8.25 becomes

— JR”" u(x,0)Py(z,x)dx

- L JO [;vu(x,y)} Pu(z, (x,¥)) dx dy,



The Reproducing Kernel of the Upper Half-Space 187

which equals

8.26 -u(z) - Jo JR"’] [aayu(x,y)} Py(z,(x,y))dxdy.

Notice that we reversed the order of integration to arrive at 8.26. This
is permissible if the integrand in 8.26 is integrable over H. To verify
this, note that by Corollary 8.2 there exists a constant C < oo such that

12w,y e —S
ay ’y - (y+6)1+?’l/2

Note also that
8.27 Pu(z,(x,»)) = Pu(z + (0,¥),(x,0)),

which implies [gn-1 Py(z,(x,y))dx = 1 for each yy > 0. The reader
can now easily verify that the integrand in 8.26 is integrable over H.

For each y > 0, the term in brackets in 8.26 is the restriction to
R"~! of the function w —~ D,u(w + (0,y)), which is bounded and
harmonic on H. Thus by 8.27, the integral over R”~! in 8.26 equals
(Dnpu)(z + (0,2y)). Therefore 8.26 equals

—u(z) - Jo (Dyu)(z + (0,2y))dy = —u(z)/2,

where the last equality holds because u(z + (0,2y)) — 0as y — «
(by 8.1).

Let F(w) = —20Py(z,w)/0wy,. We have shown that u(z) = (u, F)
whenever u is harmonic and square integrable on a half-space larger
than H. The set of such functions u is dense in b%(H) (Lemma 8.23),
and thus the proof is complete. [
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Exercises

1. Prove that b? (R") = {0}.

2. Suppose that u € b?(Q). Prove that d(x,0Q)"?|u(x)| — 0 as
x — 0Q.

3. Prove that if u € b?({x € R" : |x| > 1}), then u is harmonic
at oo,

4, Suppose u € b?(H) and y > 0. Prove that u(x,y) — 0 as
|x| — o0 in R*1,

5. Prove that if u is a harmonic function on R" such that
[ ol + 1xptaveo <o
Rﬂ.

for some A € R, then u is a polynomial.

6. (a) Assume thatn > 2 and p = n/(n — 2). Prove that if u is in
b?(B\ {0}), then u has a removable singularity at 0.
(b) Show that the constant n/(n — 2) in part (a) is sharp.
(c) Show that there exists a function in ﬂp@o bP (B> \ {0}) that
fails to have a removable singularity at O.
7. Prove that b? (R" \ {0}) = {0}.

8. Prove that

o XxX—a y-—-a
Rraa(x,y) =7 "Ro(~—=, =)
for all > 0, a € R".
1
9. Prove that ||Rq (x, - < .
IR (X, 2 = s
10. Suppose Q; C Qp C - - - is an increasing sequence of open sub-

sets of R™ and Q = Uy_; Q. Prove that
Ro(x,y) = ,lim Ro, (x,y)

for all x,y € Q.
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11.

12.

13.

14.

15.

16.

17.

18.
19.
20.

21.
22.

Suppose aq,...,an, are points in Q. Let A be the m-by-m matrix
whose entry in row j, column k, equals Rq(aj, ax). Prove that A
is positive semidefinite.

Show that the harmonic Bloch space is properly contained in
b?(B) for every p < co. (See Exercise 11, Chapter 2, for the defi-
nition of the harmonic Bloch space.)
Show that

) = | wIRx, ) AV ()

for all u € b?(B) and for all p € [1, ).

Assume n = 2, and set ug(re'?) = rlkleik? k — 0, +1,.... Find
constants ci so that {cxux} is an orthonormal basis of b?(B), and
then use Proposition 8.4(b) to find a formula for the reproducing
of kernel of B.

(a) Prove there are positive constants C;, C> such that

G ' C
1 |xpnE = IRp (x, ) llp2 < a = X2

for all x € B.

(b) Find an estimate analogous to (a) for ||[Rg(z, -)|lpe.

Show that Rp(x,-)/||Rg(x,-)|lp2 converges to 0 weak* in b?(B)
as |x| — 1.

Show that
2 x|

1
Qplx1%] = ni2 TX

Prove that if p € P,,,(R") and Qp[p] = 0, then p = 0.
Prove thatif p € P,,,(R") and P[p] = Qp[p], then p is harmonic.

Fix € € S. Show that P(-,C) € b?(B) for p < n/(n —1). Also
show that P(-,7) ¢ b™ "1 (B).

Show that h? (B) c b1(B) for q < pn/(n —1).

Prove that every infinite-dimensional closed subspace of b2(B)
contains a function not in h?(B).
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23.

24.

25.

26.

Show that functions in b? (B) belong to appropriate Hardy spaces
of balls internally tangent to B. More precisely, suppose that
l<g<n-1)p/(2n) and u € b?(B). Prove thatif a € B\ {0},
then the function x — u(a + (1 — |al)x) is in h4(B).

Derive the formula for the reproducing kernel Ry (Theorem 8.24)
by writing H = U, B(kN, k) and then using Exercise 10 of this
chapter and 8.13.

Show that every positive harmonic function on B is in b!(B). Are
there any positive harmonic functions on H that are in b (H)?

Suppose 6 > 0 and u € b?({z € R" : z,, > —6}). Show that
D%*u € b? (H) for every multi-index «.



CHAPTER 9

The Decomposition Theorem

If K ¢ Q is compact and u is harmonic on Q \ K, then u might be
badly behaved near both 0K and 0€; see, for example, Theorem 11.18.
In this chapter we will see that u is the sum of two harmonic functions,
one extending harmonically across 0K, the other extending harmoni-
cally across 0Q). More precisely, u has a decomposition of the form

u=v+w

on Q \ K, where v is harmonic on Q and w is harmonic on R" \ K.
Furthermore, there is a canonical choice for w that makes this decom-
position unique.

This result, which we call the decomposition theorem, has many ap-
plications. In this chapter we will use it to prove a generalization of
Bocher’s Theorem, to show that bounded harmonic functions extend
harmonically across smooth sets of dimension n — 2, and to prove the
logarithmic conjugation theorem. In Chapter 10, we will use the decom-
position theorem to obtain a “Laurent” series expansion for harmonic
functions on annular domains in R™.

The Fundamental Solution
of the Laplacian

We have already seen how important the functions |x|2~" (n > 2)
and log |[x| (n = 2) are to harmonic function theory. Another illustra-

191



192 CHAPTER 9. The Decomposition Theorem

tion of their importance is that they give rise to integral operators that
invert the Laplacian; we will need these operators in the proof of the
decomposition theorem.

The support of a function g on R", denoted supp g, is the closure
of the set {x € R" : g(x) # 0}. We let CX¥ = CX(R™) denote the set
of functions in C¥(R™) that have compact support. We will frequently
use the abbreviation dy for the usual volume measure dV (y).

We now show how g can be reconstructed from Ag if g € C?.

9.1 Theorem (n > 2): If g € C?, then

1

o o
2 V@) Jgn 2P Ix =y dy

gx) =

for every x € R™.

9.2 Theorem (n =2): If g € C?, then

1
900 = 5 | (@) loglx - vIdy
for every x € R2.

PROOF: We present the proof for n > 2, leaving the minor modi-
fications needed for n = 2 to the reader (Exercise 1 of this chapter).
Note first that the function |x|2~" is locally integrable on R" (use polar
coordinates 1.5).

Fix x € R". Choose 7 large enough so that B(0,7) contains both x
and suppg. For small € > 0, set Q, = B(0,7) \ B(x, ). Because g is
supported in B(0,7),

JRH (Ag)(¥)|x = y[* " dy = lim JQ (Ag)(¥)Ix - y[* " dy.
Now apply Green’s identity (1.1)
J (uAg — gaAu) dv = L (uDng — gDqu) ds,
Q Q

with u(y) = |x — ¥/ " and Q = Q.. Since g = 0 near 0B(0,7), only
the surface integral over 0B(x, €) comes into play. Recalling that the
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unnormalized surface area of S is nV(B) (see A.2 in Appendix A), we
calculate that

lim [ (Ag)(0)lx - ¥ dy = 2 - mnV (B)g(x),
which gives the desired conclusion. [ ]

For x € R™\ {0}, set

{HZ—nmvwnﬂwP% if n>2
F(x) =
(2mm)1log | x| ifn=2.

The function F is called the fundamental solution of the Laplacian; it
serves as the kernel of an integral operator that inverts the Laplacian
on CZ2. To see this, define

93 (To)x) = | gIFGx-y)dy = [ gtx=3F() dy

for g € C.. Now suppose g € C?. Then T(Ag) = g by 9.1 or 9.2. On
the other hand, differentiation under the integral sign on the right side
of 9.3 shows that A(Tg) = T(Ag); applying 9.1 or 9.2 again, we see
that A(Tg) = g. Thus T o A = Ao T = I, the identity operator, on the
space C?; in other words, T = A~! on C?.

We can now solve the inhomogeneous equation

9.4 Au=g

for any g € C?; we simply take u = Tg. Equation 9.4 is often referred
to as Poisson’s equation.

Decomposition of Harmonic Functions

The reader is already familiar with a result from complex analy-
sis that can be interpreted as a decomposition theorem. Specifically,
suppose 0 <¥ <R < o0, K = B(0,7), and Q = B(0,R). Assume f is
holomorphic on the annulus Q \ K, and let 3% axz¥ be the Laurent ex-
pansion of f on Q \ K. Setting g(z) = 3¢ axz¥ and h(z) = 3_L axz*,
we see that f = g+ h on Q\ K, that g extends to be holomorphic on Q,
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and that h extends to be holomorphic on (C U {e}) \ K. The Laurent
series expansion therefore gives us a decomposition for holomorphic
functions (in the special case of annular regions in C). The decom-
position theorem (9.6 and 9.7) is the analogous result for harmonic
functions.

We will need a large supply of smooth functions in the proof of
the decomposition theorem; the following lemma provides what we
want.

9.5 Lemma: Suppose K C Q is compact. Then there exists a function
@ eCPR") suchthat p =1onkK,suppe C Q,and 0 <@ <1 onR".

PROOF: Define a C*-function f on R by setting

1t s
£t = {e %f t>0
0 ift <0,

and define a function ¢ € C®(R™) by setting ¢ (y) = cf(1 - 2|y|?),
where the constant ¢ is chosen so that [gn ¢ (¥)dy = 1. Note that
supp ¢ C B.

For» > 0,let ¢y, (y) = v "@(y /7). Observe that supp ¢/ C ¥B and
that [gn ¢ (¥) dy = 1. Now set v = d(K,0Q)/3 and define

w={xeQ:dx,K) <r}.

Finally, put

P (x) = j Wr(x — ) dy

for x € R". Differentiation under the integral sign above shows that
@ € C®. Clearly 0 < @ <1 on R". Because y/, (x — ) is supported in
B(x,r), we have @(x) = 1 whenever x € K and @ (x) = 0 whenever
d(x,K) > 2r. [

We now prove the decomposition theorem; the n > 2 case differs
from the n = 2 case, so we state the two results separately.
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9.6 Decomposition Theorem (n > 2): Let K be a compact subset
of Q. If u is harmonic on Q \ K, then u has a unique decomposition of
the form

U=v+w,

where v is harmonic on Q and w is a harmonic function on R" \ K
satisfying limy .. w(x) = 0.

9.7 Decomposition Theorem (n = 2): Let K be a compact subset
of Q. If u is harmonic on Q \ K, then u has a unique decomposition of
the form

U=v+w,

where v is harmonic on Q and w is a harmonic function on R? \ K
satisfying limy_ . w(x) — blog |x| = 0 for some constant b.

PROOF: We present the proof for n > 2 (Theorem 9.6), leaving the
changes needed for n = 2 to the reader (Exercise 3 of this chapter).

As a notation convenience, for E any subset of R™ and r > 0, let
E,={xeR":d(x,E) <r}.

Suppose first that Q is a bounded open subset of R”. Choose r
small enough so that K;, and (0Q), are disjoint. By Lemma 9.5, there
is a function @, € CZ(R") supported in Q \ K such that ¢, = 1 on
Q\ (Ky U (0Q)y); Figure 9.8 may be helpful.

For x € Q\ (K, U (0Q),), apply Theorem 9.1 to the function ug,,
which can be thought of as a function in C(R"), to obtain

u(x) = (uey)(x)

_ ; _ 2-n

= 2 V) {RnA(uqor)(y)lx yIc"dy
_ 1 _ 2-n

o i Lm)yamqor)(ynx yIErdy

1

- - _ 2-n
t o v ®) JKVA(ucpy)(y)lx yI=tdy

= Vr(x) + Wr(x),

where v, (x) is [(2 — n)nV(B)]~! times the integral over (9Q), and
wy(x) is [(2 —n)nV(B)]~! times the integral over K,. Differentiation
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o0Q

O\, U (3Q),)

9.8 @+ = 1 on the shaded region.

under the integral sign shows that v, is harmonic on Q\ (6Q), and that
Ww, is harmonic on R" \ K,.. We also see that w, (x) — 0 as x — oo.

Suppose now that s < r. Then, as in the previous paragraph, we
obtain the decomposition u = v + ws; on Q \ (K; U 90Q;). We claim that
vy = vson Q\ (0Q), and w, = ws on (R" U {e0}) \ K. To see this,
note thatif x € Q\ (K, U (0Q),), then v, (x) + Wy (x) = vs(x) + wg(x)
(because both sides equal u(x)). Thus, w, — w; is a harmonic function
on R" \ K, that extends to be harmonic on R" (w, — w, agrees with
vs—v, near K,-). Because both w, and w; tend to 0 at infinity, Liouville’s
Theorem (2.1) implies that w,, — ws = 0. Thus w,, = wg and v, = v on
Q\ (Ky U (0Q),), as claimed.

For x € Q, we may thus set v(x) = v, (x) for all » small enough so
that x € Q\ (0Q),. Similarly, for x € R" \ K, we set w(x) = Wy (x) for
small ». We have arrived at the desired decomposition u = v + w.

Now suppose that Q is unbounded and u is harmonic on Q \ K.
Choose R large enough so that K ¢ B(0,R) and let w = Q n B(0O,R).
Observe that K is a compact subset of the bounded open set w and that
u is harmonic on w \ K. Applying the result just proved for bounded
open sets, we have

u(x) =v(x) + wix)

for x € w \ K, where ¥ is harmonic on w and w is a harmonic function
on R™\ K satisfying limy_. w(x) = 0. Notice that the difference u — w
is harmonic on Q \ K and extends harmonically across K because it
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agrees with v near K. Set v = u —w; the sum v + w is then the desired
decomposition of u.

Finally, the proof of the uniqueness of the decomposition is similar
to the proof given above that w, = ws and v, = v; on Q\ (K, U(0Q),).m

Note that the function w of Theorem 9.6 is harmonic at oo, by The-
orem 4.8. Note also that if u is real valued, then the functions v and
w appearing in the decompositon of u (Theorem 9.6 or Theorem 9.7)
will also be real valued. This can be proved either by looking at the
proofs of Theorem 9.6 and Theorem 9.7 or by taking the real parts of
both sides of the decomposition u = v + w and using the uniqueness
of the decomposition.

‘Bocher’s Theorem Revisited

The remainder of this chapter consists of applications of the decom-
position theorem. We begin by using it to obtain Bocher’s Theorem (3.9)
as a consequence of Liouville’s Theorem in the n > 2 setting.

9.9 Bocher’s Theorem (n > 2): Let a € Q. If u is harmonic on
QO \ {a} and positive near a, then there is a harmonic function v on Q
and a constant b = 0 such that

u(x) =v(x) +blx —al®>™"
forall x € Q\ {a}.

PROOF: Without loss of generality we can assume that u is real val-
ued and a = 0. By the decomposition theorem (9.6), we can write
u = v +w, where v is harmonic on Q, w is harmonic on R" \ {0},
and lim,_. w(x) = 0. We will complete the proof by showing that
w(x) = b|x|2~" for some constant b > 0.

Because u is positive near 0 and v is bounded near 0, w = u — v
is bounded below near 0. Let € > 0 and set h(x) = w(x) + &|x|>™™.
Thenlimy_g h(x) = c and limy_ h(x) = 0, so the minimum principle
(1.10) implies that h = 0 on R™ \ {0}. Letting € — 0, we conclude that
w = 0onR"\ {0}.

Because w tends to zero at oo, the Kelvin transform K[w] has a
removable singularity at O (see Exercise 2(a) in Chapter 2). Thus K[w]



198 CHAPTER 9. The Decomposition Theorem

extends to be nonnegative and harmonic on all of R”. By Liouville’s
Theorem for positive harmonic functions (3.1), K[w] = b for some
constant b > 0. Therefore w(x) = b|x|>~", completing the proof. m

The preceding argument does not yield a proof of Bocher’s Theorem
when n = 2. (One difficulty is that the function w provided by the
decomposition theorem no longer vanishes at «.) We can, however,
still use the decomposition theorem to prove Bocher’s Theorem in the
n = 2 case. We will actually obtain a generalized version of Bocher’s
Theorem. Our proof relies on the following improvement of Liouville’s
Theorem for positive harmonic functions (3.1).

9.10 Generalized Liouville Theorem: Suppose that u is a real-valued
harmonic function on R" and
X)

liminfL > 0.
x—oo x|

Then u is constant on R™.

PROOEF: Fix x € R", let € > 0 be arbitrary, and choose » > |x| such
that u(y)/|y| = —& whenever |y| > ¥ — |x|. By the volume version of
the mean-value property,

1
u(x) —u(0) = W[JB(X,T) udv — B0 ‘deV].

Let D, denote the symmetric difference of the balls B(x,r) and B(0,r)
(see Figure 3.2) and let A, denote the annulus B(0, v + |x|)\B(0,r —|x|).
Then

1
VB0, 1) L), uldv

1
= v@om |, 14

[u(x) —u(0)|

For every vy in the annulus A, over which the last integral is taken, we
have
lu)| < 2elyl + u(y) <4er + u(y),

where the first inequality is trivial when ©u(y) > 0 and follows from our
choice of ¥ when u(y) < 0. Combining the last two sets of inequalities,
we have
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1
V(B(0,7))

lu(x) — u(0)] vamn+J

N u dV]

r+Ixh" - (r - IXI)”_

(4er +u(0))

n
Take the limit as ¥ — oo, getting

lu(x) —u(0)| < 8en|x|.
Now take the limit as € — 0, getting u(x) = u(0), as desired. [ ]

Note that u satisfies the hypothesis of the Generalized Liouville The-
orem if and only if

limiglf Ix|" 1K[ul(x) = 0,
X—.
which explains the hypothesis of the following result.

9.11 Generalized Bocher Theorem: Let a € Q. Suppose that u is a
real-valued harmonic function on Q \ {a} and

liminf |x — a|™ 'u(x) = 0.
xX—a

Then there is a harmonic function v on Q and a constant b € R such
that
v(x)+blog|x—al ifn=2
u(x) =

v(x)+blx —al*™" ifn>2

forall x € Q\ {a}.

PROOF: We will assume that n = 2, leaving the easier n > 2 case as
an exercise for the reader.

Without loss of generality, we may assume that a = 0. Because u is
harmonic on Q \ {0}, it has a decomposition

U=v+w,
where v is harmonic on Q and w is a harmonic function on R?\ {0} sat-

isfying lim, o (w(x) — blog |x|) = O for some constant b € R. Because
v is continuous at 0, our hypothesis on u implies that
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liminf |x|w(x) = 0.
x—-0

Now set h(x) = w(x) — blog |x| for x € R?\ {0}, and observe that the
Kelvin transform K [h] has a removable singularity at 0. Moreover,

2y _
hmjnfw — liminf w(x/|x|?) —blog|1/x|

X—o00 [x| X—00 |x]|

= liminf |x|w(x)
x—0
> 0.

Thus, by the the Generalized Liouville Theorem (9.10), K[h] must be
constant; in fact, it must be zero because its value at 0 is 0. Hence
h = 0, which implies that w(x) = blog|x|. Thus u has the desired
form. [

The preceding proof shows how the Generalized Bocher Theorem
follows from the Generalized Liouville Theorem. It is even easier to
show that the Generalized Liouville Theorem follows from the General-
ized Bocher Theorem (Exercise 8 of this chapter); hence, these results
are equivalent. The authors first learned of these generalizations of
Bocher’s and Liouville’s Theorems in [1] and [10].

Removable Sets for Bounded
Harmonic Functions

Let h*(Q) denote the collection of bounded harmonic functions
on Q. We say that a compact set K C Q is h®-removable for Q if every
bounded harmonic function on Q \ K extends to be harmonic on Q.
The following theorem shows that if K is h®-removable for some Q
containing K, then K is h*-removable for every Q containing K. Note
that by Liouville’s Theorem, K is h*-removable for R" if and only if
every bounded harmonic function on R" \ K is constant.

9.12 Theorem: Let K be a compact subset of Q. Then K is h*-
removable for Q if and only if K is h®-removable for R™.
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PROOF: If K is h*-removable for Q, then clearly K is h®-removable
for R™,

To prove the converse, we use the decomposition theorem. The
n > 2 case is easy. Suppose that K is h®-removable for R" and that u
is bounded and harmonic on Q\ K. Let u = v + w be the decomposition
given by (9.6). Because n > 2, w(x) — 0 as x — o. The boundedness
near K of w = u — v thus shows that w is bounded and harmonic
on R™ \ K. By hypothesis, w extends to be harmonic on R", and thus
w = 0 by Liouville’s Theorem. Hence u = v, and thus u extends to be
harmonic on Q, as desired.

The n = 2 case is more difficult (a rare occurrence); this is because
w need not have limit 0 at . We will show that if there is a bounded
harmonic function on Q \ K that does not extend to be harmonic on Q,
then there is a nonconstant bounded harmonic function on R? \ K.

We may assume that each connected component of K is a point,
in other words, that K is totally disconnected. Otherwise some com-
ponent of K consists of more than one point. The Riemann Mapping
Theorem then implies the existence of a holomorphic map of the Rie-
mann sphere minus that component onto By, giving us a nonconstant
bounded harmonic function on R? \ K, as desired.

Let u be a bounded harmonic function on Q \ K that does not extend
to be harmonic on Q. Then there exist distinct points x and y in K such
that u does not extend harmonically to any neighborhood of x nor to
any neighborhood of y. (If only one such point in K existed, then we
would have found a nonremovable isolated singularity of a bounded
harmonic function, contradicting Theorem 2.3.)

Having obtained x and 7y, observe that the total disconnectivity of
K shows that there exist disjoint open sets Q, and Q, (open in R?),
with x € Qy and y € Q,,, such that K € Q, U Q,,.

Now u is harmonic on (QNQy )\ (QxNK), so by Theorem 9.7 we have
the decomposition u = vy + Wy, where v, is harmonic on Q n Q, and
Wy is harmonic on R? \ (Qy N K), with lim, .. Wy (2) — bxlog|z| =0
for some constant b,. We also have a similar decomposition of u on
QN Qy)\ (Q2y NK). Note that wy is not constant, otherwise u would
extend harmonically to a neighborhood of x. Note also thatif b, were 0,
then w, would be a nonconstant bounded harmonic function on R?\ K,
and we would be done; we may thus assume that b, is nonzero.

Setting h = Wy — (b, /bx) Wy, we claim h is the desired nonconstant
bounded harmonic function on R? \ K. To see this, note that both wy
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and w, are bounded near K, and lim,_, h(z) = 0O; this proves h is
bounded and harmonic on R? \ K. If h were constant, then w, would
extend harmonically to a neighborhood of y, which would mean that u
would extend harmonically to a neighborhood of y, a contradiction. m

As an aside, note that the analogue of Theorem 9.12 for positive
harmonic functions fails when n = 2: the compact set {0} is removable
for positive harmonic functions on R? \ {0} (see 3.3), but {0} is not
removable for positive harmonic functions on B> \ {0}.

Recall that if K c Q is a single point, then K is h*-removable for Q
(Theorem 2.3). Our next theorem improves that result, stating (roughly)
that if the dimension of K is less than or equal to n — 2, then K is h*®-
removable.

9.13 Theorem: If 1 <k <n-2and ¥Y: By — Q is a Cl-map, then
¥ (By) is h™-removable for Q.

PROOF: By Theorem 9.12, we need only show that if u is bounded
and harmonic on R" \ ¥ (By), then u is constant. Without loss of gener-
ality, we assume u is real valued. By Theorem 4.10, there is a constant
L such that u has limit L at c. Let € > 0 and set

V(x) = u(x) + ¢ JB X — ¥ 2" dVi(y)
k

for x € R™ \ ¥(Bg). Note that v is harmonic on R" \ ¥ (Bx) and that v
has limit L at . Suppose we know that

9.14 j X =¥ P " dVe(y) — 0o as x — ¥(Br).
By

The boundedness of u then shows v(x) — o as x — ¥(Bx). By the
minimum principle, v = L on R" \ ¥(By). Letting £ — 0, we conclude
that u > L on R" \ ¥(By). A similar argument then gives u < L on
R™\¥(By), so that u is constant, as desired. In other words, to complete
the proof, we need only show that 9.14 holds.

To prove 9.14, first suppose that x € ¥(B). Then x = ¥(z) for
some z € Bi. Because ¥ has a continuous derivative, there is a constant
C € (0,0) suchthat |¥(z)-¥(y)| < C|z-y| forevery y € Bi. Thus
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j |x—w<y>|2*"dvk<y>=[ ¥(2) — ¥ (1) 2" dVi(y)
By By

> 2 JB lz -y 2" dVi(y)
k

= 00,
where the last equality comes from Exercise 10 of this chapter. The
assertion in 9.14 now follows from Fatou's Lemma. [

Note that B; is the interval [—1, 1]. Thus, any smooth compact arc
in Q is h*-removable for Q provided n > 2. Exercise 13 in Chapter 4
and Exercise 12 of this chapter show that compact sets of dimension
n — 1 are not h®-removable.

The Logarithmic Conjugation Theorem

In this section, Q will denote a connected open subset of RZ. We
say that Q is finitely connected if R? \ Q has finitely many bounded
components. Recall that Q is simply connected if R?\ Q has no bounded
components.

If u is the real part of a holomorphic function f on Q, then the
imaginary part of f is called a harmonic conjugate of u. When Q is
simply connected, a real-valued harmonic function on Q always has a
harmonic conjugate ([7], Chapter VIII, Theorem 2.2).

The following theorem has been called the logarithmic conjuga-
tion theorem because it shows that a real-valued harmonic function on
a finitely connected domain has a harmonic conjugate provided that
some logarithmic terms are subtracted.

9.15 Logarithmic Conjugation Theorem: Let Q) be a finitely con-
nected domain. Let K1,...,Ky be the bounded components of R? \ Q,
andlet aj € Kj for j = 1,...,m. If u is real valued and harmonic on Q,
then there exist f holomorphic on Q and by, ...,b, € R such that

u(z) =Ref(z) + b1loglz—ai|+---+byloglz —aml

forall z € Q.
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PROOF: We prove the theorem by induction on m, the number of
bounded components in the complement of Q. To get started, recall
that if m = 0 then Q is simply connected and u = Re f for some
function f holomorphic on Q.

Suppose now that m > 0, and that the theorem is true with m —1 in
place of m. With Q as in the statement of the theorem, set Q' = Q U K,,,,
so that Q' is a finitely connected domain whose complement has m — 1
bounded components. Because u is harmonic on Q' \ K;;,, 9.7 gives
the decomposition u = v + w, where v is harmonic on Q' and w is
harmonic on R? \ K, with lim,_.. w(z) — blog |z| = 0 for some con-
stant b.

Because v satisfies the induction hypothesis, we will be done if we
can show that

9.16 w(z) =Reg(z) + blog |z — am|

for some function g holomorphic on R? \ K.
To verify 9.16, set

h(z) = w(z) —blog|z — anl

for z € R? \ K. We easily calculate that h(z) — 0 as z — oo; thus h
extends to be harmonic on (CU {o}) \ K;;;. Now, (CU {x}) \ K;, can be
viewed as a simply connected region on the Riemann sphere. On such a
region every real-valued harmonic function has a harmonic conjugate.
This gives 9.16, and thus completes the proof of the theorem. [

As an application of the logarithmic conjugation theorem, we now
give a series development for functions harmonic on annuli.

9.17 Theorem: If u is real valued and harmonic on the annulus
A={zeR?:79 < |z| <11}, then u has a series development of the
form

9.18 u(re?) =blogr + > (ark +crF)e*?.
k=—o0

The series converges absolutely for each ve'® € A and uniformly on
compact subsets of A.
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PROOEF: Use the logarithmic conjugation theorem (9.15) with Q = A,
K1 ={z€R?:|z| <79}, and a1 = 0, to get

u(z) = blogl|z| +Re f(z2)

for some holomorphic function f on A. On A, f has a Laurent series
expansion

f2)= > az

k=—o0

that converges absolutely and uniformly on compact subsets of A.
Now,
f(z)+f(2).

u(z) =blog|z| + >

the series representation 9.18 for u is obtained by setting z = re'? and
replacing f with its Laurent series. ]

The series representation 9.18 gives another proof that the averages
of u over circles of radius v satisfy the n = 2 part of 3.10.

In Chapter 10 we consider the problem of obtaining an analogous
series representation for functions harmonic on annular domains in R™.
There, as one might expect, the decomposition theorem (9.6, 9.7) will
play an important role.

Additional applications of the logarithmic conjugation theorem may
be found in [2].
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Exercises
1. Prove Theorem 9.2.
2. Suppose n > 2. Given g € C?(R"), show that there exists a

unique u € C2(R") such that Au = g and u(x) — 0 as x — oo.
What happens when n = 27

3. Prove the decomposition theorem in the n = 2 case (9.7).
4. For Q c R?, define the operator 0 on C}(Q) by
5= (o + %).
Sh£>w that if f € C1(Q), then f is holomorphic on Q if and only
ifof =0.
5. Show that if g € C}(R?), then

(09)(2)
w -z

gon = |, ava(2)
R

T

for all w € C. (Hint: Imitate the proof of 9.1, using Green’s
Theorem instead of Green’s identity.)

6. Let Q C C, let K C Q be compact, and let f be holomorphic on
O\ K. Using the previous exercise and an argument similar to the
proof of the decomposition theorem, prove that f has a unique
decomposition of the form f = g + h, where g is holomorphic
on Q and h is holomorphic on C \ K, with lim,_. h(z) = 0.

7. Prove the Generalized Bocher Theorem (9.11) when n > 2.

8. Show that the Generalized Liouville Theorem (9.10) is a conse-
quence of the Generalized Bocher Theorem (9.11).

9. If u is a real-valued harmonic function on R” such that u(x)/|x|
is bounded below for x near o, must u be constant?

10. Let x € B, and let ¢ € R. Prove that
| x-yiav -

if and only if ¢ < —n.
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11.

12.

13.

14.

15.

16.

17.

Does the conclusion of Theorem 9.13 remain true if we merely
assume that ¥ is continuous on By?

Suppose E is a compact subset of R"~1 ¢ R" with positive (n—1)-
dimensional Lebesgue measure. Show that

u(y) = L Ix — ¥1> " dVy-1 (x)

defines a function on R” that is continuous, bounded, and non-
constant. Show that this function is harmonic on R" \ E.

Suppose ¥: By — By is a C-map, where 1 < k < n—2. Show that
if ¥ (By) is closed in By, then every bounded harmonic function
on B, \ Y(By) extends to a bounded harmonic function on B,,.
(Note that Exercise 16 in Chapter 6 is a special case of this exer-
cise.)

Every polynomial p (x, ¥) on R? extends to a polynomial p (z, w)
on C? by replacing x and y with the complex numbers z and
w in the expansion of p. Show that if p is a harmonic poly-
nomial on R? with real coefficients, then the imaginary part of
2p(z/2,—-1iz/2) is a harmonic conjugate of p.

Let Q c R? be finitely connected, and let K1,Ko>,...,K;, be the
bounded components of R? \ Q. Let aj,a;. € K;. Suppose that
u is real valued and harmonic on Q. Prove that if f, g are holo-

morphic functions on Q and bj, b’; € R satisfy

u(z) =Ref(z) + hyloglz—aq| +---+bylog|z — an]

=Reg(z) + byloglz —ajl +--- + by, log|z — ay,l,

then b; = b}. How are f and g related?

Using the logarithmic conjugation theorem (9.15), give another
proof of the n = 2 case of the Generalized Bocher Theorem (9.11).

Use the series representation 9.18 to show that the Dirichlet
problem for an annulus in R? is solvable. More precisely, show
that if A is an annulus in R? and f is continuous on 0A, then
there is a function ¥ harmonic on A and continuous on A such
that ulss = f.






CHAPTER 10

Annular Regions

An annular region is a set of the form {x € R" : vy < |x| < 1 };
here 9 € [0,0) and ; € (0,]. Thus an annular region is the re-
gion between two concentric spheres, or is a punctured ball, or is the
complement of a closed ball, or is R" \ {0}.

Laurent Series

If u is harmonic on B, then 5.34 gives the expansion

[ee)

u(x) = > pm(x),

m=0

where p,, is a homogeneous harmonic polynomial of degree m and the
series converges absolutely and uniformly on compact subsets of B.
This expansion is reminiscent of the power series expansion for holo-
morphic functions. We now take up the analogous Laurent series de-
velopment for harmonic functions on annular regions.

10.1 Laurent Series (n > 2): Suppose u is harmonic on an annular
region A. Then there exist unique homogeneous harmonic polynomials
Pm and qm of degree m such that

ux) = > pmx)+ > %

m=0 m=0

on A. The convergence is absolute and uniform on compact subsets of A.

209
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PROOF: Suppose A has inner radius 79 € [0, o) and outer radius
1 € (0,c0]. By the decomposition theorem (9.6) we have u = v + w,
where v is harmonic on 7; B and w is harmonic on (R*® U {o}) \ #oB. Be-
cause v is harmonic on the ball 7| B, there are homogeneous harmonic
polynomials p;, such that

10.2 V(X)) = D pm(x)

m=0

on 71 B. The Kelvin transform of K[w] is harmonic on the ball (1/7¢)B,
and so there are homogeneous harmonic polynomials g,, such that

K[wl(x) = > am(x)
m=0

on (1/79)B. Applying the Kelvin transform to both sides of this equa-
tion, we have

qm(x)

10.3 w(x)= > Tx|2mn-2

m=0

on R\ ryB. Combining the series expansions 10.2 and 10.3, we obtain
the desired expansion for u on A. The series 10.2 and 10.3 converge
absolutely and uniformly on compact subsets of A, and hence so does
the Laurent series expansion of «. Uniqueness of the expansion follows
from the uniqueness of the decomposition u = v + w and of the series
expansions 10.2 and 10.3. [

The preceding proof does not quite work when n = 2 because the
decomposition theorem takes a different form in that case (see 9.6,
9.7). Exercise 1 of this chapter develops the Laurent series expansion
for harmonic functions when n = 2.

Isolated Singularities

Suppose n > 2, a € Q, and u is harmonic on Q \ {a}. By Theo-
rem 10.1, there are homogeneous harmonic polynomials p;, and g,
such that
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am(x —a)
|X _ a|2m+n—2

ux) = > pmx-—a)+ >

m=0 m=0

for x in a deleted neighborhood of a. We call the function

10.4 S
m=0
the principal part of u at a and classify the singularity at a accord-
ingly. Specifically, u has a removable singularity at a if each term in
the principal part is zero; u has a pole at a if the principal part is a
finite sum of nonzero terms; u has an essential singularity at a if the
principal part has infinitely many nonzero terms.

If u has a pole at a, with principal part given by 10.4, and M is the
largest integer such that g # 0, then we say that the pole has order
M +n — 2. For example, if « is a multi-index, then D%|x|2~" has a pole
of order || + n — 2 at 0. Theorem 10.5(b) below shows why the order
of a pole has been defined in this manner. We call a pole of order n — 2
a fundamental pole (because the principal part is then a multiple of the
fundamental solution defined in Chapter 9).

10.5 Theorem (n > 2): If u is harmonic with an isolated singularity
at a, then u has

(a) a removable singularity at a if and only if
lim |x — a|" ?|u(x)| = 0;
X—a

(b) apole at a of order M + n — 2 if and only if

0 <limsup |x — a/M*™" 2 |u(x)| < oo;
xX—a

(c) an essential singularity at a if and only if

limsup |x — alN|u(x)| = o
X—-a

for every positive integer N.

PROOEF: The proof of (a) follows from Exercise 2(a) in Chapter 2.
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For the remainder of the proof, we assume that © has principal part
ata givenby w(x) =X, _odm(x —a)/|x —a|?>™+n=2,

To prove (b), first suppose that u has a pole at a of order M + n — 2.
Then the homogeneity of each g, implies that

limsup |x — a|M* " 2|u(x)| = sup |qum.
xX—a S

The right side of this equation is positive and finite, and hence so is the
left side, proving one direction of (b).

Conversely, suppose 0 < limsup,_, |x —a|M*"?|u(x)| < c. Then
there is a constant C < o such that |w(a +¥C)| < C/¥M*"-2 for small
¥ >0and C € S. Let j be an integer with j > M. Then

j ;) Rdo(@) j ldm (©) 12 do (T)
S < S

r2j+2n-4 y2m+2n—4

m=0

L l'w(a +7rC)|>do(C)

CZ
S e —
y2M+2n—4

for small » > 0; here we have used the orthogonality of spherical har-
monics of different degree (Proposition 5.9). Letting » — 0, we get
[s1a;l?do = 0, so that q; = 0. Thus u has a pole at a of order at most
M +n-2. Because limsup,._, |x —a|M*"2|u(x)| is positive, the order
of the pole is at least M + n — 2, completing the proof of (b).

To prove (c), first suppose that limsup,._, |x — a|N|u(x)| = o for
every positive integer N. By (a) and (b), u can have neither a remov-
able singularity nor a pole at a, and thus u has an essential singularity
at a.

To prove the other direction of (c), suppose there is a positive integer
N such that limsup,_, |x — alN|u(x)| < c. By the argument used in
proving (b), this implies that g; = 0 for all sufficiently large j. Thus u
does not have an essential singularity at a, completing the proof of (c).m

The analogue of the theorem above for n = 2, along with the appro-
priate definitions, is given in Exercise 2 of this chapter.

Recall that Picard’s Theorem states if f is a holomorphic function
with essential singularity at a, then f assumes all complex values, with
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one possible exception, infinitely often on every deleted neighborhood
of a. Picard’s Theorem has the following analogue for real-valued har-
monic functions.

10.6 Theorem: Let u be a real-valued harmonic function with either
an essential singularity or a pole of order greater than n — 2 at a € R".
Then u assumes every real value infinitely often near a.

PROOF: By Bocher’s Theorem (3.9), u cannot be bounded above or
below on any deleted neighborhood of a. Thus, for every small r > 0,
the connected set u(B(a,r) \ {a}) must be all of R. This implies that
u assumes every real value infinitely often near a. [

There is no analogue of Theorem 10.6 for complex-valued harmonic
functions.

The Residue Theorem

Suppose u € C2(Q). Then u is harmonic on Q if and only if
J Dhuds =0
0B(a,r)

for every closed ball B(a,r) c Q; as usual, D, denotes the derivative
with respect to the outward normal n and ds denotes (unnormalized)
surface-area measure. Proof: apply Green’s identity (1.1) with v = 1
to small closed balls contained in Q. We can think of this result as an
analogue of Morera’s Theorem for holomorphic functions.

Integrating the normal derivative over the boundary also yields a
“residue theorem” of sorts. Suppose n > 2 and the harmonic function
u has an isolated singularity at a, with Laurent series expansion at a
given by

dm(x —a)
|X _ a|2m+n—2 )

ux)= > pmx—a)+ >

m=0 m=0

We call the constant g the residue of u at a, and write Res(u,a) = qo.
The following proposition and theorem justify this terminology.
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10.7 Proposition (n > 2): If u is harmonic on B(a,r) \ {a}, then

1
Res(u,a) = ——— Dhu ds.
D) = G0V ®) Jasan P

PROOF: Without loss of generality, assume a = 0. Suppose

qm(x)
|X|2m+n—2

ux) = > pmx)+ >
m=0 m

=0

is the Laurent expansion of u about 0. The first sum is harmonic
on B(0,7); hence, the integral of its normal derivative over 0B(0,7)
is zero. The integral of the normal derivative of the second sum equals

qor' ™2 -n) J ds+ > 2-n-myrtn2m m ds.
B(0,r) = aB(0,r)

The value of the first integral is qonV (B)(2 — n); all other integrals
vanish by the mean-value property. [

10.8 Residue Theorem (n > 2): Suppose Q is a bounded open set
with smooth boundary. Let a,...,ay be distinct points in Q. If u is
harmonic on Q\ {a1,...,ax}, then

k
J Dyuds = (2-n)nV(B) > Res(u,a;).
20 =

PROOF: Choose v > 0 so that B(ai,r),...,B(ax,r) are pairwise dis-
joint and all contained in Q. Set w = Q\ (U?z1 B(aj,r)). Then

J Dhuds =0
ow

by Green’s identity (1.3). Hence

k
J Dyuds = - > J Dpu ds
oQ j=1 0B(aj,r)

k
= (2-n)nV(B) Z Res(u, a;)
j=1

(note that n points toward a;j on 0B(aj,1)). |
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See Exercise 8 of this chapter for statement of the residue theorem
when n = 2.

The Poisson Kernel for Annular Regions

Let A be a bounded annular region. If f is a continuous function
on 0A, does f have a continuous extension to A that is harmonic on A?
In this section we will see that this question, called the Dirichlet prob-
lem for A, has an affirmative answer if the inner radius of A is positive.
In fact, we will find a Poisson-integral type formula for the solution. (In
the next chapter, we show that the Dirichlet problem is solvable on a
much wider class of domains, although in the more general context we
will not have an explicit integral formula for the solution.)

Fix 9 € (0,1). Throughout this section, we assume that A is the
annular region {x € R" : 1y < |x| < 1}. This is no loss of generality
because dilations preserve harmonic functions.

To discover the formula for solving the Dirichlet problem for A,
we begin with a special case. Suppose g € H,, (S) for some m > 0.
Consider the problem of finding a continuous function u on A that is
harmonic on A, with u = g on S and u = 0 on #pS. We first extend
g to a harmonic homogeneous polynomial of degree 1 (which we also
denote by g). The Kelvin transform of g is then harmonic on R" \ {0};
the homogeneity of g shows that K[g](x) = g(x)/|x|?™*"=2, Thus
the function u defined by

1 — (ro/|x])2m+n—2
1- 702m+n—2

u(x) = g(x)
solves the Dirichlet problem in this special case.
Let us define

1 — (rg/|x[)2mn-2

10.9 bm(x) = 1 — yp2m+n-2 )

so that u(x) = by (x)g(x), where u is the function displayed above.
Recall that integration against the zonal harmonic Z,, (x, C) reproduces
the values of functions in #,,(R") (5.30). Thus we can rewrite our
formula for the solution u as follows:

U(X) = by (X) Lgmzm(x, 0)do (0).
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Going one step further, if g = Z%:o 9m, where gy, € Hpy, (S), then
adding the solutions obtained for each g,, in the previous paragraph
solves the Dirichlet problem for A with boundary data g on S and 0
on 7yS. Explicitly,

M
) = [ 90 (Y bn(x)Zn(x,0) do ().
m=0

Note that for each T € S, the function x — by, (x)Zy, (x, C) is harmonic
on A (because it equals a constant times Zy, (x, €) plus a constant times
K[Zm (-, ) 1(x)).

Any polynomial restricted to S is the sum of spherical harmonics
(from Theorem 5.7). Furthermore, the set of polynomials is dense in
C(S) by the Stone-Weierstrass Theorem (see [14], Theorem 7.33). Sup-
pose, then, that g is an arbitrary continuous function on S. To find a
continuous function u on A that is harmonic on A, withu = gon S
and u = 0 on 7S, the results above suggest that we try

u(x) = Lg(@)PAcx,cmo(g),

where
10.10 PA(x,0) = > bm(x)Zm(x,T).
m=0

Note that 0 < b,,(x) < 1 for x € A. Thus the last series converges
absolutely and uniformly on K x S for every compact K C A, as in
the proof of Theorem 5.33. In particular, for each € € S, the function
P4 (-, C) is harmonic on A.

We handle the Dirichlet problem for A with boundary data h on 1S
and O on S in a similar manner. Thus a process like the one above
suggests that the solution u is given by the formula

w(x) = L h(roC)Pa (x, 70C) do (C),

where

10.11 Ps(x,70C) = > cm(x)Zm(x,0)
m=0
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and

|x|2m+n—2

_ o1
10.12 cm(x) = |x| ™ (ro/|x )™ ZW-

Note that |cm (%) Zm (x,C)| < (ro/1x)™ 12| Z, (x/1x],C)| for x € A,
so the infinite sum in 10.11 converges absolutely and uniformly on
K x S for every compact K C A, as in the proof of Theorem 5.33. In
particular, for each T € S, the function P4 (-, 79C) is harmonic on A.

Having approached the Dirichlet problem for A “one sphere at a
time”, we easily guess what to do for an arbitrary f € C(60A)—we sim-
ply add the two candidate solutions obtained above.

We now make the formal definitions. For n > 2, P4 is the function on
A X 0A defined by 10.9-10.12. (For n = 2 and m = 0, the terms bo(x)
and co(x) must be replaced by appropriate modifications of log|x];
Exercise 10 of this chapter asks the reader to make the necessary ad-
justments.) For f € C(0A), the Poisson integral of f, denoted P4[f],
is the function on A defined by

PaLf1(x) = Lf(:)PA<x, 0)do(C) + Lf(rooPA(x,ro;) Ao (O).

We have already done most of the work needed to show that P,[f]
solves the Dirichlet problem for f.

10.13 Theorem (n > 2): Suppose f is continuous on 0A. Define u
on A by
PAlfl(x) if xeA
u(x) = }
f(x) if x € 0A.

Then u is continuous on A and harmonic on A.

PROOF: The function P4[f] is the sum of two harmonic functions,
and hence is harmonic.

To complete the proof, we need only show that u is continuous on A.
The discussion above shows that u is continuous on A in the case where
fls and f(ry-)|s are both finite sums of spherical harmonics. By The-
orem 5.7 and the Stone-Weierstrass Theorem (see [14], Theorem 7.33),
such functions are dense in C(6A). For the general f € C(0A), we ap-
proximate f uniformly on 6 A with functions fi, f, ... from this dense
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subspace; the corresponding solutions w1, u»,... then converge uni-
formly to u on A by the maximum principle, proving that u is contin-
uous on A. m

The hypothesis that 7y be greater than 0 is needed to solve the
Dirichlet problem for the annular region A. For example, there is no
function u harmonic on the punctured ball B \ {0}, with © continuous
on B, satisfying u = 1 on S and u(0) = O: if there were such a function,
then it would be bounded and harmonic on B\ {0}, hence would extend
harmonically to B (by 2.3), contradicting the minimum principle.

The results in this section are used by the software described in
Appendix B to solve the Dirichlet problem for annular regions. For
example, the software computes that the harmonic function on the an-
nular region {x € R3:2 < |x| < 3} that equals x;° when |x| = 2 and
equals x1x2x3 when |x| = 3 is

(82592 8 32x]2 32x%  7776x,
3 211x[3 " |x| 633 211 = 211|x[S

2187x1x2x3  279936x1Xx2X3

2059 2059|x|”
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Exercises
1. Suppose u is harmonic on an annular region A in R2. Show that

there exist pm, am € Hm (R?) such that

dm(x)

u(x) = > pm(x) +4qologlx|+ >

m=0 m=1

on A. Show also that the series converges absolutely and uni-
formly on compact subsets of A.

2. Suppose u is a harmonic function with an isolated singularity at
a € R2. The principal part of u at a is defined to be

- Am(x —a)

olog|x —al + ,

m=1

where u has been expanded about a as in Exercise 1. We say that
u has a fundamental pole at a if the principal part is a nonzero
multiple of log |x|. We say that u has a pole at a of order M if
there is a largest positive integer M such that gy # 0. We say
that u has an essential singularity at a if the principal part has
infinitely many nonzero terms. Prove that u has

(a) aremovable singularity at a if and only if

u(x)
1 _ =
x-alog|x — al

(b) a fundamental pole at a if and only if

u(x)

0<lim|———
log |x — al

xX—-a

(c) apole at a of order M if and only if

0 < limsup |x — a|M|u(x)| < ;
xX—a

(d) an essential singularity at a if and only if

limsup |x — alN|u(x)| = o
xX—-a

for every positive integer N.
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Give an example of a harmonic function of n variables, n > 2,
that has an essential singularity at 0.

Let u be a real-valued harmonic function with an isolated singu-
larity at a € R™. Show that u has a fundamental pole at a if and
only if

lim |[u(x)| = oo.
xX—-a

Suppose n > 2 and u is a harmonic function with an isolated
singularity at a. Prove that

lim |x — a|" %u(x)
X—a

exists (as a complex number) if and only if u has either a remov-
able singularity or a fundamental pole at a.

Singularities at c: Suppose u is harmonic on a deleted neigh-
borhood of «. The singularity of u at « is classified using the
Laurent expansion of the Kelvin transform K[u] at O; for exam-
ple, if the Laurent expansion of K[u ] at 0 has vanishing principal
part, then we say u has a removable singularity at co.

(a) Show that u has an essential singularity at oo if and only if

lux)l
x|M

lim sup

X — 00 |

for every positive integer M.

(b) Find growth estimates that characterize the other types of
singularities at .

(a) Identify those functions that are harmonic on R", n > 2,
with fundamental pole at oo.

(b) Identify those functions that are harmonic on R? with fun-
damental pole at oo.
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8.

10.

11.

12.

Suppose n = 2 and the harmonic function u has an isolated
singularity at a € R?, with Laurent series expansion

- Am(x —a)

u(x) = > pm(x—a)+qologlx —al + Ix —al?m’

m=0 m=1

We say that the constant qq is the residue of u at a and write
Res(u,a) = qg. Prove that if u is harmonic on B(a,r) \ {a}, then

Res(u,a) = Dhuds.

E 0B(a,r)
Also prove an analogue of the residue theorem (10.8) for the case
n=_2.

Show how formulas 10.11 and 10.12 are derived.

Find the correct replacements for 10.9 and 10.12 whenn = 2 and
m = 0, and use this to solve the Dirichlet problem for annular
regions in the plane.

Let0 <7rg<landlet A= {x € R": 1y < |x| < 1}. Let p, q be
polynomials on R", and let f be the function on dA that equals p
on 7S and equals g on S. Prove that P4[ f] extends to a function
that is harmonic on R" \ {0}.

Generalized Annular Dirichlet Problem: Suppose that A is the
annulus {x € R" : vy < |x| < 11}, where 0 < 7y < 7] < 0. Prove
that if f, g, h are polynomials on R", then there is a function
u € C(A) suchthatu = fon7rS, u =gonnrS,and Au =h
on A. Show that if n > 2, then u is a finite sum of functions of
the form p(x)/|x|™, where p is a polynomial on R" and m is a
nonnegative integer. (The software described in Appendix B can
find u explicitly.)






CHAPTER 11

The Dirichlet Problem and
Boundary Behavior

In this chapter we construct harmonic functions on Q that behave
in a prescribed manner near 0Q). Here we are interested in general do-
mains Q C R"; the techniques we developed for the special domains
B and H will not be available. Most of this chapter will concern the
Dirichlet problem. In the last section, however, we will study a differ-
ent kind of boundary behavior problem—the construction of harmonic
functions on Q that cannot be extended harmonically across any part
of 0Q.

The Dirichlet Problem

If f is a continuous function on 9, does f have a continuous ex-
tension to Q that is harmonic on Q? This is the Dirichlet problem for Q
with boundary data f. If the answer is affirmative for all continuous f
on 0Q), we say that the Dirichlet problem for Q) is solvable. Recall that
the Dirichlet problem is solvable for B (Theorem 1.17) and for the re-
gion between two concentric spheres (Theorem 10.13), but not for the
punctured ball B \ {0} (see the remark following the proof of 10.13).
The Dirichlet problem is sometimes referred to as “the first boundary
value problem of potential theory”. The search for its solution led to
the development of much of harmonic function theory.

We will obtain a necessary and sufficient condition for the Dirichlet
problem to be solvable for bounded Q. Although the condition is not

223
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entirely satisfactory, it leads in many cases to easily verified geometric
criteria that imply the Dirichlet problem is solvable. We will see, for
example, that the Dirichlet problem is solvable for bounded QQ whenever
Q) is convex or whenever 0() is “smooth”.

Note that when Q is bounded, the maximum principle (1.9) implies
that if a solution to the Dirichlet problem exists, then it is unique.

Subharmonic Functions

We follow the so-called Perron approach in solving the Dirichlet
problem. This ingenious method constructs a solution as the supre-
mum of a family of subharmonic functions. In this book, we call a
real-valued function u subharmonic on Q provided u is continuous on
Q and u satisfies the submean-value property on Q. The latter require-
ment is that for each a € Q, there exists a closed ball B(a,R) c Q such
that

11.1 u(a) < Lu(aH’C) do (Q)

whenever 0 < » < R. Note that we are not requiring 11.1 to hold for all
¥ < d(a,0Q). (But see Exercise 5 of this chapter.)

Obviously every real-valued harmonic function on Q is subharmonic
on Q. A finite sum of subharmonic functions is subharmonic, as is any
positive scalar multiple of a subharmonic function. In Exercise 8 of
this chapter we ask the reader to prove that a real-valued u € C2(Q)
is subharmonic on Q if and only if Au = 0 on Q. Thus u(x) = |x|?
is a subharmonic function on R" that is not harmonic. This example
shows that subharmonic functions do not satisfy the minimum princi-
ple. They do, however, satisfy the maximum principle.

11.2 Theorem: Suppose Q is connected and u is subharmonic on Q.
If u has a maximum in Q, then u is constant.

PROOF: Suppose u attains a maximum at a € Q. Choose a closed
ball B(a,R) ¢ Q asin 11.1. We have u < u(a) on B(a,R). If u were
less than u(a) at any point of B(a,R), then the continuity of u would
show that 11.1 fails for some v < R. Thus u = u(a) on B(a, R). The set
where u attains its maximum is therefore an open subset of Q). Because
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this set is also closed in Q, it must be all of Q by the connectivity of Q,
proving that u is constant on Q. [

The following theorem indicates another sense in which subhar-
monic functions are “sub”-harmonic.

11.3 Theorem: Let Q be bounded. Suppose w and v are continuous
on Q, u is subharmonic on Q, and v is harmonic on Q. If u < v on 0%,
thenu < v on Q.

PROOF: Suppose u — v < 0 on 0Q. Because u — v is subharmonic
on Q, the maximum principle (11.2) shows that u — v < 0 through-
out Q. [

The proof of the next result follows easily from the definition of
subharmonic functions, and we leave it to the reader.

11.4 Proposition: If u; and u» are subharmonic functions on Q, then
max{uy,u»} is subharmonic on Q.

Although Proposition 11.4 is easy, it indicates why subharmonic
functions are useful—they can be “bent” in ways that harmonic func-
tions simply would not tolerate. The next theorem is a more sophisti-
cated bending result.

11.5 Theorem: Suppose that u is subharmonic on Q and B(a,R) c Q.
Let w be the function that on Q \ B(a,R) equals ulq\pa,r) and that on
B(a,R) equals the solution to the Dirichlet problem for B(a,R) with
boundary data ulapa,r).- Then w is subharmonic on Q and u < w.

PROOF: The inequality u < w on Q follows from Theorem 11.3. The
continuity of w on Q is clear.

To verify that w satisfies the submean-value property on Q, let
b € Q. If b € B(a,R), then the harmonicity of w near b implies that
w(b) = [(w(b +7rC)do (C) for all sufficiently small . If b ¢ B(a,R),
then u(b) = w(b). The subharmonicity of u, coupled with the inequal-
ity u < w on Q, then implies that w(b) < [ w(b + vT) do (T) for all
sufficiently small . Thus w is subharmonic on Q. [

We call the function w defined in Theorem 11.5 the Poisson modifi-
cation of u for B(a, R).
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The Perron Construction

In this and the next section, Q) will denote a bounded open subset
of R and f will denote a continuous real-valued function on 0Q). (Note
that the Dirichlet problem is no less general if one assumes the bound-
ary data to be real.) We define Sy to be the family of real-valued, con-
tinuous functions u on Q that are subharmonic on Q and satisfy u < f
on 0Q. The collection Sy is often called the Perron family for f. Note
that Sy is never empty—it contains the constant function u(x) = m,
where m is the minimum value of f on dQ. (We are already using the
boundedness of Q.)

The two bending processes mentioned in the last section preserve
the family Sy. Specifically, if u;, u> belong to Sy, then so does the
function max{ui,u.}; if u € Sy and B(a,R) c Q, then the Poisson
modification of u for B(a, R) belongs to Sy.

Perron’s candidate solution for the Dirichlet problem with boundary
data f is the function defined on Q by

PLf1(x) = sup{u(x) :u € Sy}.

We call P[ f] the Perron function for f. Note that m < P[f] <M on Q,
where m and M are the minimum and maximum values of f on 90Q.
Note also that P[f] < f on 2Q.

To motivate the definition of [ f], suppose that v solves the Dirich-
let problem for Q with boundary data f. Thenv € Sy, so that v < P[f]
on Q. On the other hand, Theorem 11.3 shows that every function in S
is bounded above on Q by v, so that P[f] < v on Q. In other words, if
there is a solution, it must be P[ f1].

Remarkably, even though P[ f] may not be a solution, it is always
harmonic.

11.6 Theorem: P[f] is harmonic on Q.

PROOF: Let B(a,R) C Q. It suffices to show that P[f] is harmonic
on B(a,R).

Choose a sequence (uy) in Sy such that ug(a) — P[f](a). Replac-
ing uy by the Poisson modification of max{ui,...,ux} for B(a,R), we
obtain a sequence in Sy that increases on Q and whose terms are har-
monic on B(a, R). Denoting this new sequence by (uy) as well, we still
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have uy(a) — P[f](a) < «. By Harnack’s Principle (3.8), (uy) con-
verges uniformly on compact subsets of B(a,R) to a function u har-
monic on B(a,R). The proof will be completed by showing P[f] = u
on B(a,R).

We clearly have u < P[f] on B(a,R). To prove the reverse in-
equality, let v € Sy; we need to show that v < u on B(a,R). Let
v, denote the Poisson modification of max{uy, v} for B(a, R). Because
u(a) = P[fl(a) and vy € Sy, we have v (a) < u(a) for all k. Further-
more, V¢ is harmonic on B(a,R) and max{uk,v} < v on B(a,R) by
subharmonicity. Thus for positive v < R,

ula) = vi(a)
- L vi(a +7C) do (2)

> L[max{uk, villa+7rC)do(C).

Letting k — oo, we see that the mean-value property of u on B(a,R)
gives

L u(a+r¢)do(C) = L[max{u, vila+7rC)do(C).

It follows that v < u on B(a, R), proving that P[f] < u on B(a,R), as
desired. -

Barrier Functions and Geometric Criteria

for Solvability

Let T € 0Q. We call a continuous real-valued function u on Q a bar-
rier function for Q at € provided that u is subharmonic on Q, u < 0 on
Q\{C}, and u(Z) = 0. When such a u exists, we say that Q has a barrier
at C. (After Theorems 11.11 and 11.16, the reader may concede that
the term “barrier” is apt. Poincaré introduced barrier functions into the
study of the Dirichlet problem; Lebesgue coined the term “barrier” and
generalized the notion.)
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11.7 Theorem: If Q has a barrier at C € 0Q, then P[f](x) — f(C)
as x — C within Q.

PROOF: Suppose u is a barrier function for Q) at € € 0Q. Let € > 0.
By the continuity of f on 0Q, we may choose a ball B(C,r) such that
f@)—e< f < f(C)+eonoQNnB(C,r). Because u is negative and con-
tinuous on the compact set Q \ B(Z,r), there exists a positive constant
C such that

11.8 f@)—e+Cu<f<f(C)+e-Cu

on 0Q \ B(C,r). The nonpositivity of u then shows that 11.8 is valid
everywhere on 0Q.
We claim that

11.9 f@Q)—-e+Cu=<Plfl<f(C)+e-Cu

on Q. The first inequality in 11.9 holds because f(C) — € + Cu € Sy.
For the other inequality, let v € Sy. Then v < f on 0, and therefore
v +Cu < f(C) + € on 0Q by 11.8. Theorem 11.3 then shows that
v+ Cu < f(€) + € on Q, from which the inequality on the right of 11.9
follows.

Because u(C) = 0 and ¢ is arbitrary, the continuity of u and 11.9 give
us the desired convergence of P[f](x) to f(£) as x — C within Q. m

11.10 Theorem: The Dirichlet problem for bounded ) is solvable if
and only if Q has a barrier at each C € 0Q.

PROOF: Suppose that the Dirichlet problem for Q is solvable and
C € 0Q. The function f defined on 0Q by f(x) = —|x—C]| is continuous
on 0Q); the solution to the Dirichlet problem for Q with boundary data
f is then a barrier function for Q at C.

Conversely, suppose that each point of 0Q) has a barrier function.
Theorems 11.6 and 11.7 then show that [ f] solves the Dirichlet prob-
lem with boundary data f whenever f is continuous and real valued
on 0Q. [ ]

Theorem 11.10 reduces the Dirichlet problem to a local boundary
behavior question that we call the barrier problem. Have we made
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progress, or have we merely traded one boundary behavior problem
for another? We will see that the barrier problem can be solved in
many cases of interest. For example, the next result will enable us to
prove that the Dirichlet problem is solvable for any bounded convex
domain.

11.11  External Ball Condition: If € € 0Q belongs to a closed ball
contained in the complement of Q, then Q has a barrier at C.

PROOF: Suppose B(a, r) is a closed ball in the complement of Q) such
that 0B(a,r) Nn 0Q = {C}. Define u on R" \ {a} by

logr —log|x —a| ifn=2
u(x) = o om s
|x —al= " —-r=" ifn> 2.

Then u is a barrier for Q at C. ]

The external ball condition.

Consider now the case where Q is bounded and convex. Each € € 0Q
then belongs to a closed half-space contained in the complement of
Q, which implies that the external ball condition is satisfied at each
C € 0Q. By 11.11, Q has a barrier at every point in its boundary. The
following corollary is thus a consequence of Theorem 11.10.

11.12 Corollary: If Q is bounded and convex, then the Dirichlet prob-
lem for Q is solvable.



230 CHAPTER 11. The Dirichlet Problem and Boundary Behavior

Theorem 11.11 also enables us to prove that the Dirichlet problem is
solvable for bounded Q when 0Q is sufficiently smooth. To make this
more precise, let us say that Q has C*-boundary if for every € € 0Q
there exists a neighborhood w of € and a real-valued @ € Ck(w) sat-
isfying the following conditions:

(a) QnNnw={xew:p(x)<0};
(b) NNnw={xew:p(x)=0}
(¢) V@) #0forevery C € 00N w.

Here k is any positive integer. The function  is called a local defining
function for Q.

Assume now that Q has C2-boundary. For simplicity, suppose that
0 € 0Q and that the tangent space of 0Q at 0 is R"! x {0}. Then
near 0, 0Q is the graph of a C?-function y, where y is defined near
0 € R" ! and Vy(0) = 0; this follows easily from the implicit function
theorem. Because Vy/(0) = 0, we have |@(x)| = O(|x|?) as x — 0 (by
Taylor’s Theorem). This implies (we leave the details to the reader) that
Q) satisfies the external ball condition at 0. The preceding argument,
after a translation and rotation, applies to any boundary point of Q.
From Theorems 11.10 and 11.11 we thus obtain the following result.

11.13  Corollary: If Q is bounded and has C?-boundary, then the
Dirichlet problem for Q is solvable.

A domain with C!-boundary need not satisfy the external ball condi-
tion (Exercise 16(a) of this chapter). We now take up a condition on 0Q
that covers the C!-case as well as many “nonsmooth” cases. The proto-
type for this more-general Q is the domain B \T'«(0), where I'x(0) is the
cone defined in Chapter 2; see the following diagram, where B \ I'y(0)
and one of its dilates are pictured.

We will need the following maximum principle for B \ T (0).

11.14 Lemma: Let Q = B\ I'x(0). Suppose u is real valued and
continuous on Q \ {0}, u is bounded and harmonic on Q, and u < M on
00\ {0}. Thenu < M on Q.

PROOF: If n > 2, apply the maximum principle (Corollary 1.10) to
the function u(x) — M — ¢|x|2~" on Q and let € — 0. When n = 2, the
same argument applies with log 1/|x| in place of |x|°~". [
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B\ T«(0) and one of its dilates.

With Q as in Lemma 11.14, note that ¥Q = (¥B) n Q for every
¥ € (0,1). This fact will be crucial in proving the next result.

11.15 Lemma: Let Q = B\ T(0). On 0Q, set f(x) = |x|, and on Q,
set u = P[f1. Then —u is a barrier for Q at 0.

PROOF: The function u is harmonic on Q, with 0 < u < 1 on Q. The
external ball condition holds at each point of 0Q \ {0}, so u is contin-
uous and positive on Q \ {0}. The proof will be completed by showing
that lim sup,._qu(x) = 0.

Fix » € (0,1). By the maximum principle, there exists a constant
c <1lsuchthatu <cond(*»Q)\ {0}. Now define

v(x) = u(x) —max{r,ctu(x/r)

for x € rQ. It is easy to check that v < 0 on d(rQ) \ {0}. Applying
Lemma 11.14, we obtain v < 0 on Q. Thus

limsup u(x) < max{r,c}limsupu(x/r)
x—-0 x—0

= max{r,c}limsup u(x).
x—0

Because max{r,c} < 1, this implies that limsup,_yu(x) = 0, which
completes the proof. [
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The next result shows that the Dirichlet problem is solvable for ev-
ery bounded domain satisfying the “external cone condition” at each
of its boundary points. By a cone we shall mean any set of the form
a+T(T1(0)), where a € R", T is arotation, and I'*(0) is the truncation
of I'x(0) defined in Chapter 7. We refer to a as the vertex of such a
cone.

11.16 External Cone Condition: If Q is bounded and C € 0Q is the
vertex of a cone contained in the complement of Q, then Q has a barrier

at C.

PROOF: Subharmonic functions are preserved by translations, dila-
tions, and rotations, so without loss of generality we may assume that
C = 0 and that QN B c B\T(0) for some « > 0. Consider now the
function —u obtained in Lemma 11.15. This function is identically —1
on S \T«(0). Thus if we extend this function by defining it to equal —1
on R™ \ B, the result is a barrier for Q at 0. [

An Q satisfying the external cone condition.

Nonextendability Results

We now turn from the Dirichlet problem to another kind of bound-
ary behavior question. Recall that if Q C R? = C, then there exists
a function holomorphic on Q that does not extend holomorphically to
any larger set. This is usually proved by first showing that each discrete
subset of Q) is the zero set of some function holomorphic on Q. Because
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a discrete subset of Q that clusters at each point of 0Q can always be
chosen, some holomorphic function on € is nonextendable.

Remarkably, there exist domains in C™, m > 1, for which every
holomorphic function extends across the boundary. For example, every
holomorphic function on C? \ {0} extends to be entire on C?; see [12],
pages 5-6, for details.

What about harmonic functions of more than two real variables?
The next result shows that given any Q C R", n > 2, a nonextendable
positive harmonic function on Q can always be produced.

11.17 Theorem: Suppose n > 2 and Q C R". Then there exists a
positive harmonic function u on Q such that

limsupu(x) = «
x=T

for every C € 0Q.

PROOF: Assume first that Q is connected. Let {C;, Co, ...} be a count-
able dense subset of 0Q. Fixing a € Q, we may choose positive con-
stants ¢, such that

cmla — Cm|2_n <2 ™

form=1,2,.... For x € Q, define

(o)

u(x) = > cmlx = Cml* ™
m=1

Each term in this series is positive and harmonic on €, and the series
converges at a € Q. By Harnack’s Principle, u is harmonic on €, and
we easily verify that u satisfies the conclusion of the theorem.

If O is not connected, we apply the preceding to each connected
component of Q) to produce the desired function. [

If O c R2, it may not be possible to construct a positive harmonic
function on Q that is unbounded near every point of 0Q). Recall, for
example, that every positive harmonic function on R? \ {0} is constant
(Corollary 3.3). Our next result, however, is valid for all n > 2.
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11.18 Theorem: Let Q) C R". Then there exists a real-valued harmonic
function u on Q such that

Iminfu(x) = —oo, limsupu(x) = o
x=C x-C

for every C € 0Q.

PROOF: In the proof we will assume that n > 2; we leave the n = 2
case as an exercise.

Let I denote the set of isolated points of 0Q. We assume that 0Q \ I
is nonempty; the proof that follows will easily adapt to the case 0Q = I.
Select disjoint countable dense subsets D_ and D of 0Q \ I, and write

D_uD,uUI={C,0C,...}.

Now choose pairwise disjoint compact sets Eq, E», ... such that for
each m,

(a) Em C QU {Tnl;
(b) Ty is alimit point of Ey,.

For C;, € I we insist that E;;,;, be a closed ball of positive radius centered
at C,. For €, € D_ U D, we will not be as fussy; for example, we can
take E;, to be the union of {C,,} with a sequence in Q) converging to Cy,.
The pairwise disjointness of {E,;,} is easy to arrange by induction.
Set v(x) = |x|2™", w(x) = x1|x|™", and for m = 1,2,..., define
Um(x) =1 V(X — CTm) if G € D4
W(x —Cn) fCnel

Note that uy, is harmonic on R\ {C;;,}.
Choose compact sets K1, K»,... C Q such that

KiCcintKp CKy C - - -
and Q = UKy,. We may then choose positive constants c;, such that

Cmlum| <27™
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onK;, UE; U---UEy_. (Let Eyg be the empty set.)
Finally, define

(o]
U= > CmUm.
m=1

Because this series converges uniformly on compact subsets of Q, u is
harmonic on Q.

To check the boundary behavior of u, we first consider the case
where C € 0Q \ I. Let ¢ > 0. Then B(Z,¢) contains some C,, € D_.
On the corresponding Ey,, the series > ;.,, cju; converges uniformly
to a function continuous on E;,. Because c;upy, (x) — — as x — Cp
within E,,, the infimum of u over B(C,&) N Q is —co. Similarly, the
supremum of u over B(T,&) N Q is o, giving us the desired conclu-
sion.

Now suppose that € € I. If € > 0, then B(Z, €) contains some C, € I.
The series 3’ ;.,, cju; then converges uniformly to a continuous func-
tion on the closed ball E,,. Because ¢, 1, in this case maps any punc-
tured ball B(Cy,,7) \ {Cn} onto R, we are done. [ ]

Note that if Q is locally connected near 0Q (for example, if Q is
convex or has Cl-boundary), then the function u of Theorem 11.18
satisfies u(B(C,&) N Q) = R for every € € 0Q and every € > 0. (Also
see Exercise 22 of this chapter.)
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Exercises
1. Suppose that Q is a simply connected domain in the plane whose

boundary is a Jordan curve. Explain how to use a suitable ver-
sion of the Riemann mapping theorem to show that the Dirichlet
problem for Q is solvable.

2. Show that every translation, dilation, and rotation of a subhar-
monic function is subharmonic.

3. Suppose that u is subharmonic on Q and that @ is increasing and
convex on an open interval containing 1 (Q). Prove that o u is
subharmonic on Q.

4, Let u be a real-valued continuous function on Q. Show that u
is subharmonic on Q if and only if for every compact K C Q the
following holds: if u < v on 0K, where v is continuous on K and
harmonic on the interior of K, then u < v on K.

5. Suppose that u is subharmonic on Q and a € Q. Show that the
function v — [gu(a + r¥C)do (T) is increasing. Conclude that
the submean-value inequality 11.1 is valid for all r < d(a, 0Q).

6. Show that if a sequence of functions subharmonic on Q con-
verges uniformly on compact subsets of Q, then the limit func-
tion is subharmonic on Q.

7. Show that |u|?P is subharmonic on Q whenever u is harmonic
onQand 1 < p < . (This and Exercise 5 imply that [|u,|l, is
an increasing function of 7, giving an alternative proof of Corol-
lary 6.6.)

8. Suppose u € C2(Q) is real valued. Use Taylor’s Theorem to show
that u is subharmonic on Q if and only if Au > 0 on Q. (Hint:
To show Au > 0 implies u is subharmonic, first assume Au > 0.
Then consider the functions u(x) + €|x|2.)

9. Show that |x|? is subharmonic on R" \ {0} for every p > 2 — n.
Also show that |x|? is subharmonic on R" for every p > 0.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.
20.

(a) Show that a subharmonic function on R? that is bounded
above must be constant.

(b) Suppose n > 2. Find a nonconstant subharmonic function
on R" that is bounded above.

Assume that f is holomorphic on Q ¢ R? = C and that u is
subharmonic on f(Q). Prove that « o f is subharmonic on Q.

Give an easier proof of Theorem 11.16 for the case n = 2.

With n = 3, let Q denote the open unit ball with the x3-axis
removed. Show that the Dirichlet problem for Q is not solvable.

Show that when n = 2, the Dirichlet problem is solvable for
bounded open sets satisfying an “external segment condition”.
(Hint: An appropriate conformal map of B> \ {0} onto the plane
minus a line segment may be useful.)

Show that the Dirichlet problem is solvable for B3 \ (H» x {0}).

(@) Give an example of abounded Q with C!-boundary such that
the external ball condition fails for some € € 0Q.

(b) Show that a domain with C!-boundary satisfies the external
cone condition at each of its boundary points.

Suppose Q is bounded. Show that the Dirichlet problem for Q is
solvable if and only if P[— f] = —P[f] on Q for every real-valued
continuous f on 0Q.

Suppose Q is bounded and a € . Show that there exists a
unique positive Borel measure p, on 0Q, with u,(0Q) = 1, such
that

PLf1(a) = jmfduu

for every real-valued continuous f on 0Q. (The measure p, is
called harmonic measure for Q at a.)

Prove Theorem 11.18 in the case n = 2.

Show that if Q C R? is bounded, then there exists a positive
harmonic function u on Q such that limsup,_,u(x) = o for
every ¢ € 0Q.
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21. Suppose Q c C and {C1,C>,...} is a countable dense subset
of 0Q. Construct a holomorphic function on Q of the form

5 e
m=1 z - Em
that does not extend across any part of 0Q). (This should be easier
than the proof of Theorem 11.18.)

22.  Given an arbitrary Q C R", does there always exist a real-valued
harmonic u on Q such that u(B(Z, ) n Q) = R for every € € 0Q
and every £ > 0?



APPENDIX A

Yolume, Suvface Area, and
Integration on Spheres

Yolume of the Ball and Suvface Area of
the Sphere

In this section we compute the volume of the unit ball and surface
area of the unit sphere in R™. Recall that B = B,, denotes the unit
ball in R™ and that V = V,, denotes volume measure in R". We begin
by evaluating the constant V(B), which appears in several formulas
throughout the book.

Al Proposition: The volume of the unit ball in R" equals

.n.n/Z
(n/2)!

if n is even,

2(1’L+1)/2.’T(n71)/2

if nis odd.

PROOF: Assume 1 > 2, denote a typical point in R" by (x, ), where
x € R? and y € R" 2, and express the volume V,, (B,) as an iterated
integral:

vn(Bn>=J 1dV,
By
=j j 1 dVaa () dVa(x).
B J(1-1x12)Y%Bn_y

239



240 APPENDIX A. Volume, Surface Area, and Integration on Spheres

The inner integral on the last line equals the (n—2)-dimensional volume
of a ball in R"~2 with radius (1 — |x|2)"/%. Thus

-2)/2
Va(Ba) = iz (Bao) | (1= 1x1%) ™22 ava o).
2
Switching to the usual polar coordinates in R?, we get

™ 1
Vn(By) = vn,Z(Bn,z)J J (1-72)"=2124 4y 40
- JO

21T
= 7Vn—2 (Bn—Z)-
n

The last formula can be easily used to prove the desired formula for
V. (By) by induction in steps of 2, starting with the well-known results
V2(Bz)=7T211’1dV3(B3)=41T/3. | |

Readers familiar with the gamma function should be able to rewrite
the formula given by A.1 as a single expression that holds whether n
is even or odd (see Exercise 7 of this appendix).

Turning now to surface-area measure, we let S;; denote the unit
sphere in R®." Unnormalized surface-area measure on S, will be de-
noted by s, and normalized surface-area measure on S, will be de-
noted by o,. Some of the arguments we give in the remainder of this
appendix will be more intuitive than rigorous; the reader should have
no trouble filling in the missing details. We presume some familiarity
with surface-area measure.

Let us now find the relationship between V,,(B;,) and s, (S;). We do
this with an old trick from calculus. For h =~ 0 we have

((1 +h)" - 1)Vn(Bn) = Vn((l + h)Bn) = Vu(Bn)
= sp(Sn)h.

Dividing by h and letting h — 0, we obtain nVy,(By) = sp(Sn). We
record this result in the following proposition.

A.2  Proposition: The unnormalized surface area of the unit sphere
in R" equals nVy(By).

“A more common notation is S~ !, which emphasizes that the sphere has dimension
n — 1 as a manifold. We use S, to emphasize that the sphere lives in R™.
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Slice Integration on Spheres

The map y: B,—1 — S, defined by

Px) = (x,4/1 - [x]?)

parameterizes the upper hemisphere of S,. The corresponding change
of variables is given by the formula

dVy_1(x)
J1=1x?°

Equation A.3 is found in most calculus texts in the cases n = 2, 3.
Consider now the map ¥Y: B,k X Sx — S, defined by

A3 dsn(p(x)) =

Y(x,C) = (x,41 - 1x|2C).

Here 1 < k < n. The map ¥ is one-to-one, and the range of ¥ is S;, minus
a set that has s,,-measure 0 (namely, the set of points on S;, whose last
k coordinates vanish). We wish to find the change of variables formula
associated with V.

Observe that By, X Sk is an (n — 1)-dimensional submanifold of R"
whose element of surface area is d(V;,_x X si). For fixed x, ¥ changes
(k — 1)-dimensional area on {x} x Sk by the factor (1 — |x|?)*k-D/2
For fixed T, A.3 shows that ¥ changes (n — k)-dimensional area on
By _x X {C} by the factor (1 —|x|?)~/2, Furthermore, the submanifolds
Y ({x}xSk) and Y (B;,,_x X {C}) are perpendicular at their point of inter-
section, as is easily checked. The last statement implies that ¥ changes
(n—1)-dimensional measure on B,,_; X Sk by the product of the factors
above. In other words,

dsn(¥(x,0)) = (1 - |x[>)*=2/12av, (x)dsk (D).

The last equation and A.2 lead to the useful formula given in the
next theorem. This formula shows how the integral over a sphere can
be calculated by iterating an integral over lower-dimensional spheri-
cal slices. We state the formula in terms of normalized surface-area
measure because that is what we have used most often.
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A.4 Theorem: Let f be a Borel measurable, integrable function on S,,.
If 1 <k <n, then

k V(By)
n V(B’Vl) By

k-2
(1-|xP) L FOe1 = 1x12T) doe(©) AV (x).
k

Some cases of Theorem A.4 deserve special mention. We begin by
choosing k = n — 1, which is the largest permissible value of k. This
corresponds to decomposing S, into spheres of one less dimension by
intersecting S,, with the family of hyperplanes orthogonal to the first
coordinate axis. The ball B,k is just the unit interval (-1, 1), and so for
X € By_ we can write x?2 instead of |x|2. Thus we obtain the following
corollary of Theorem A.4.

A.5 Corollary: Let f be a Borel measurable, integrable function on Sy,.
Then

noAVBe) () - [ fe T X0 dow (€ dx.
n  V(Bn) Ja Sp1

At the other extreme we can choose k = 1. This corresponds to
decomposing S, into pairs of points by intersecting S,, with the family
of lines parallel to the n'® coordinate axis. The sphere S; is the two-
point set {—1, 1}, and do is counting measure on this set, normalized
so that each point has measure 1/2. Thus we obtain the following
corollary of Theorem A.4.

A.6 Corollary: Let f be a Borel measurable, integrable function on Sy,.
Then

1 (2,1 —=1x12) + f(x,—1-1x]2)
nV(By) Bu-1 V1 - |x|2

an—l (X)
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Let us now try k = 2 (assuming n > 2). Thus in A.4 the term
(1 — |x|?)k=2)/2 disappears. The variable C in the formula given by
Theorem A.4 now ranges over the unit circle in R?, so we can replace
C by (cos 0, sin 0), which makes do»(C) equal to d0/(21). Thus we
obtain the following corollary of A.4.

A.7  Corollary (n > 2): Let f be a Borel measurable, integrable func-
tion on S;,. Then

J fdoy =

1 s
_ I .
nV(By) L;H J_nf(x,WCOSG, 1-|x|28in0)d0dVy_»(x).

An important special case of the last result occurs when n = 3.
In this case B, is just the interval (-1, 1), and we get the following
corollary.

A.8 Corollary: Let f be a Borel measurable, integrable function on Ss.
Then

1 ™
J fdagzﬁj J f(x,v1—-x2cos0,v1 —x2sin0) dO dx.
S3 -1J-m
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Exercises

1. Prove that

1
JRn (1P V00 <0

if and only if p > n.

2. (@) Consider the region on the unit sphere in R3 lying between
two parallel planes that intersect the sphere. Show that the
area of this region depends only on the distance between
the two planes. (This result was discovered by the ancient
Greeks.)

(b) Show that the result in part (a) does not hold in R" if n # 3
and “planes” are replaced by “hyperplanes”.

3. Let f be a Borel measurable, integrable function on the unit
sphere S; in R*. Define a function ¥ mapping the rectangular
box [-1,1] X [-1,1] x [—m, 1] to S4 by setting ¥ (x, v, 8) equal
to

(x,\/l —xzy,\/l —xz\/l — 2 c0s 0,41 — x24/1 — 2 sin ).

Prove that

JS4 faos= 5 J_ll Wfl J_T:Tf(‘l’(x,y, 0)) 40 dy dx.

4. Without writing down anything or using a computer, evaluate
J 12 do(Q).
S7
5. Let m be a positive integer. Use A.5 to give an explicit formula
for

1
J (1-x2)"M?24x.
-1
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6. Suppose that m is a positive integer.

(a) Prove that

1

R GE {ml
S3 0 if m is odd.

if m is even

(b) Find a formula for J Ci"Mdo(0).
Sy
7. For readers familiar with the gamma function I': prove that the
volume of the unit ball in R" equals

.n-n/2
r(z+1)






APPENDIX B

Harmonic Function Theory
and Mathematica

Using the computational environment provided by Mathematica,
the authors have written software to manipulate many of the expres-
sions that arise in the study of harmonic functions. This software al-
lows the user to make symbolic calculations that would take a pro-
hibitive amount of time if done without a computer. For example, Pois-
son integrals of polynomials can be computed exactly.

Our software for symbolic manipulation of harmonic functions is
available over the internet without charge. It is distributed as a Mathe-
matica package that will work on any computer that runs Mathematica.
This Mathematica package and the instructions for using it are available
at http://math.sfsu.edu/axler/HFT_Math.html and in the stan-
dard electronic mathematical archives (search for the files HFT.m and
HarmonicFunctionTheory.nb). Comments, suggestions, and bug re-
ports should be sent to axTer@sfsu.edu.

Here are some of the capabilities of our Mathematica package:

- symbolic calculus in R", including integration on balls and
spheres;

- solution of the Dirichlet problem for balls, annular regions, and
exteriors of balls in R” (exact solutions with polynomial data);

- solution of the Neumann problem for balls and exteriors of balls
in R™ (exact solutions with polynomial data);

“Mathematica is a registered trademark of Wolfram Research, Inc.
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- computation of bases for spaces of spherical harmonics in R";
- computation of the Bergman projection for balls in R";

- manipulations with the Kelvin transform K and the modified
Kelvin transform X;

- computation of the extremal function given by the Harmonic
Schwarz Lemma (6.24) for balls in R";

- computation of harmonic conjugates in R2.

New features are frequently added to this software.
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Symbol Index

Symbols are sorted by ignoring everything except Latin and Greek
letters. For sorting purposes, Greek letters are assumed to be spelled
out in full with Latin letters. For example, Qf is translated to “OmegaE”,
which is then sorted with other entries beginning with “O” and before
O(n), which translates to “On”. The symbols that contain no Latin or
Greek letters appear first, sorted by page number.

| 1,1 | lpr, 171

v, 4 P (Q), 171

P, 76, 81

[ ] 77 Cck, 192

’ -1

(), 79 CCEER”Z ), 148

1,136 }f( 1’8

9, 206 Es
ck), 2

A 215 Cm, 87,217
¢y forn =2,107

«, 15

ol 19 Cn, 144

|0-<,| 19 Cc*(Q), 2

’ Co(R"1), 146

Alul, 51 oR™)
d(a,E), 34

B, 5 D%, 15

B,5 A, 1

B(a,r), 4 D, 3

B(a,r),5 Dy, 4

Do, 215 Dy, 31, 45

B, 5 ds, 4
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do, 5 Q1
doy, 240 0a(©), 128
dSn, 240 QE, 67
av, 4 O(n), 95
AV, 4
dx, 144 Iy, 112, 146
dy, 192 Palf], 217
Ps(x,0), 216
E*, 60 p(D), 85
P.[f], 66
I, 245 P,(x,C), 66
Iy, 38 P[f1,12,112
I, 161 PLf], 226
Pyl f], 146
H, 32 ®, 154
Mo, 95 Pylul, 146
Hpm(RM), 75 Py(z,t), 145
Hn (S), 80 P (z,w), 185
Hy, 32 Pm(R™), 75
h>(Q), 200 Plul, 111
Il lpr, 117,151 P(x,y), 122
h?(B), 117 P(x,0), 12
h?(H), 151
Qq, 175
K, 61 R, 20
X, 155 2. 129
3K, 133 Res, 213
k(C,5),131 R* 1) {oo}, 56
LP(R"1), 146 R, 173
LP(S), 112 5.4
12(S), 79 S5
§*,123
M, 131 $-,123
M(R"1), 146 S, 154
M(S), 111 55, 226
lull, 111 0.5
My, 112 O, 240
Sn, 240
n 1 Sn, 240
n, 4 supp, 192
N, 103
Nxlul, 129 U, 123
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Uy, 123
Uy, 2,112
Uy, 143

V,4
Vi, 4

w, 185

x*,59
X*, 115
x% 19
XE, 67, 68

Zm(x,vy), 176
Zm(C,n), 94
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annular region, 209
approximate identity, 13, 144
Arzela-Ascoli Theorem, 36

Baire’s Theorem, 42

balls internally tangent to B,
190

barrier, 227

barrier function, 227

barrier problem, 228

basis of H,, (R™), Hm(S), 92

Bergman projection, 175

Bergman space, 171

Bergman, Stefan, 171

Bloch space, 43, 189

Bocher’s Theorem, 50, 57, 197,
199

boundary data, 15

bounded harmonic function,
31

bounded harmonic function on B,
40,119

canonical projection of 2,, (R")
onto H,, (R"), 77

Cauchy’s Estimates, 33

Cauchy, Augustin-Louis, 34
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computer package, 80, 90, 93,
106, 125, 180, 218, 221,
247

cone, 232

conformal map, 60

conjugate index, 112

convex region, 230

covering lemma, 133

decomposition theorem, 195

decomposition theorem for
holomorphic functions,
206

degree, 23, 80

dilate, 2

direct sum, 81

Dirichlet problem, 12, 223

Dirichlet problem for H, 146

Dirichlet problem for annular
regions, 215

Dirichlet problem for annular
regions (n = 2), 221

Dirichlet problem for convex
regions, 230

Dirichlet problem for smooth
regions, 230

Dirichlet, Johann Peter Gustav
Lejeune, 13
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Index

divergence theorem, 4
dual space, 115

equicontinuity, 117

essential singularity, 211

essential singularity (n = 2),
219

essential singularity at oo, 220

exterior Dirichlet problem, 66

exterior Poisson integral, 66

exterior Poisson kernel, 66

external ball condition, 229

external cone condition, 232

external segment condition,
237

extremal function, 124

extreme point, 140

Fatou Theorem, 128, 160
finitely connected, 203
Fourier series, 82, 97
fundamental pole, 211
fundamental pole (n = 2), 219
fundamental pole at o0, 220
fundamental solution of the
Laplacian, 193

gamma function, 245

generalized annular Dirichlet
problem, 221

generalized Dirichlet problem,
106

Green’s identity, 4

Hardy, G. H,, 118

Hardy-Littlewood maximal
function, 131

harmonic, 1

harmonic at o, 63

harmonic Bergman space, 171

harmonic Bloch space, 43, 189

harmonic conjugate, 203

harmonic functions, limits of, 16,
49

harmonic Hardy space, 118,
151

harmonic measure, 237

harmonic motion, 25

harmonics, 25

Harnack’s Inequality, 48

Harnack’s Inequality for B, 47,
56

Harnack’s Principle, 49

holomorphic at oo, 71

homogeneous expansion, 24,
99

homogeneous harmonic
polynomial, 24, 75

homogeneous part, 75

homogeneous polynomial, 23,
75

Hopf Lemma, 28

inversion, 60

inversion map, 153

isolated singularity, 32, 210

isolated singularity at oo, 61

isolated singularity of positive
harmonic function, 50

isolated zero, 6

Kelvin transform, 59, 61, 155

Laplace’s equation, 1

Laplacian, 1

Laurent series, 193, 209

law of cosines, 130

Lebesgue decomposition, 136

Lebesgue Differentiation
Theorem, 165

Lebesgue point, 141

limits along rays, 39

Liouville’s Theorem, 31
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Liouville’s Theorem for positive order of a pole, 211
harmonic functions, 45, 56, order of a pole (n = 2), 219
198 orthogonal transformation, 3,
local defining function, 230 95
Local Fatou Theorem, 161 orthonormal basis of b?(B,),
locally connected, 235 189
locally integrable, 18
logarithmic conjugation theorem, parallel orthogonal to n, 100
203 Perron family, 226
Perron function, 226
Mathematica, 247 Picard’s Theorem, 212
maximum principle, 7, 36 point evaluation, 172
maximum principle for point of density, 165
subharmonic functions, Poisson integral, 12
_224 o Poisson integral for H, 146
maximum principle, local, 23 Poisson integral for annular
mean-value property, 5 region, 217
mean-value property, converse of, Poisson integral of a measure,
17 111
mean-valge property, volume Poisson integral of a polynomial,
| version, 6 74, 89, 98, 105
minimum principle, 7 Poisson kernel, 9, 12, 99, 122,
Morera’s Theorem, 213 157
multi-index, 15 Poisson kernel for H, 144, 157,
Neumann problem, 108 ) 185 )
nonextendability of harmonic P01sszo;15kernel for annular region,

functions, 233
nontangential approach region,
38,128
nontangential limit, 38, 128,
160
nontangential maximal function,
129
nontangentially bounded, 161
normal family, 35
north pole, 103

one-point compactification, 59
one-radius theorem, 28

open mapping, 27

open mapping theorem, 181
operator norm, 115

Poisson kernel, expansion into
zonal harmonics, 99

Poisson modification, 225

Poisson’s equation, 193

polar coordinates, integration in,
6

polar coordinates, Laplacian in,
26

pole, 211

pole (n = 2), 219

positive harmonic function, 45

positive harmonic function on B,
55,119

positive harmonic function on H,
156
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positive harmonic function on
R2\ {0}, 46

positive harmonic function on
R™\ {0}, 54

power series, 19

principal part, 211

principal part (n = 2), 219

product rule for Laplacian, 13

punctured ball, 218

radial derivative, 141

radial function, 27, 52, 57, 101

radial harmonic function, 52,
57

radial limit, 185

radial maximal function, 129

real analytic, 19

reflection about a hyperplane,
67

reflection about a sphere, 68

removable sets, 200

removable singularity, 32, 188,
211

removable singularity at o, 61,
220

reproducing kernel, 172

reproducing kernel of B, 176

reproducing kernel of H, 185

residue, 213

residue (n = 2), 221

residue theorem, 213

residue theorem (n = 2), 221

Riemann-Lebesgue Lemma,
183

Riesz Representation Theorem,
111

rotation, 4

Schwarz Lemma, 123

Schwarz Lemma for Vu, 125

Schwarz Lemma for h?, 141

Schwarz reflection principle,
67

Schwarz, Hermann Amandus,
123

separable normed linear space,
117

simply connnected, 203

singular measure, 136

singularity at oo, 220

slice integration, 241

smooth boundary, 230

software for harmonic functions,
80, 90, 93, 106, 125, 180,
218, 221, 247

spherical average, 50

spherical cap, 131

spherical coordinates, Laplacian
in, 26

spherical harmonic, 25, 80

spherical harmonics via
differentiation, 85

Stone-Weierstrass Theorem, 81,
106, 216, 217

subharmonic, 224

submean-value property, 224

support, 192

surface area of S, 240

symmetry about a hyperplane,
67

symmetry about a sphere, 68

symmetry lemma, 10

total variation norm, 111
translate, 2

uniform boundedness principle,
138

uniformly continuous function,
147,167

uniformly integrable, 139

upper half-space, 143

volume of B, 239

weak* convergence, 115, 149
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zonal harmonic, 173

zonal harmonic expansion of
Poisson kernel, 99

zonal harmonic with pole n, 94

zonal harmonic, formula for,
104

zonal harmonic, geometric
characterization, 100



The authors have taken unusual care to motivate concepts and sim-
plify proofs in this book about harmonic functions in Euclidean space.
Readers with a background in real and complex analysis at the begin-
ning graduate level will feel comfortable with the material presented
here. Topics include basic properties of harmonic functions, Poisson
integrals, the Kelvin transform, harmonic polynomials, spherical har-
monics, harmonic Hardy spaces, harmonic Bergman spaces, the decom-
position theorem, Laurent expansions, isolated singularities, and the
Dirichlet problem.

This new edition contains a completely rewritten chapter on har-
monic polynomials and spherical harmonics, as well as new material
on Bocher’s Theorem, norms for harmonic Hardy spaces, the Dirichlet
problem for the half space, and the relationship between the Laplacian
and the Kelvin transform. In addition, the authors have included new
exercises and have made numerous minor improvements throughout
the text.

The authors have developed a software package, available electroni-
cally without charge, that uses results from this book to calculate many
of the expressions that arise in harmonic function theory. For example,
the Poisson integral of any polynomial can be computed exactly.
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