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This paper first proves the Savitch Theorem: any nondeterminstic L(n)−
tape bounded Turing Machine can be simulated by a deterministic [L(n)]2−
tape bounded Turing machine, provided L(n) ≥ log2n.
Then as an attempt to answer the following question: “Given a nonde-
terministic tape bounded Turing machine which accepts set A, how much
additional storage does a deterministic Turing machine require to recog-
nize A?”, the paper indicates that showing whether there exists any set of
strings that is accepted by some nondeterministic Turing machine within
storage L(n) and some deterministic Turing machine within storage L(n)
is equvilent of showing the set of thread-able maze could be accepted by
some deterministic Turing machine within storage L(n) = log2(n).
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1 Introduction

In the field of mathematic and theory of Computation, one of the most important question is to
ask how efficient could we solve a given problem. Early on, a particular type of problem became
evident, where one is seeking an object which lies somewhere in a large scale of possibilities. People
are trying to find the solution that is fast and take finite amount of space. As Micheal Sipper said
in his paper “The history and status of P versus NP Question”[3], “Even though computers may
greatly speed up the search, when extreme large space occur within our interest, the running time
of a exhaustion search would still be in geologic time. The only way around this is to find a method
to avoid brute force search. And the P versus NP question asks whether this kind of method exist”.

There’s a joke saying that P = NP is a trivial algebraic problem. Simply let p = 0 will give us the
answer. Clearly that’s not what we want. What P stands for is if a deterministic Turing machine
could solve a problem in polynomial time. And NP means if nondeterministic Turing machine
could solve a problem in polynomial time. P = NP problem asks whether an NP-complete problem
could be solved in polynomial time. P vs NP is, till now, still an open question.

However to solve a given problem, time is not the only issue. Two essential aspect of complexity
computational problems are time and space. While we have no certain answer to the question of
whether P = NP , it is proved that PSPACE = NPSPACE.

One of the early attempt is given by Savitch. In this paper, he gave the proof of his theorem: If a
set A is accepted by a nondeterministic Turing Machine, ZN , within storage L(n) ≥ log2n, then A
is accepted by some deterministic Turing machine, ZD, within storage [L(n)]2. Then he talks about
one application of the theorem, which is on context-sensitive language. By using the computational
property of context-sensitive language which says each context-sensitive language could be recog-
nized by a nondeterministic Turing machine within storage n, we conclude from Savitch’s Theorem
that each context-sensitive language could be recognized by a deterministic Turing machine within
storage n2.

In the second part of this paper, we will try to answer a specific aspect of the question: “Given a
nondeterministic tape bounded Turing Machine whcih accepts a set A, how much addition storage
does a deterministic Turing Machine require to recognize A”. Savitch gave a partial answer to
the question above by mapping the computation of nondeterministic Turing machine to certain
treading of maze. Using this relationship, we obtain a special set such that if there is any set which
distinguishes nondeterministic tape complexity classes from deterministic tape complexity classes,
then there is a nondeterministic Turing Machine which accepts the coding of thread-able mazes
within storage log2n.
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2 Definitions

We first define the terminolgy used in this paper.

Definition 2.1 Turing Machine A Turing Machine could be represented as a 7 tuple {Q,Σ,Γ,
q0, qaccept, qreject, δ}

• Q: finite set of states

• Σ: input alphabet

• Γ: tape alphabet

• q0: initial states; qaccept and qreject are the accept and reject state

• δ: transition function

Definition 2.2 multitape Turing Machine is a Turing machine with a read only input tape
and finitely many read/write storage tapes.
The tapes could be divided into squares, each could hold one symbol from given tape alphabet Γ.
The input tape contains a finite string w with symbols from Σ and w is separated by two symbols
not in Σ: left and right.

There are two kinds of Turing Machine:

• Definition 2.3 Deterministic Turing Machine: A Turing machine is deterministic if
there’s only one possible action each step.

• Definition 2.4 Nondeterministic Turing Machine: A Turing machine is nondetermin-
istic if there’s finite many actions each step.

On any iput w, a Turing Machine could accept or reject or loop forever, for the purpose of our
paper, we will only give the definition of accept.

Definition 2.5 A Turing Machine Z accept an input w if Z enter its qaccept after finite many
steps, starting from q0 and blank storage tape, while w reach its left end marker. This is true for
both deterministic and nondeterministic Turing machine
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For the convenience purpose, we will also introduce the big-O notation.

Definition 2.6 a function f(n) ∈ O(g(n)) if there exists some positive number c and n0 such that
f(n) < cg(n) for all n > n0.

Definition 2.7 Suppose L(n) is a function on the natural numbers, Z is a Turing machine, and
A is a set of strings over the input alphabet of Z.(Saying that A is the language of Z), Z is said to
accept A within storage L(n) provided that

(i) for each string w ∈ A, there is at least one possible computation of Z which accepts w and
in which storage tape head scans

at most L(|w| squares
(ii) Z accepts no string not in A. |w| is the length of the string.

On remark of this definition is that L(n) represents a set of function which could be obtained by
multiplying the given function by a constant.

Definition 2.8 SPACE(f(n)) =
⋃

deterministic Turing machine with storage O(f(n))

Definition 2.9 PSPACE =
⋃
k

SPACE(nk)

Definition 2.10 NSPACE(f(n)) =
⋃

nondeterministic Turing machine with storage O(f(n))

Definition 2.11 NPSPACE =
⋃
k

NSPACE(nk)

3 Deterministic simulation of nondeterministic Turing machine

The main theorem we want to prove in this paper is known as Savitch Theorem.

Theorem 3.1 If a set A is accepted by a nondeterministic Turing Machine, ZN , within storage
L(n) ≥ log2n, then A is accepted by some deterministic Turing machine, ZD, within storage [L(n)]2

The idea of the proof is as follows:
If there exists an algorithm letting ZD accept input w within storage [L(n)]2 given a nondetermin-
istic Turing Machine, ZN , accept w within storage L(n) ≥ log2n. In other words, we could simulate
ZN using a deterministic Turing machine.
The algorithm works as follows:

For a prechosen m and with input w:
1. if ZN can change from one state to another in 2m steps
2.ZD have to preform the same task using m registers to store ZN ’s configuration.
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Definition 3.2 A function is measurable if there is some Turing machine with just one storage
tape such that, given any input of length n, the machine will halt after a computation in which the
storage tape head scans exactly L(n) squares.

There are two cases we need to consider depending on whether it’s easy to divide tape of ZD

according to L(n):

• L(n) is measurable
meaning that the Turing machine can obtain L(n) in polynomial time.

• L(n) is not measurable

We will discuss two cases separately below.
Given ZN accepts input w within storage L(n) ≥ log2n, it follows that each input w with length
n that’s accepted by ZN , there exists a computation of ZN accept w with maximum storage used
not exceeding cL(n). Moreover, since total storage does not exceed cL(n), this computation could
be done within c′L(n) steps.

3.1 Scratch of the proof

3.1.1 L(n) is measurable

We first given the algorithm for this theorem under the condition that L(n) is measurable.
Since L(n) is measurable, given input of length n, ZD could initialize its computation by dividing
one of its storage tape into [c′L(n)] + 1 blocks as register, each of which is of length [cL(n)]. Fol-
lowed by [c′L(n)] + 1 blocks as tags. Both tags and registers are capable of holding 1 and 0.

remark: each block of length c [L(n)] could hold an instantaneous state of ZN

Let I and I ′′ represent instantaneous states of the given ZN , ZD will check each possible next
instantaneous states of ZN , I ′, of the given I, to see if there exist a computation of at most 2m−1

steps from I to I ′ and a computation of at most 2m−1 steps from I ′ to I ′′. ZD then record the
internal states I in one of its register.
This left ZD m− 1 registers.
After this step, ZD reduce the task of simulating 2m steps of computation using m registers to
simulating 2m−1 steps of computation using m− 1 registers.
One could keep doing this until only need to check if I1 could goes to I2 with one step. We claim
this could easily be done with zero storage since we could simply compare each bits of I1 and I2. If
I1 could goes to I2 with one step, then they should have the same pattern everywhere except those
squares next to it’s states head.
If there’s any accepting computation of ZN , that is, if there exists a selection of Ij such that
I → Ij → Ij−1 . . . I

′′, then there is one which accepts in 2c
′L(n) steps where c′ is some constant

depending only on ZN .
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Thus, ZD could simulate this computation using c′L(n) registers or about [L(n)]2 of storages on
the tape.

3.1.2 L(n) is not measurable

If L(n) is not measurable, then ZD can not easily mark blocks of length c [L(n)] with storage pro-
portionate to [L(n)]2. Thus the proof above will not work.
However, by giving ZD the value of L(n) will make the procedure above valid.
Let ZD work as follows: on an input w, assign L(n) = 1, meaning if ZN accepts within storage
L(n) = 1, ZD accept. If not, then ZD then assume L(n) = 2 and so on. If ZN accept input w, then
ZD will eventually find the correct value of L(n) and apply the algorithm above, ZD will accept w
within storage [L(n)]2. If not, then ZD will compute forever.

This complete the scratch of the proof of Savitch Theorem.

3.2 Formal proof

We now give a formal definition of this theorem.
For Turing machine ZN , let ∆ = Q∪ Γ∪ {1, 2, ∗, ↓}. Then we define an ID(instantaneous descrip-
tion) of ZN is a string over ∆ which is in the form of pq ∗ u1 ↓ v1 ∗ u2 ↓ v2 . . . ∗ uk ↓ vk, where p
is the number in dyadic notation indicating the position of the input head of ZN , q is the current
state and vi ↓ ui meaning on tape ui of ZN the tape head is currently pointing to vi.
Since ID are strings over a finite alphabet, ∆, they may be considered to be integers in m-adic
notation where m is the number of symbols in ∆.

Definition 3.3 If ∆ = a1, a2 . . . am, then the string aik , aik+1
, . . . ai0 will be represented as the

number
∑k

j=0 ijm
j.

For example, a1a2a3 . . . an could be represented as
∑k

i=1 jim
i.

algorithm for machine ZD

summary of notation used in this algorithm
w is the input string
n is the length of w
r is the number such that given L(n), the maximum configuration ZD could have is |Γ|L(n) =

2pL(n) and is the smallest integer such that r ≥ pL(n)
N is the largest integer whose m-adic representation can be stored in a register.

N represents the string which all digits the same, and N is not a valid configuration.
xi is the content of the i-th register
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Ti is the contents of the i-th tag.
If Ti = 1, there exists a computation from start configuration to xi where xi is the content of the
register in the integral form.

On input w,

D0(Initialize). compute r(the least integer such that r ≥ c′L(n)) and set up r + 1 regis-
ters and tags. Set xi ← 1 and Ti ← 0 for i ∈ [1, r]. xi are the content of i − th register and
Ti are contents of i− th tag. Set xr+1 ← I0(the initial ID) AND Tr+1 ← 1.

D1(test). If each Ti = 1, goes to D3(Back Track). Otherwise, let j be the smallest in-
dex such that Tj = 0. Test for some index h ,Th = 1 and ZD could go from xh to xj on input
w within one step.

• If YES, Go to D2(clear storage)

• If NO, go to D3(Back Track)

D2(clear storage). For the same j in D1, If xj is an accepting ID, ACCEPT. Otherwise, set
Tj ← 1 and for i ∈ [1, j − 1], set xi ← 1 and Ti ← 0, go back to D1.

D3(Back Track). If xi = N(N is the largest integer whose m-adic representation can be
stored in the register) for each i ≤ r, REJECT. Otherwise, let k be the smallest index such
that xk 6= N . Set xk ← xk+1, Tk ← 0 and for i ∈ [i, k − 1], set xi ← 1 and Tj ← 0, go to D1.

Using only r + 1 registers with length of O(L(n)), this algorithm clearly works with in space
O(L(n)2).
Thus, to prove the algorithm works, we only need to show that ZD accepts w if and only if ZN

accepts w.

The algorithm above describes a recursive function for ZD. Starting from the initial configuration,
it tries to find a list of configuration that ends at a accepting configuration from the computation
of the given input where each adjacent configuration is one step away from each other.

D0 computes the max number of configuration ZD need to store, assign such number of regis-
ter and tag for use.

The rest of the algorithm tries to set up the list from starting configuration to some configura-
tion xj using only register to the left of xj . We can see this from the way ZD is set up. For every
state xi, regardless of whether there exist another xj thats one step computation away from it, ZD

will reset the registers to the right of xj to be 1 for the next recursion.
With this in mind, we could assume that at D1, some configuration of ZD could be represented as

< 1, 1, . . . , 1, xi+1, xi+2 . . . xr, I0 >< 0, 0, . . . , 0, Ti+1, Ti+2, . . . Tr, 1 >
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for some xi+1, xi+2 . . . xr and some Ti+1, Ti+2, . . . Tr.

We first show that we can put any configuration of ZN into any register.
Suppose that D2 does not accept on any configuration,

Lemma 3.4 For each index i ∈ [1, r] and each integer x ∈ [1, N ], if ZD is at some configuration
above in the middle of computation,

< 1, 1, . . . , 1, xi+1, xi+2 . . . xr, I0 >< 0, 0, . . . , 0, Ti+1, Ti+2, . . . Tr, 1 > (3.1)

then later time the configuration will be

•
< 1, 1, . . . , 1, x, xi+2 . . . xr, I0 >< 0, 0, . . . , 0, Ti+1, Ti+2, . . . Tr, 1 > (3.2)

•
< 1, 1, . . . , 1, xj , xj+1 . . . xr, I0 >< 0, 0, . . . , 0, 1, Tj+1, Tj+2, . . . Tr, 1 > (3.3)

where j is the least index in (1), such that j > i and Tj = 0

Proof: For all configuration of a given x at given i, it is either the case that there exists some
other configuration xj such that Tj = 1 or there does not exists another intermediate configuration
thats one step away from xi.
If there is a configuration thats satisfy the condition to go to D2, then we will have 3.3
Otherwise, we will go to D3.
All possible configuration thats one step before 3.1 that will go to D3 is listed below.
For all x and i, its either at i-th position, register xi = x− 1 but Ti = 0, or xi is the first register
thats not N ,
Otherwise

< 1, 1, . . . , 1, x− 1, xi+2 . . . xr, I0 >< 0, 0, . . . , 0, Ti+1, Ti+2, . . . Tr, 1 > (3.4)

< 1, 1, . . . , 1, N, x− 1, xi+2 . . . xr, I0 >< 0, 0, . . . , 0, Ti, Ti+1, . . . Tr, 1 > (3.5)

< N,N, . . . , N, x− 1, xi+2 . . . xr, I0 >< 0, 0, . . . , 0, Ti, Ti+1, . . . Tr, 1 > (3.6)

Then by D3, in 3.4, 3.5 and 3.6, x− 1 is the smallest index thats not N , and by the description of
D3, it all three of the configuration listed above will becomes 3.2.

< 1, 1, . . . , 1, x, xi+2 . . . xr, I0 >< 0, 0, . . . , 0, Ti+1, Ti+2, . . . Tr, 1 > (3.7)

Thus ZD can get to any configuration into any register if it needs to.

Then we shall prove that j register is enough to check a 2j step calculation of ZN . We show this
by using induction.
Assume j = 1, then it is clear that we just store the internal 1 step besides the staring and accepting
configuration.
The we assume that for j−1, it is true that 2j−1 step calculation can be simulated using only j−1
register.
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For 2j step calculation, find a intermediate configuration xm such that there are 2j−1 steps between
starting state and xm as well as xm and accepting state. Then store xm in a register. Thus we have
j − 1 register left. Since space is reusable, by induction hypothesis, the j − 1 register is enough to
check the computation between starting state and xm as well as xm and accepting state.

Since ZD could put any configuration at any register and it can check 2j step computation using
just j register, according to the way we define ZD, it only accept when ZN reaches its accepting
states, ZD accepts w if and only if ZN accepts w.

For L(n) being not measurable, we do the same thing as introduced in the scratch of the proof.
We let L(n) be some number starting from 1, if ZN accepts within storage of given L(n), then ZD

will accept. Otherwise, increment L(n) by 1. Repeat this process until find the appropriate value
of L(n).

This completes the formal proof of Savitch Theorem.

On thing that Savitch Theorem tells us is that nondeterministic Turing machines are no more
powerful than deterministic Turing machines in terms of space.

Corollary 3.5 PSPACE = NPSPACE
Meaning that for all nondeterministic Turing machine, there exists a nondeterministic Turing ma-
chine that accepts the same input.

Proof: L(n) = nk, then L(n) ∈ O(nk) and L(n)2 = n2k ∈ O(nk) for every k > 0.
Since NPSPACE =

⋃
k

NSPACE(nk), if a Turing machine is in NPSPACE, then it accepts an input

within storage nk for some k. By Savitch’s Theorem, there exists a deterministic Turing machine,
D, accepts the same input within storage n2k ∈ O(nk), so D ∈ PSPACE by definition.
Thus PSAPCE = NPSPACE.

4 Context Sensitive Language

Definition 4.1 Context Sensitive Language: a context-sensitive language is a formal language
that can be defined by a context-sensitive grammar(CSG).
(A context-sensitive grammar (CSG) is a formal grammar in which the left-hand sides and right-
hand sides of any production rules may be surrounded by a context of terminal and nonterminal
symbols.)

With Savitch Theorem, we could generalize the theorem and give more properties of context Sen-
sitive language.
First we need to now the computation properties of context-sensitive language.
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Theorem 4.2 If L is a context-sensitive Language, then L is accepted by a nondeterministic Turing
machine with storage n.

Proof: We will not prove the whole theorem in this paper. but the proof could be found in
“Formal Languages and Their Relation to Automata”[2].
The idea of the proof is as follows: Given a context Sensitive grammar and an input string, a
nondeterministic Turing machine could simulate all possible strings in the language by following
the rules from the given grammar using one working tape. The machine will simply erase the old
string on work tape write the new string after certain subroutine of the grammar onto it until find
the accepting string.

Then as a corollary of Savitch’s Theorem,

Corollary 4.3 Every context-sensitive Language is accepted by some deterministic Turing machine
with storage n2.

Proof: The computational property of context-sensitive Language says that it can be accepted by
nondeterministic Turing machine within storage L(n) = n.
Then by Theorem 0.7 we just proved, every context-sensitive Language is accepted by some deter-
ministic Turing machine with storage n2.

Theorem 4.4 If a Turing Machine, Z, is said to accepted by a nondeterministic Turing machine
within storage L(n) and time T (n), then A is accepted by some deterministic Turing machine within
storage L(n)log2T (n).

Proof: Instead of bound ZD’s’ number of register, we bound it by log2T (n). If T (n) is easy to
compute, we could bound the number of register used by ZD by log2T (n) and using the same
algorithm of theorem 2.1, we get have the desire result.
If T (n) is hard to compute, this is similar to L(n) being not measurable. Assign T (n) value until
ZN accept the given input in T (n) time. Otherwise compute forever.

A simple application on context-sensitive language of this theorem is the following:

Corollary 4.5 If a context-sensitive language is accepted by a nondeterministic Turing machine
within linear storage and polynomial time, then it is accepted by some deterministic Turing machine
within storage nlog2n

5 Maze and Turing Machines

It is proven by Blum in the paper “Classes of Computable Functions Defined by Bounds on Com-
putation: Preliminary Report” that there exists a storage function whose deterministic and non-
deterministic complexity are the same. But the other important question to ask is whether there
exists a storage function whose deterministic and nondeterministic space complexity are different.
This section answers this question partially by providing the result that over a finite alphabet, if A
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is accepted by a nondeterministic Turing machine within storage L(n), then it could be accepted
by a deterministic Turing machine within storage L(n).
We first give a informal definition of maze and threadable.
A maze could be represented as a set of rooms connected by one-way corridors. Certain rooms are
designed to hold certain purposes: a start room and a goal room.
The other way of representing the maze is using a directed graph where each room is a node with
certain nodes or rooms distinguished.
A maze is threadable if there is a path from the start room to some goal room.
The formal definition is stated below:

Definition 5.1 A maze over Σ is a quadruple, M = (X,R, s,G), where X is a finite set of strings
over Σ(X is the set of rooms); R is binary relation on X(giving the corridors), R(xi, xj) meaning
xj is one step away from xi; s is an element of X(s is the starting room); G is a subset of X(G is
the set of goal room).

Definition 5.2 The maze M = (X,R, s,G) is threadable if there is a sequence r1, r2, r3, . . . , re
of room such that r1 = s, re is an element of G and R(ri, ri+1) holds for r ∈ [1, e− 1].

Theorem 5.3 For any finite alphabet Σ, there is a nondeterministic Turing machine which accept
MΣ within storage log2(n).
Where MΣ denotes the set of all codings of threadable mazes over Σ.

We will define the coding formally in the formal proof of the theorem and introduce the idea of the
proof first.
To proof the theorem, we need to find an algorithm of a nondeterministic Turing machine to make
it accepted MΣ within storage log2(n).
The general idea of the algorithm is that for a given maze, M , for each room x of M , find all the
possible room that’s one step away from it, pick one from all possible next rooms, call it x′. Write
x′ on the tape then find all rooms that’s one step away from x′ until get to one of the goal room
and accept.

Definition 5.4 A coding of a maze M is a string in the form

s[x1 ∗ y1
1 ∗ y1

2 . . . y
1
n][x2 ∗ y2

1 ∗ y2
2 . . . y

2
n] . . . [xl ∗ yl1 ∗ yl2 . . . yln]u1 ∗ u2 . . . um

where s is the starting state, xi are all the possible rooms, yji is one of the possible next room for
xj, and ui is one of the goal room

Proof: (This is the proof of Theorem 5.3) Given a maze of length n, there are at most n
rooms. Encode each room by an integer, and write them in binary form so that each of the rooms
could be stored in logl(n) squares on the tape.
Considering that we are using a multi-tape nondeterministic Turing machine, Since M ∈ MSigma

is threadable, then there exits an corridor from start room to one of the goal room.
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Then let Turing machine T do the following:
1. on input M ∈MΣ:
2. get the code for start room, write on the work tape as current room
3. find all possible next rooms of the current room from the input tape, yi1 ∗ yi2 . . . yin
4. get one from the list yij ,

5. check if yij is a goal room
if YES, accept
if Not, write the code for yij , then repeat the process from step 3.

Since there are at most n rooms in the given maze, the work tape of T is bounded by clog2n where
c is come constant.

Definition 5.5 DIRPATH = {< G, s, t > G is a directed graph, s and t are vertex in G, and there
is a path in G from s to t }

Using a similar algorithm we could show that DIRPATH could be solved in nondeterministic
log(n) space. Since in the proof we essentially treated a maze as one directed graph, we could
modify the proof by encoding each node of G as an configuration of ZN , and and edge between
u and v represents ZN could go from u to v in one step. Instead of let the Turing machine get
the code of the start room, we let it get the code of s. Instead of find all possible rooms, we find
all possible neighbors of the current node. So using the same routine, we could solve DIRPATH
within log(n) space.

Continue on to our Maze topic.
We could also show that the bound log(n) in theorem 5.3 is the best possible. The proof is based
on a crossing sequence argument.[1]

Lemma 5.6 For any finite alphabet Σ, the a nondeterministic Turing machine which accept MΣ

uses storage at least log2(n).

Proof: Suppose the length of code for maze is of length log(n), then for input m = m1m2 where
m1 and m2 denote the first and second half of the input, get m′ = m1#log(n)m2. let Ci(x), the
crossing sequence on x at position i, denote the ordered sequence of states that M is in as the head
of M crosses over the line between the ith and (i + 1)th cells (in either direction). Define

C(x) = Ci(x) : i ∈
[
log(n)

2
,
3log(n)

2

]
It is easy to show that m,n ∈MΣ and m 6= n, then C(m) ∩ C(n) = φ by contradiction.
Let tmax be the maximum length of the crossing sequence, the total number of crossing sequence is

tmax∑
i=0

Qi =
Qtmax−1 + 1

Q− 1

where Q is the number of symbols in the maze. Thus Q is some constants depending only on maze.
Since no same crossing sequence could be in C(m) and C(n) for m,n ∈ MΣ and m 6= n and there

13



are 2log(n) in the set of maze with encoding of length log(n)

Qtmax−1 + 1

Q− 1
≥ 2log(n)

tmax is at least log(n). The bound in theorem 5.3 is the best possible.

From Theorem 5.3,

Corollary 5.7 For any finite alphabet Σ, there is a deterministic Turing machine which accepts
MΣ within storage (log2n)2.

Proof: Applying Savitch Theorem and Theorem 5.3 to MΣ

Lemma 5.8 For any finite alphabet Σ and ∆ with at least two elements, MΣ is accepted by some
deterministic Turing machine within storage log2n if an only if M∆ is.

Proof: We proof this by reduce M∆ to MΣ, that is, to show that there exists a function δ such
that w ∈MΣ ⇐⇒ δ(w) ∈M∆.
Since w ∈MΣ, w is in the form

s[x1 ∗ y1
1 ∗ y1

2 . . . y
1
n][x2 ∗ y2

1 ∗ y2
2 . . . y

2
n] . . . [xl ∗ yl1 ∗ yl2 . . . yln]u1 ∗ u2 . . . um

then define δ(w) as follows:
suppose ∆ has k symbols, then let δ(xi) for each xi be the k-adic notation, thus its also a member
of ∆. Then given that some deterministic Turing machine ZΣ that’s accept MΣ within storage
log2n, we could construct a deterministic Turing machine Z∆ by first map M∆ to MΣ, δ(M∆), then
run δ(M∆) on ZΣ, if accept, Z∆ accept.

Theorem 5.9 For any finite alphabet Σ, with at least two elements, the following statements are
equivalent:

1. MΣ is accepted by some deterministic Turing machine within storage log2n

2. For any finite alphabet Γ, any set A, of strings over Γ and any function L(n) ≥ log2n, if A
is accepted by a nondeterministic Turing machine within storage L(n), then A is accepted by
some deterministic Turing machine within storage L(n).

Proof: If statement 2 is true, by theorem 5.3, there is a nondeterministic Turing machine which
accept MΣ within storage log2(n), then there is a deterministic Turing machine which accept MΣ

within storage log2(n).
Now suppose statement 1 is true. Given a set A and a nondeterministic Turing machine ZN that
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accepts A within storage L(n).
We will try to construct a deterministic Turing machine ZD that accept A within storage L(n) by
mapping each configuration of ZN to a room of a maze.

First assume L(n) is measurable, the mapping goes as follows:
For ZN on input w, let M(w) = (X,R, s,G) be the maze corresponds to it. X is the set with
all configurations of ZN on input w. Since each configuration has length within L(|w|), for each
xi ∈ X, xi has length at most L(|w|). R(xi, xj) meaning ZN could go from xi to xj using one step.
s is the encoding of initial state of ZN and G contains all configurations of ZN with a accepting
state.
Then ZN accepts w if and only if M(w) is threadable.

By lemma 5.8, let Σ be large enough so that all configurations of ZN is covered by Σ. Therefore
M(w) ∈MΣ Let ZΣ be the deterministic Turing machine that accept MΣ within storage log2n.

Now define ZD as follows:
for any input w:
obtain M(w)
compute M(w) on the machine from ZΣ

if ZΣ accept, accept.
if not, reject.

Thus ZD accepts precise A
And the length of M(w) is at most hL(n) where h is some constant depends only on ZN and L(n)
is the length of one configuration. As showed in the proof of Savitch’s Theorem, ZD uses tape at
most log2(hL(n)), which is in O(L(n).
ZD can not hold the entire M(w) on the tape, we save spaces by letting ZD compute one xi at a
time. And every time that need to compute a new configuration, erase the old one on the tape first
and write the new one.
Therefore when L(n) is measurable, if statement (1) is true, then for any finite alphabet Γ, any set
A, of strings over Γ and any function L(n) ≥ log2n, if A is accepted by a nondeterministic Turing
machine within storage L(n), then A is accepted by some deterministic Turing machine within
storage L(n).
For L(n) being not measurable, as we did in the proof of Savitch Theorem, try different value of
L(n) until find the correct value.
Thus the two statements are equivalent.

There are another paper from Savitch, “Maze Recognizing Automata”. Instead of set up a Turing
Machine that recognize a thread-able maze, in that paper, we build a automata that recognizes
tread-able mazes and proves the similar theorem. In that paper, he showed that “Showing that
deterministic and nondeterministic tape complexity classes are different is, as we have shown, equiv-
alent to showing that no mra can accept precisely the threadable mazes. We conjecture that no mra
can recognize the threadable mazes and see this as a way of showing that there is a difference be-
tween deterministic and nondeterministic tape complexity classes. However, all we have so far been
able to prove is that: an mra must have at least one pebble in order to recognize threadable mazes.”
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One of well-known problem in tape complexity is “whether there is some set A of string s and some
function L(n) ≥ log2n such that A is accepted by some nondeterministic Turing machine within
storage L(n) but accepted by no deterministic Turing machine within storage L(n).”
In this section, we partially answers this question by showing that if we can find a deterministic
Turing machine that accepts the encoding of a threadable maze within storage log(n), then for any
finite alphabet Γ, any set A, of strings over Γ and any function L(n) ≥ log2n, if A is accepted by
a nondeterministic Turing machine within storage L(n), then A is accepted by some deterministic
Turing machine within storage L(n).

6 Conclusion

Savitch’s Theorem was a bit hit when it first came out. The section of context Sensitive grammar is
believed to serve as a major application of the theorem back then since complexity thoery back then
was mainly on language theory such as context Sensitive language and context free language. One
interesting fact is that even though people never stop trying to give it a tighter bound, Savitch’s
Theorem has not been improved since it first came out.

A review given in the “The Journal of Symbolic Logic”[5] says:
“The proof of the log n2-tape bound is quite intricate, and this article gives only a sketch of the
proof. The proof is, therefore, hard to read; however, the techniques are interesting and useful.
The reader with perseverance will be rewarded for his effort. Walter Savitch”
As showed in this paper, the technique of its proof is used in multiple other places such as the
threadable maze and DIRPATH. The proof of Savitch’s Theorem is not a easy proof to understand
but it’s worth the time to study because his proof offers us a way to approach various other problems.

Savitch’s Theorem tells us that PSAPCE = NPSPACE. However, P vs NP, which asks whether a
given problem could be solved in polynomial time, is still unknown. Note PSAPCE = NPSPACE
is much weaker than P = NP . Because space is reusable, with polynomial space, the upper bound
of time used is 2n

k
, which is exponential time.

In this paper, we gave a partial answer to the question “whether there is some set A of string s
and some function L(n) ≥ log2n such that A is accepted by some nondeterministic Turing machine
within storage L(n) but accepted by no deterministic Turing machine within storage L(n).” .
Moreover, the relation between P , NP , PSAPCE is still unclear. Currently we know that
P ⊆ NP ⊆ PSPACE = NPSPACE ⊆ EXPTIME.(EXPTIME =

⋃
k

TIME(2n
k
)) But each

⊆ could be equal sign. One of the known relation is P 6= EXPTIME, which follows from the
Time Hierarchy Theorem. For further interest in Time Hierarchy Theorem, it is first proved in the
paper “deterministic multi-tape Turing machines” by Richard Stearns and Juris Hartmanis in 1965.
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