Math 336 Gecond Nidterm Solutions

1. Since

|27+ 5284 2 —2) =523 = |27 + 2 — 2|
<4
<5 =523
< (2" +52° + 2 = 2)[ + | = 527,

on |z| =1, 2" + 52 + 2z — 2 has three roots in |z| < 1 and no roots on |z| = 1. Similarly on |z| = 2,
|27+ 528 42 -2 27| <44 <128 < |27 4+ 523 + 2 — 2| + |27,
s0 27 + 523 4+ 2z — 2 has seven roots in |z| < 2 and hence has four roots in 1 < |z| < 2.

2. By continuity, since li_>m f(1/n) =0, f(0) = 0. Now if f is not identically 0, then f(z) = zFg(2)
where ¢(0) # 0. So

= 12 < e

so |g(1/n)] < n*/e™ and g(1/n) — 0 as n — 0. This implies g(0) = 0 and is a contradiction. Hence
f is identically 0.

n=-00
3. f= ¢*~1/% has a Laurent series expansion E apz" in 0 < |z| < oo and the coefficients are given
n=—o0

by the formula
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Subsitute z = e to get

1 (™ it —it_;
ap = — e e —zntdt
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=— (cos(2sint — nt) 4+ isin(2sint — nt)) dt.
27 J_,

Since sin(2sint — nt is odd, its integral is 0. This proves the result.



4. We perform the following manipulations

1+ sin’t = (3 — cos 2t)/2
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We have use the Cauchy integral formula for the function

1
(z— (3+2v2)’

Which is analytic in the disk |z| < 1.



