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Complement Solvability of Peg Solitaire Boards 

Karl Vyhmeister, Math 336 term paper, June 2, 2014 

1. Introduction 

Peg solitaire is a solo game over 300 years old with a peculiar game board. Most game boards (e.g. chess 

and go) are square or rectangular but peg solitaire is played on a cross shaped board as below. In this 

paper we will use many pieces of analysis and explanation from the paper “A Fresh Look at Peg Solitaire” 

by George I. Bell [2] to understand why this board shape is the best for this game. The initial state of the 

board is such that all the holes are filled except one, the figure below shows the middle hole empty. A 

hole that is occupied is denoted by        and a hole that is empty is denoted by       . Each turn the player 

may move a peg from a full hole over another full hole to an empty hole two spaces away removing the 

peg from the middle hole.            to  

2. Complement problem [2] 

The complement problem for a given initial board state is: can a series of legal moves end with only one 

peg left on the board in the initially vacant hole. The minimal board             is solvable for the initial 

state of either end being vacant, but if the middle hole is vacant there are no legal moves so the 

complement cannot be solved. This complement problem is the main goal when playing peg solitaire so 

its solvability plays a large part in what boards are played on. 

We will focus on square-symmetric boards because they are aesthetically pleasing as well as providing 

all complement solutions or contradictions is simpler because the symmetry allows one solution to apply 

to multiple initial positions. For example, the standard board has 33 holes but only 7 initial positions 

must be solved for the complement problem to be universally solvable on the board.  

With a diagonal numbering of the holes in a board as in the figure below as given by Bell,    is defined as 

the number of pegs in holes labeled  , t as the total pegs in the board. The parity of the six numbers 

     determines the position class of the board. With this labeling any move will change the parity of 

all the    and remove 1 peg from t retaining the parity of the     , the     parities will be the same 

for the starting board and the final board. We will define a board to be null-class if a board state and its 
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complement always lie in the same position class. All six parities are even in an empty board so for a 

null-class all six   on a full board must have the same parity. 

Square(3) has all six      so the board is null-class, squares(4),(5) have one more 0,3 than they have 

1,2,4,5 and the pattern repeats with square(6),(3n) being null-class. Augmenting a square board by 

(  )  (      ) (                    ) adds    holes to each side in accordance 

with square-symmetry. The restrictions on    are to keep the holes in line with each other and keep 

gaps from occurring between consecutive holes in a row or column. Since this process always adds pairs 

(     ) (     ) mirrored across     the parity of the    are not changed by this operation.  

From this we get the result:       ( )  (  ) is null-class if and only if n is a multiple of 3. 

3. Group theory analysis [1] 

Making an invariant is very useful in solving problems in peg solitaire. Arie Bialostocki talks in his paper 

“elementary group theory in peg solitaire” [1] about how to use group theory to show that for the 

standard board with the middle peg missing, there are only five places where the last peg could end up. 

He starts out by defining a Klein 4-group in an additive table: 

+ 0 x y z 

0 0 x y z 

x x 0 z y 

y y z 0 x 

z z y x 0 

 

Any two of the three elements add to the third, and every element is its inverse. A board is filled with 

x,y,z similar to how 0,1,2 were used above starting with x at the leftmost hole in the top row, you can 

sum all of the elements of the board to either 0, x, y or z. Any move results in no net change of the 

board’s sum. A null-class board in this system would be one that adds to 0 for a full board. For the 

starting position missing the center peg, the value of the board is y. 

Bialostocki presents his theorem: “there are at most five locations in which a single peg can form the 

final configuration to end the game.”  

There are 10 y’s on the board that would preserve the invariant, but since the starting position is 

square-symmetric a rotation of     of an ending possibility must also be an ending possibility. This only 

leaves the y’s at the end of the arms and the center as ending possibilities. 
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This classification of an invariant also gives the general theorem: the only complement solvable boards 

are ones with 3n holes.  

If a board has 1 (mod 3) holes, a full board will add to x, y or z. If it adds to x, removing an x to start gives 

a null-class board state, removing a y makes it add to z, removing a z makes it add to y. None of these 

initial states allow for the final state to be the removed x. If the board has 2 (mod 3) holes, the board will 

add to      ,       or      , with the same justification for not being solvable as the 1 

(mod 3) board. 

4. Universal Solvability [2] 

Null-class is very important for solvability because only a null-class board can have its starting position 

and the complement be in the same board class,     with the notation above. Since the board class 

is an invariant this means that only null-class boards can the complement problem be solved. A 

universally solvable board is one in which the complement problem is solvable for every hole in the 

board. Using a resource count is convenient for determining if a board is not universally solvable. A 

square(3)+(3,1,1,...,1) with n 1’s after the 3 can be shown unsolvable using the resource count given by 

Bell [2]. 

The resource count is set up so that any move made cannot increase the summed value of the holes 

occupied by pegs, a move will keep the value of the board the same or decrease the value by 2 for this 

count. In this example if you start with all holes in the board filled but remove the center peg, the value 

of the board is -4, the complement has a value of 0. Since the value of the board is monotonic 

decreasing as the game progresses, the board cannot reach the value 0 from the starting point of -4. 

Solving the square(3)+(1,1,…..,1) is much simpler to show since, considering the center hole as (0,0), in 

the complement problem for the center hole, there is no way of removing the peg in (1,1) from the 

board and so there cannot be 1 peg left in the center. 

With the added knowledge that the 33-hole board, square(3)+(3,3), is universally solvable we can say: 

The 33-hole board, square(3)+(3,3), is the smallest square-symmetric, gapless board that is universally 

solvable. 

The square-symmetric, gapless boards that are smaller are augmentations of the square(1) and 

square(2) both of which are unsolvable as shown earlier, as well as the square(3), (3)+(1,1…),3+(3,1,1…) 

which were just shown to not be universally solvable. The next largest square-symmetric gapless boards 
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are augmentations of square(6), namely (0),(2),(2,2),(4),(4,2),(6). Proving universal solvability is done by 

finding solutions to all complement problems. 

The smallest square-symmetric universally solvable board as given in Bell’s paper is below, with steps in 

the solution to one of its complement problems. The other two complement problems can be solved 

with a little work. 

 

5. Solvability of Needles [2]  

The ends of the arms of a board are the hardest complement problems, so an interesting line of inquiry 

is how long can a needle be so that the complement of the end of it is solvable. For this a board can be 

made with a     needle on the right side of the board and an arbitrary left side. The left side for a 

    needle is shown below. Starting with a needle of width 1, the solution to this board type requires 

jumps to remove the peg from the starting hole after the first move, then future jumps to return the last 

peg to that hole. As the needle gets longer, the problem gets much harder. So much harder that even 

with width 1,2 or 3 a needle with     cannot be solved. A needle with     can be given a resource 

count as shown. 

 

Where                        

1. rightward jumps keep the sum constant 

2. leftward jumps subtract twice the value of the hole jumped over 

3. vertical jumps over     subtract the value of the hole jumped over 
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4. vertical jumps away from     subtract twice the value of the hole jumped over 

5. vertical jumps towards     keep the sum constant  

To sum the infinite left side we will use ∑   
             , for the row     left of the needle, the 

sum adds to    for         and so on. Proceeding to sum those, we get a maximum sum of the left 

side of        . For the     needle starting with the end missing, the initial sum of the board is 

             . This is an upper bound on any finite board, and the board is unsolvable if 

(                      )  (                             )  (                    )    which will 

be referred to as the solvability criterion. In the first move on a     board the “1” hole becomes 

occupied, but must be vacated for the final move to end in it. This jump loses    and since the end state 

value is 1, the solvability criterion taking these into account is (    )  (  )  ( )        , 

indicating that the     needle is unsolvable. 

6. Port-and-Sweep Solitaire [3] 

An interesting twist on the traditional peg solitaire is “port-and-sweep solitaire” presented by Jacob 

Siehler [3]. In this variant the goal is to reduce the board to a 1 in the center, any hole may take the 

value 0,1 or 2 and there are two different moves: 

1. port: add -2, 0, 1 to three consecutive squares 

2. sweep: add -1, -1, -1, +2 to four consecutive squares 

To create an invariant for a port-and-sweep board a nine element set is needed: 

                                  

This is an abelian group (commutative) and used in mod 3 so if the real or imaginary parts add to greater 

than three take it mod 3. For a square board take the lower left square as (0,0), let  (   ) be the 

number of counters on square (   ) and let  ( )∑  (   )    
(   ) and ( )  ∑  (   )    

(   ) . 

For a sweep right from S to S’,  (  )   ( )      (          )   ( )  since    (  ), sweeps 

in other directions do not change  ( )either. 

For a port taking 2 from (a,b) to (a+2,b),  (  )   ( )                ( )      (    )   ( ) 

 ( ) remains unchanged by all legal moves and  ( ) does as well. The values of   and   separate the 

possible positions of a board into 81 classes which cannot be transformed into each other. A     

board with 1 in the center has the values        , so any board with a different invariant cannot be 

reduced to it. Below are some solvable boards given by Siehler if you want to try the new rules. 
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