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Abstract

The notion of category stems from countability. The subsets of metric spaces are
divided into two categories: first category and second category. Subsets of the first
category can be thought of as small, and subsets of category two could be thought of
as large, since it is usual that asset of the first category is a subset of some second
category set; the verse inclusion never holds. Recall that a metric space is defined as a
set with a distance function. Because this is the sole requirement on the set, the notion
of category is versatile, and can be applied to various metric spaces, as is observed in
Euclidian spaces, function spaces and sequence spaces. However, the Baire category
theorem is used as a method of proving existence [1].
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1 Definitions

Definition 1.1: Limit Point.If A is a subset of X, then x ∈ X is a limit point of X if
each neighborhood of x contains a point of A distinct from x. [6]

Definition 1.2: Dense Set. As with metric spaces, a subset D of a topological space X
is dense in A if A ⊂ D̄. D is dense in A. A set D is dense if and only if there is some
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point of D in each nonempty open set of X. [7]

Example 1.3: Dense Set.
The set of all rationals Q are dense in the reals: Let a < b in R. Then there is a rational
number in (a, b).

Proof. Let ε = b− a. Pick N ∈ N such that N > 1
b−a , when 1

N < b− a. Let
A = {mN : m ∈ N} a subset of Q. We claim A ∩ (a, b) 6= ∅. Assume that the contrary

holds. The we can take m1, the greatest inter such that m1
N < a. Then m+1|

N > b. But then

b− a < m1 + 1

N
− m1

N
=

1

N
< b− a

which is a contradiction. Thus (a, b) ∩Q 6= ∅. [2]

Definition 1.4: Metric Space. We can say that a metric space is a set X that has the
notion of the distance d(x, y) between every x, y ∈ X. A metric d on a set X is a function
d : X ×X → R such that :

i. d(x, y) ≥ 0 and d(x, y) = 0 if and only if x = y.

ii. d(x, y) = d(y, x) by symmetry

iii. d(x, y) ≤ d(x, z) + d(z, x), by the triangle inequality.

(From [4]).

Definition 1.5: Countable set . A set S is said to be finite if S is empty or there
exists a bijection f : {1, . . . , n} → S where n ∈ N. If this property is not satisfied, then S
is called infinite. We say that S and Q are equinumerous, denoted S ∼ Q if there is a
bijection f : X → Y . S is countably infinite if S ∼ N. [10]

Example 1.6: Countable set. We can say that Z is countably infinite. Let f : N → Z
be defined by f = n

2 if n is even and f = −(n−1)
2 if n is odd. f is a bijection, since every

n ∈ N is mapped to exactly one value of Z [10].

Definition 1.7: Nowhere Dense. We can say that a subset A ⊂ X is nowhere dense if
the interior of Ā is empty, or, more formally, if (Ā)int = ∅. In other words, A is nowhere
dense if the closure of A has an empty interior [9].

Example 1.8: Nowhere Dense Set, the Cantor set. We denote the cantor set by
C, where C contains all the real numbers of the interval [0, 1]. Break [0, 1] as a union of
three sub intervals: then [0, 1] = [0, 13 ] ∪ [13 ,

2
3 ] ∪ [23 , 1]. Call these intervals I = I0 ∪ I1 ∪ I2.

Now [0, 1]− I1 = [0, 13 ] ∪ [23 , 1] = I0 ∪ I2. Now, divide I0 and I2 into three equal sub
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intervals. Then, I0 = [0, 19 ] ∪ [19 ,
2
9 ] ∪ [29 ,

1
3 ]. We remove the middle third of the interval,

[19 ,
2
9 ] = I4. Similarly, I2 = [69 ,

7
9 ] ∪ [79 ,

8
9 ] ∪ [89 , 1]. Remove the interval I5 = [79 ,

8
9 ]. Let

I3 = I4 ∪ I5 = [19 ,
2
9 ]∪ [79 ,

8
9 ]. Then I6 = [0, 1]− (I1 ∪ I3) = [0, 19 ]∪ [29 ,

3
9 ]∪ [69 ,

7
9 ]∪ [89 , 1]. We

see that the sum of the lengths of the deleted intervals I0, I3 is 1
3 + 2

9 . We can generalize
this notion in the following way: the contribution from 2

3 removed n times is

∞∑
n=0

2n

3n+1
=

1

3
+

2

9
+

4

27
+ · · · = 1

3
(

1

1− 2
3

) = 1

In our example, we had n = 2. We removed I1 and I4, whose length are 1
3 and 2

9 . The
cantor set is nowhere dense because it contains no intervals of non zero length. The set of
all rational numbers Q is not a nowhere dense set. [8]

Before we elaborate on the Baire category theorem and its implications, we will first
establish the definition upon which several significant notions of the Baire category
theorem relies.

Definition 1.9.

i. A set A which can be written as a countable union of nowhere dense sets is called
first category, or meager.

ii. All sets that cannot be written in this fashion are called second category, or non
meager.

iii. A is said to be residual if its complement Ac is of the first category.

(Definition 2.5, [1]).

2 A Proof of the Baire Category Theorem

Definition 2.1: Complement. If A ⊂ X is any subset we will define the complement of
A in X as

Ac = {x ∈ X : x /∈ A}
(From [3])

Definition 2.2: non-degenerate interval. There are nine type of non-degenerate
intervals in R. Let a, b ∈ R with a 6= b. There are four bounded intervals:

(a, b), (a, b], [a, b), [a, b]

and five unbounded intervals:

(−∞, a), (−∞, a], (a,∞), [a,∞), (−∞,∞)
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(From [5]).

Theorem 2.3. Consider X a non empty complete metric space. If

X =
∞⋃
n=1

An (1)

where An is closed. Then at least one An contains a non-empty open subset.

Proof. We assume none of the sets An contain a nonempty open subset and construct a
Cauchy sequence that converges to a point, which lies in none of the An, contradicting
what we said in (1). By assumption A1 does not contain a nonempty open set, and
therefore its open complement Ac

1 must. In other words there must exist x1 ∈ X and
0 < ε1 < 1 such that

Bx1(ε1) ⊂ Ac
1

By assumption, A2 does not contain a non-empty set, and therefore there must be a point
x2 in the open set Ac

2 ∩Bx1(ε1). Hence we can find ε2 <
1
2 such that

Bx2(ε2) ⊂ (Ac
2 ∩Bx1(ε1))

Continuing this iterative process we can construct a sequence of points (xn)|n ≥ 1 and
positive reals (εn)n≥1 such that

Bxn+1(εn+1) ⊂ Ac
n ∩Bxn(εn)

and εn <
1
2n . Notice by our construction

Bx1(ε1) ⊃ Bx2(ε2) ⊃ · · · ⊃ Bxn(εn) ⊃ Bxn+1(εn+1) ⊃ . . .

Here we have a sequence of nested balls. The sequence (xn)n≥1 is Cauchy since n,m ≥ N
implies that xn, xm ∈ BxN (εN ) and εN < 1

2N
. The definition of a Cauchy sequence is that

|xm − xn| < ε for m,n > N . Hence by completeness there exists a point x∞ ∈ X such
that xn → x∞. In particular, x∞ ∈ Bxn(εn) and therefore x∞ /∈ An for all n ∈ N. But
this contradicts

X =

∞⋂
n=1

An

(Section 1.1, Theorem 1, [3]).

This is just one of a couple of forms that Baire’s theorem is commonly stated in. Another
common form is that the intersection of countably many open dense sets is dense, the
contrapositive of the statement proved above. (Page 2, [3]).

In the preceding section, we will develop a sense of the versatility of the Baire category
theorem and some of its applications to the real line.

4



3 The Versatility of the Baire Category Theorem

Theorem 3.1. Let A ⊂ R, then A is open if and only if Ac is closed.

Proof. Suppose that A is open. Let p be an accumulation point of Ac. Then every
neighborhood of p intersects Ac and therefore p cannot be an interior point of A. Since A
is open, p is in Ac. Hence Ac is closed.
Suppose that Ac is closed. Choose p ∈ A, since p is not an accumulation point of Ac, then
there exists a neighborhood N about p such that N ∩Ac = ∅. But this means that
N ⊂ A, so p must be an interior point of A. Hence A is open. (Theorem 2.6, [1])

Theorem 3.2. Let A ⊂ A ⊂ B ⊂ R, then A is dense in B if and only if B ⊂ Ā.

Proof. Assume that A is dense in B. Then B ⊂ B̄. Let x ∈ B and assume x /∈ A. By
assumption, A is dense in B, so every neighborhood of x contains points from both A and
B. Thus by definition x is an accumulation pint of A. So B ⊂ Ā.
Conversely, assume that B ⊂ Ā. Given an arbitrary open interval I such that B ∩ I = ∅
we must show that A ∩ I = ∅. By assumption I ∩ Ā = ∅. Let x be any point in I ∩ Ā.
Suppose also that x /∈ A. Then x is an interior point of I and an accumulation point of
A. Let N be a neighborhood of x such that N ⊂ I. Since N ∩A 6= ∅, we have that
I ∩A 6= ∅. So A is dense in B. (Theorem 2.7, [1]).

Theorem 3.3. Let A ⊂ R and B = R\A. Then A is a closed nowhere dense set in R if
and only if B is an open dense set in R.

Proof. Assume that A is closed and nowhere dense in R. Prove that B is open and dense
in R. B is open since A is closed, by Theorem 3.3. By assumption, we know that for
every open interval I there exists an open subinterval J ⊂ I such that A ∩ J = ∅. This
means that J ⊂ B, hence J ⊂ I ∩B, thus I intersects B. So B is open and dense in R.
Now assume that B is open and dense in R. A is closed, since B is open. By assumption,
every open interval I intersects B. Now let J = I ∩B. J is open since both I and B are
open. Moreover J ⊂ B and therefore cannot intersect A. Thus for every open interval I
there exists an open subset J , such that A ∩ J = ∅. So A is closed and nowhere dense in
R. (Theorem 2.8, [1]).

Theorem 3.4. A is a nowhere dense subset of R if and only if Ā contains no interval.
That is, (Ā)int = ∅.
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Proof. Suppose that A is nowhere dense. Prove that Ā contains no interval. By using an
indirect proof, we assume that Ā contains an interval I. Butt this is an immediate
contradiction to A bring nowhere dense. Thus Ā contains no interval. Prove that A is
nowhere dense. Assum that A fails to be nowhere dense in R, then there exists an open
interval I such that the set A ∩ I is dense in I. By Theorem 3.2, we know that

I ⊂ Ā ∩ I ⊂ Ā

So Ā contains the interval I. We have reached a contradiction. Hence A is nowhere
dense. (Theorem 2.12, [1]).

Theorem 3.5; Baire Category Theorem and Its Applications.

i. Every interval [a, b] is a set of the second category.

ii. R is of the second category.

iii. Every residual subset of R is dense.

iv. Any countable union of closed sets with empty interior has an empty interior

v. Any countable intersection of open dense sets is dense.

We begin by proving statement iii: every residual subset of R is dense.

Proof. Let A be residual in R. We must show that an arbitrary interval I ⊂ R intersects
A. Since A is residual, its complement B = R\A is of the first category, and that can be
expressed as

B =

∞⋂
i=1

bi

where Bi are nowhere dense sets in R. We now inductively define a sequence of closed
non-degenerate intervals {In}, as follows:

I1 ⊂ I

and
B1 ∩ I1 = ∅

We know that such I1 exists since B1 is a nowhere dense set. As an induction hypothesis,
assume In has an empty intersection with Bn. Define In+1 such that

In+1 ⊂ In

and
Bn+1 ∩ In+1 = ∅
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Such interval In+1 exists, since Bn+1 is a nowhere dense set. By this, In+1 satisfies our
induction hypothesis. The construction can proceed. The countable intersection of these
intervals is non-empty. Let

I ′ =

∞⋂
n=1

In 6= ∅

By construction of I ′ we know that I ′ ∩B = ∅. It follows that I ′ ⊂ A, and since I ′ ⊂ I,
we have that the interval I intersects A. So A is dense in R. (Theorem 2.16, [1]).

Remark 3.6. The outline of Baire’s theorem begins with the assumption that P is a set
of the first category in R hence P is the countable union of nowhere dense sets in Pn.
Then, the proof continues by creating a nested sequence of closed intervals, such that In
does not intersect Pn. By assigning the point m to be the intersection of all In, M cannot
be in P . Thus, the Baire category theorem concludes that R is not of the first category. (
Theorem 2.16, page 14 [1] ).

Proof. (3)⇒ (1) Assume that every residual set in R is dense. Now, we must prove that
every interval is of the second category. If an interval I = [a, b] were of the first category,
then R\I cannot be dense, since (R\I) ∩ I = ∅. Then we have a contradiction. So an
interval cannot be of the first category. (14, [1])

Proof. (1)⇒ (2). Assume that every interval is of the second category. Prove that R is
of the second category Suppose that (2) is false. Then, we can express R as a countable
union

R =

∞⋂
i=0

Ri

where Ri are nowhere dense sets. Then any arbitrary interval I = [a, b] can be expressed
as

I =

∞⋂
i=0

Ri ∩ I

But the set Ri ∩ I is again nowhere dense for every i. This I is of the first category, which
contradicts our assumption that (1) holds. So R is of the second category. (14,15 [1]).

Proof. (2)⇒ (3). Assume that R is of the second category. We then show that every
residual set in R is dense. Suppose that (3) were false. Then, there exists a residual
subset A ∈ R such that A is not dense in R.This means that there exists an interval I
such that A ∩ I = ∅. Since A is residual the complement set, R\A is of the first category.
This would man that the interval I is also of the first category, since I ⊂ R\A. We will
now proceed by proving that if an interval is of the first category then the whole real line
must be of the first category. First we show that if I is of the first category then any
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closed interval is of the first category. Let Φa,b(x) = x−a
b−a be a linear bijective mapping

between any interval [a, b] of nonzero length to the unit interval [0, 1]. We have

Φa,b(x) =
x− a
b− a

such that Φa,b : [a, b]→ [0, 1] and

Φ−1a,b = x(b− a) + 4

such that Φ−1a,b : [0, 1]→ [a, b]
Note that the function Φ is a dilation from R into R, and in its simpler form, when the
length of the interval is not changed, it is a pure translation. Since I is of the first
category, we can find chained mappings that map i to any other bounded interval For
example, Φ−1c,d(Φa,b(x)) maps [a, b]→ [c, d]. Hence any bounded interval is of the first
category, by remark 2.18. Since R can be expressed as R =

⋂∞
n=1[−n, n] and every

interval is of the first category, then R must be of the first category. But this contradicts
our assumption that (2) holds. (15, [1]).

Remark 3.7. In the previous proof, we used the fact that the mappings Φ and Φ−1

preserve category, and since I was assumed to be an interval of the first category, the
image of I under any combination of Φ and Φ−1 is again of the first category. So far we
have proved the Baire category theorem expressed in the form (3) and also showed that
(3) =⇒ (1) =⇒ (2) =⇒ (3), which means that we have equivalence between the first
three versions of the Baire category theorem. Next, we continue by showing that version
(4) and (5) are equivalent and (3) =⇒ (5) and (4) =⇒ (3). (14, 15, [1]).

Proof. (5) ⇐⇒ (4). To show that (5) and (4) are equivalent, we shall first define two
sets A and B such that

A =
∞⋂
n=0

An

and the complement of A as

B = R\A = R\
∞⋃
n=0

An =

∞⋃
n=0

R\An

Assume that (5) is valid. Let An be open and dense sets in R. Then, by (5) we know that
A is dense. Since An are open dense sets (we know by theorem 3.3) that the sets Bn are
closed and nowhere dense sets. It follows that B satisfies the assumptions in (4). Suppose
now that B contains some intervals I. Then A ∩ I 6= ∅, in contradiction to (5). Thus, B
has empty interior. Conversely, assume that (4) is valid. Let Bn be closed sets with
empty interiors (i. e. nowhere dense). By (4) we know that B has an empty interior. We
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also know (by theorem 3.3) that An are open and dense, and thus satisfy the assumptions
in (5). Suppose now that A is not dense. Then there exists an interval I such that
A ∩ I = ∅ and thus I ⊂ B, in contradiction to B being nowhere dense. Thus A must be
dense. (15-16, [1]).

Proof. (3)⇒ (5). As in version (5), we assume that An are open dense sets, and we define

A =
∞⋂
n=0

An

We shall prove that A is dense. Since the complement of An is nowhere dense, and

Ac =
∞⋃
n=0

Ac
n

it follows that Ac is of the first category. Thus A is residual. By (3) it follows that the
residual set, A, is dense. (16, [1]).

Proof. (4)⇒ (3).As in version (3), we assume that A is a residual set in R. We need to
prove that A is dense. Since A is residual, we know that B = Ac is of the first category,
thus there exists a sequence of nowhere dense sets Bn such that

B = Ac =
∞⋃
n=0

Bn

By theorem 3.4 we know that B̄n has an empty interior. Thus by (4),

B′ =

∞⋃
n=0

B̄n

we have B′ has an empty interior. Since B is a subset of B′, B has an empty interior. It
follows that arbitrary intervals intersects A, thus A is dense. (16, [1]).

In the coming section, we will explore the application of the Baire Category Theorem in
metric spaces. Essentially, we will see how the theorem retains its consistency.
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4 The Baire Category Theorem in the Metric Space

Definition 4.1: Cauchy sequence in metric space. Let (X, d) be a metric space and
let {xk} be a sequence in X. If, for any ε > 0 there exists a N > 0 such that

n,m > N =⇒ d(xm, xn) < ε

we say that {xk} is Cauchy. ( Definition 4.6, [1])

Theorem 4.2 Let (X, d) be a complete metric space. If A is of the first category, then
X\A is dense in X.

Proof. We shall prove that an arbitrary open ball B(x0, r0) in X intersects X\A. We
may assume that r0 <

1
2 . Since A is of the first category, we have

A =

∞⋂
n=1

An

where every An is nowhere dense. Since A1 is nowhere dense, there exists some open ball
B1(x1, r1) such that

B̄1 ⊂ B
B̄1 ∩A1 = ∅

rk <
rk−1

2

rk+1 <
rk
2

Let Bk+1(xk+1, rk+1) be a nonempty open ball such that

B̄k+1 ⊂ Bk

B̄k+1 ∩Ak+1 = ∅

rk+1 <
rk
2

Since Ak+1 is nowhere dense, we know that such Bk+1 exists. By this, we have that the
induction hypothesis is satisfied, so the construction can proceed. The center of each
open ball Bn defines a sequence {xn}, this sequence is Cauchy, since for every ε > 0 and
N , such that e−N < ε, we have

d(xi, xj) ≤ d(xi, XN ) + d(xj , xN ) ≤ 1

2N
< ε

for i, j ≥ N .
By assumption X is complete, so xn → x. Since xn ∈ Bn for every n, we have that
x = B̄n. But this means that x ∈ B0 and x /∈ A. So B ∩ (X\A) is nonempty. Thus X\A
is dense. (Theorem 4.17, [1])
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A frequently used, and equivalent version, of the Baire category theorem is formulated as
follows:
Theorem 4.3. Let (X, d) be a nonempty complete metric space, then it is of the second
category in itself. ( Theorem 4.18, [1])

Proof. (4.2)⇒ (4.3). We proceed by an indirect proof. Assume that X is of the first
category. Then, by (4.2), Xc = ∅ is dense in X. This we have arrived at a contradiction.
So X must be of the second category. (Theorem 4.18, [1])

Proof. (4.3)⇒ (4.2). Let X be a complete metric space, then by (4.3) we have that X is
of the second category. We shall prove that for any A ⊂ X is of the first category, X\A is
dense. Let B(x, r) be any open ball in X and let B[x, r2 ] ⊂ B0 be a non-degenerate closed
ball. Thus B is a complete metric space, and (4.3) is in itself of the second category.
Since A is of the first category in X, we can express A as

A =
⋃
Ak

where Ak are nowhere dense sets. Moreover, A ∩B is of the first category in B, since
otherwise some Ak would be dense in some open ball B′ ⊂ B and this would mean that
Ak are nowhere dense in X. Since B is of the first category, it follows that B must
contain some point from Ac. Thus B ∩A 6= ∅, so X\A is dense. (Theorem 4.18, [1])

Corollary 4.4. Suppose that A is a subset of the second category in a complete metric
space (X, d) and

A =

∞⋃
k=1

Ak

where Ak are closed sets. Then at least one of Ak contains an open ball.

Proof. By the Baire category theorem, at least one Ak is not nowhere dense. This means
that the closure of Ak cannot have an empty interior, thus containing some open ball. It
follows, since Ak are closed, that this open ball is a subset of Ak. (Corollary 4.19, [1])
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