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,Q� ����� 6HLGHO� DQG� :DOVK� >�@� SURYHG� WKH� H[LVWHQFH� RI� DQ� HQWLUH
IXQFWLRQ� )� RI� D� FRPSOH[� YDULDEOH� VXFK� WKDW� HYHU\� IXQFWLRQ� DQDO\WLF
LQ� D� VLPSO\� FRQQHFWHG� UHJLRQ� RI� WKH� FRPSOH[� SODQH� LV� WKH� XQLIRUP
OLPLW� RQ� FRPSDFW� VHWV� RI� D� VHTXHQFH� RI� WUDQVODWHV� RI� )�� 7KLV� UHVXOW
JHQHUDOL]HV� D� WKHRUHP� RI� *�� '�� %LUNKRII� >O@� RQ� HQWLUH� IXQFWLRQV�� ,Q
WKH� SUHVHQW� QRWH� DQ� DQDORJRXV� WKHRUHP� LV� SURYHG� IRU� FRQWLQXRXV� UHDO
RU� FRPSOH[� IXQFWLRQV� RQ� D� PRUH� JHQHUDO� FODVV� RI� WRSRORJLFDO� VSDFHV
ZKHUH� WKH� UROH� RI� SRO\QRPLDO� DSSUR[LPDWLRQ� LQ� WKH� DERYH� SURRIV� LV
DVVXPHG� E\� D� VHTXHQFH� RI� IXQFWLRQV� FRQVWUXFWHG� XVLQJ� 8U\VRKQ
V
OHPPD�
/HW� ;� EH� D� ORFDOO\� FRPSDFW� KDXVGRUII� VSDFH� ZLWK� WKH� IROORZLQJ

SURSHUWLHV�� WKHUH� H[LVW� FRXQWDEOH� VHTXHQFHV� ^&Q�� DQG� ^�UÄ`�RI� GLVMRLQW
FRPSDFW� VHWV� DQG� KRPHRPRUSKLVPV� RI� ;� RQWR� LWVHOI�� UHVSHFWLYHO\�
VXFK� WKDW� IRU� HYHU\� FRPSDFW� .�� OD�� .&?&Q�²�� DQG� OE�� .&&Q*Q��
H[FHSW� IRU� ILQLWHO\� PDQ\� Q�� 6XFK� DQ� ;� LV� HYLGHQWO\� QRW� FRPSDFW� EXW� LV
FRXQWDEOH� DW� LQILQLW\�� VLQFH� HDFK� SRLQW� OLHV� LQ� VRPH� &QDQ�� 7KXV� WKH
FRPSDFW� RSHQ� WRSRORJ\� RQ� WKH� DOJHEUD� ���RI� DOO� FRQWLQXRXV� UHDO� RU
FRPSOH[� YDOXHG� IXQFWLRQV� RQ� ;� LV� WKH� WRSRORJ\� RI� VHTXHQWLDO� FRQYHU�
JHQFH� LQ� D� VXLWDEOH� )UHFKHW� PHWULF� RQ� ���

7KHRUHP�� /HW� ;� EH�D� ORFDOO\� FRPSDFW� KDXVGRUII� VSDFH� ZLWK� SURSHUWLHV
OD� DQG� OE�� DQG� OHW� W\�EH�D� FRXQWDEOH� IDPLO\� RI�FRQWLQXRXV� UHDO� RU� FRPSOH[
IXQFWLRQV� RQ� ;�� 7KHQ� WKHUH� H[LVWV� D� FRQWLQXRXV� UHDO� RU� FRPSOH[� IXQFWLRQ
)� RQ� ;� VXFK� WKDW� HYHU\� XQLIRUP� OLPLW� RQ� FRPSDFW� VHWV� RI�IXQFWLRQV� LQ� ��
LV� WKH� OLPLW� RI� D� VHTXHQFH� RI� WKH�IXQFWLRQV� )� R�RA��

)LUVW� ZH� ILQG� DQ� LQILQLWH� VXEVHTXHQFH� ^&P�� RI� ^�&Q�`� DQG� VHWV� $P
DQG� :P�� FRPSDFW� DQG� RSHQ� UHVSHFWLYHO\�� VXFK� WKDW� $P&:P&&P� DQG
VXFK� WKDW� ^$PFP`� UHWDLQV� SURSHUW\� OE�� 6LQFH� ;� LV� ORFDOO\� FRPSDFW�
WKH� LQWHULRUV� 8Q�RI� &Q�UQ�DUH� QRQHPSW\� IRU� DQ� LQILQLWH� VHW� -� RI� LQWHJHUV�
DQG� ^�8M�M*-`� KDV� SURSHUW\� OE�� ,Q� IDFW�� HDFK� FRPSDFW� .� KDV� D� FRP�
SDFW� QHLJKERUKRRG� 1�� DQG� 1&&MIIM� IRU� DOO� M� ODUJH�� WKXV� WKH� LQWHULRU� RI
1�� ZKLFK� FRQWDLQV� .�� LV�FRQWDLQHG� LQ� 8M�� 7KH� &MIIM�M*-�� DUH� FRPSDFW�
VR� WKDW� IRU� HDFKM� WKHUH� LV� D� OHDVW� LQWHJHU� \�M�� *-� VXFK� WKDW� &M2�M&��$�M!
)RU� HDFK� P� LQ� WKH� UDQJH� 0� RI� WKH� IXQFWLRQ� \� FKRRVH\� VXFK� WKDW� \�M�
 �P� DQG� GHILQH� $�Ä � 8MIIA� DQG� :P � ��PR�a?� ,W� M� LV� QRW� LQ� WKH� UDQJH

5HFHLYHG� E\� WKH� HGLWRUV� 0DUFK� ��� �����
��:H� ZULWH� &Ä�UÄ�LQVWHDG� RI��UÄ�&Ä���$OO� LQGLFHV� DUH� SRVLWLYH� LQWHJHUV�

����
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RI� ��� WKHQ� &MIIM(� F���-���DQG� ^�&PDP���ª*0� `�UHWDLQV� SURSHUW\� OE�� 7KXV
^$�Ä�7P`�KDV� SURSHUW\� OE� DOVR�� (YLGHQWO\� $P4:P4&P�� VLQFH� 8M48P
&� &PDP��5HLQGH[� WKH� $
V�� :
V�� DQG� &
V�� XVLQJ� DOO� WKH� SRVLWLYH� LQWHJHUV�
1H[W� ZH� FRQVWUXFW� FRPSDFW� VHWV� UÄ� ZLWK� WKH� SURSHUWLHV� +D�

UP&O9L�L�� 8UP�  �;�� HYHU\� FRPSDFW� .(AP�� LL� P� LV� ODUJH�� $QG� OLE�
8��L�$L� &� 7P� DQG� 7P�Ia?�$P�L� � ��� �'HILQH� 7P� DV

X�:L9M?XPU?FO� X�Z$� �
M O� /� ?P�O� �� ���

1RZ)Ä&��P�L�DQG� &�8����WI���&&�8����:L���WKXV� UUD&3P����6LQFH
8P�LV� FRPSDFW�� VR� LV� <P��)XUWKHU

U� �� ���� � � � ?� aL�� � � � Z� A
8P�&�?8PU?� &>� 8�:$���88� :L�&� 8�UP��DQG� 8�UP� � ;�

/� ?P�O� �-� �� �

6LQFH� :P(&P�� HDFK� FRPSDFW� ;� PHHWV� RQO\� ILQLWHO\� PDQ\� :P� DQG
OLHV� LQ� DOO� EXW� ILQLWHO\� PDQ\� 8P�� WKXV� .(AP� IRU� DOO� P� ODUJH�� 7KH� ILUVW
SDUW� RI� OLE� LV� WULYLDO�� )RU� WKH� VHFRQG� SDUW�� REVHUYH� WKDW� :P(&P� DQG
&P&?$P�L� ���� $OVR���>8PQ&�8P�L:L�@&&:P���DQG� $A&A�L�
7KXVUUDQ$P���  � ��

:H� DUH� QRZ� LQ� D� SRVLWLRQ� WR� FRQVWUXFW� )�� /HW� ^�P`� EH� WKH� IDPLO\
���LQGH[HG� E\� WKH� SRVLWLYH� LQWHJHUV�� LQ� VXFK� D� ZD\� WKDW� HDFK� IXQFWLRQ
LV� UHSHDWHG� FRXQWDEO\� RIWHQ�� DQG� FRQVWUXFW� FRQWLQXRXV� IXQFWLRQV� DP�
S?Ä�� DQG� JP�DV� IROORZV�� XVLQJ� 8U\VRKQ
V� OHPPD�

��� RQ� $P�� ��� RQ� $P�
DP�[��  � ���� �P���  � ����

8� RQ� UPBL�� ���� RQ� UPBL�

�JL�[��  IL�[��
?JP�[��  � DP�[�JP�L�[�� �� �P�[�IP�[�LP��

2EVHUYH� WKDW� JP�[��  JÄ�BL�[�� RQ� UPB[� DQG� WKDW� JP�[��  IP�[DP�� RQ� $P�
6LQFH� HDFK� FRPSDFW� $
� OLHV� LQ� DOO� 7P� IURP� VRPH� P� RQ�� WKH� VHTXHQFH
?JP`� FRQYHUJHV� XQLIRUPO\� RQ� FRPSDFW� VHWV� WR� D� OLPLW� )�� WKLV� IXQFWLRQ
LV� FRQWLQXRXV�� VLQFH� LW� FRLQFLGHV� ZLWK� D� FRQWLQXRXV� IXQFWLRQ� RQ� HDFK
FRPSDFW� VHW�� DQG� WKH� VSDFH� ;� LV� ORFDOO\� FRPSDFW�� 1RZ� )�[��  JP�[�� RQ
UP'$P�� VR� WKDW� )�[��  IP�[R�P�� RQ� $P�� /HW� \($PRP� DQG� ZULWH� \�  � [DP
LRU� VRPH� [�$P�� 7KHQ� )�\2PO��  � )�[��  IP�[DP��  IP�\�� IRU� \($PDP�
7KH� VHTXHQFH� _$PR�P`�KDV� SURSHUW\� OE�� VR� VXSSRVH� WKDW� WKH� VHTXHQFH
`�Ä��`� RI� IXQFWLRQV� IURP� I�� FRQYHUJHV� XQLIRUPO\� RQ� FRPSDFW� VHWV� WR� D
IXQFWLRQ� ��� )RU� HDFK� FRPSDFW� .� WKHUH� LV� DQ� LR� VXFK� WKDW� .($QLR�QL
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IRU� LALR��� %XW� IP�\��  � )�\R�a����IRU� \�$%MFQL�� LAL��� 7KXV� ^�)�\Da��`
FRQYHUJHV� XQLIRUPO\� WR�RQ� .�

&RUROODU\� ��� 7KH� WKHRUHP� FDQ� EH� SURYHG� XQGHU� K\SRWKHVLV� OE� DQG
WKH� IROORZLQJ� FRQGLWLRQ�� OD
�� 7KHUH� H[LVW� RSHQ� VHWV� 9Q='&Q� VXFK� WKDW
9QU?&P� ���� LI� QAP�� DQG� WKH�VHW�8&� LV� FORVHG�

,W� LV� HQRXJK� WR� VKRZ� WKDW� IRU� HYHU\� FRPSDFW� .�� .&?&Q�  � ��� H[FHSW
IRU� ILQLWHO\� PDQ\� Q�� $VVXPH� WKDW� .IA&P���� IRU� DQ� LQILQLWH� VXEVHW
0� RI� ^Q?�� DQG� FKRRVH� SP*.U?&P� IRU� HDFK� �]�0�� 7KHQ� ^SP?� LV� DQ
LQILQLWH� SRLQW� VHW�� ZKLFK� PXVW� KDYH� D� OLPLW� SRLQW� S� LQ� .&?F?� �8&P��
%XW� LI� S*F?� �8&P���WKHQ� ��8&ª�� VLQFH� 8&Ä� LV� FORVHG�� DQG� VR� S*&�
IRU� VRPH� U�� 7KXV� LQILQLWHO\� PDQ\� SP�OLH� LQ� 9Ä� ZKLFK� LV� LPSRVVLEOH� IRU
PAU�� FRQVHTXHQWO\� .U?&Q� ²���� IRU� DOO� Q� ODUJH�

&RUROODU\� ��� ,I� ;� LV� D� GLIIHUHQWLDEOH� PDQLIROG� RI� FODVV� U�� ��JU� �� RR�
DQG� LI� WKH� DQ� DQG� WKH�IQ� DUH� RI� FODVV� U�� WKHQ� )� FDQ� EH�IRXQG� DOVR� RI� FODVV� U�

7KH� IXQFWLRQV� DP� DQG� ��P�FDQ� EH� FKRVHQ� RI� FODVV� U��� VR� WKDW� WKH� JQ
DUH� DOVR� RI� FODVV� U�� )RU� HDFK� SRLQW� S*;�� FKRRVH� D� FRPSDFW� QHLJKERU�
KRRG� $���7KHQ� IRU� VRPH� P�� 1*<P�� RQ� 7P� WKH� IXQFWLRQ� )� HTXDOV� JP�
ZKLFK� LV� RI� FODVV� U�� 7KXV� )� KDV� FODVV� U�

5HIHUHQFHV
��� *�� '�� %LUNKRII�� 'HPRQVWUDWLRQ� G
XQ� WKLRULPH� 68PHQWDLUH� VXU� OHV� IRQFWLRQV� HQ�

WLWLHV�� &ROOHFWHG� 3DSHUV�� YRO�� ,OO�� SS�� ��������
��� *�� GH�5KDP�� 9DULL8V�GLIIHUHQOLDEOHV��3DULV�� �����
��� :�� 6HLGHO� DQG� -�� /�� :DOVK�� 2Q� DSSUR[LPDWLRQ� E\� HXFOLGHDQ� DQG� QRQ�HXFOLGHDQ

WUDQVODWLRQV� RI� DQ� DQDO\WLF� IXQFWLRQ�� %XOO�� $PHU�� 0DWK�� 6RF�� YRO�� ��� ������� SS�� ����
����

<DOH� 8QLYHUVLW\

��,I� WW� P�� IRU� LQILQLWHO\� PDQ\� L�� WKHQ� OLP�QM� �Ä���� 6LQFH�Ä�Ä� RFFXUV� FRXQWDEO\� RIWHQ
DPRQJ� WKH���� LW� LV� WKH� OLPLW� RI� WUDQVODWHV� RI� )�

��6HH� IRU� H[DPSOH� >��� S�� �@�


