Abel’s Test, Uniform Version

February 13, 2011

Abel’s test has a uniform version. First we modify the statement of Abel’s lemma

Lemma 1. Suppose Y by converges. Let By = by + b1 + b2+ .... Then

apby + -+ -+ an+kbn+k = Bha, + Bn+1 (anJrl - an) +- 4+ Bn—l—k(an—i-k - an—i—k—l) - Bn+k+1an+k- (1)
Proof.

anbn + -+ anJrkanrk = an(Bn - Bn+1) +---+ an+k(Bn+k - Bn+k+1)
- Bnan + Bn+1(a7’b+1 - an) +- BnJrk(anJrk - anJrkfl) - Bn+k+1an+k~
L]

Theorem 1. Suppose Y 7" bp(x) converges uniformly on S and that {an(x)} is a monotone uniformly
bounded sequence. Then Y {° an(z)b,(z) converges uniformly on S.

Proof. We show that ZZJrk a;j(z)b;(x) is uniformly small if n is large enough. Using the notation of Lemma
1 let n be so large that |B,(z| < € for all z € S and let |a,(z)| < M for all z € S. To be explicit, assume
an(x) is increasing. By (1)
’anbn +---+ an+kbn+k’ = ‘Bnan‘ + ‘Bn—l—l(an—s—l - an)‘ +-+ ’Bn+k(an+k - an+k71)’ + ’Bn+k+1an+k‘
< |Bpan| + [Bny1(ant1 — an)| + - + [Bptk(@ntk — antk—1)| + [Bnkt1an+k]
< eM + €(anig — an) + €M
< 4Me.
O
Corollary 1. (Abel’s limit theorem)
Suppose > a, converges. Then Y anx™ converges uniformly on [0, 1] and hence to a continuous function
f(z). Consequently lim,_,;- > apz™ = > ap.
Dirichlet’s test also has a uniform version.

Theorem 2. Suppose ) bi(x) is uniformly bounded on S, and that {a,(x)} tends monotonely and uni-
formly to 0 on S. Then Y an(x)by(x) converges uniformly.

Proof. Let B, = by +---+b,. As in Lemma 1 check that when n > 2
anbn +---+ anJrkanrk - _Bn—lan + Bn(an - an—l—l) +---+ BnJrkfl(anJrkfl - anJrk) + Bn+kan+k-
By uniform boundedness |B,(x)| < M for all n; and if n > N, |a,(x)| <e.
|anbn +-- 4+ an+kbn+k‘ < |Bn71an| + |Bn(an - an+1) +---+ Bn—l—k—l(an-l—k—l - an+k)| + |Bn+kan+k
< Me+ Mlay, — anig| + Me
< 4Me.



