Useful Inequalities {»* >0}
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for p > 1.

(1+2z)">14rz forxz>-1, reR\(0,1). Reverse for r € [0, 1].
14+2z)" <14+ (2" -1z forze(0,1], r€R\(0,1).
1+z)" < 1717”“ for z € [-1,0], n € N.
(I+a) <1+ gty forze] L25), r>1
(1 +nz)"1 > 1+ (n+z) forx € R, neN.
(a+b)" < a™ +nbla+b)""1 fora,b>0, ncN.
z\P z\4q ;
(1+;) 2(1+5) for (i) x>0, p>¢q¢>0,

(it) —p< —q<z<0, (it) —q > —p >z > 0. Reverse for:
(iv)g<0<p, —¢g>x>0, (vVVg<0<p, —p<zx<O.

>O+2)">14a, (1+2)">e?(1-2) forn>1, [z <n.

e* >z¢ forx € R, and %+1§ez§(1+%)n+z/2 for z,n > 0.
ez21+m+§ for z > 0, reverse for x < 0.
e*<1-§ forze[0,~1.59] and 27% <1—§ forx€[0,1].
ﬁ<xz<x2—x+l for z € (0,1).
2/ (e —1) < rax(zl/T —1)  for z,r > 1.

zy
¥ +y* >1 and ez>(l+§)y>ez+y for z,y > 0.
2—y—e P V<14 <y+e* Y, and exS:E—O—eJCZ for z,y € R.

71 <In(z) < z 1 <z-1, ln(:p)gn(xv%—l)forx,n>0.
Q?f <In(l+x) S \/jl for > 0, reverse for € (—1,0].
In(n + )<ln(n)+ <lel<ln( n)+1
In(1+x) >3 forz €[0,~ 2.51], reverse elsewhere.

In(l+z)>z— % + % for z € [0, ~ 0.45], reverse elsewhere.

3

2
In(l-z) > -z~ % — % forz € [0,~ 0.43], reverse elsewhere.
x7—<xcosx< zcos/ﬂ” <:r;\/cosx<xfx3/6<a:cosf<smx
zcosx < W < xcos? (z/2) < sinx < (zcosz + 2x)/3 < e

2 .
~z <sinz < zcos(z/2) <z <x+ % <tanz all for xz € [0, %]

cosh(z) + asinh(z) < e®(@t2/2)  for z € R, o € [-1,1].
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max{kk»ﬂ}<(n)§7§<kk) and (Z)SWSZ'
k n n n n

o< () fory/n>k>0 and }(17—)5(271)3?4%(17%).

for ny > k1 >0, na > ko > 0.
onH (o) L ©
\/m7 H(Q?) - 10g2(x (1

and ZZO()<2" forn >d > 0.

(DG < (i)
IG< (M) <G for G= —z)l-7),
o (7) <nf 1
Lo <(g)! fornzd>1.
;'i:o (?) < (Z) (1+ n72dd+1) for 3 >d>0.
(am) <23 () < f:;; (an) for a€(0,3).

2\/m+1—2f< = <Vr+l-vVr-1<2yz-2vz-1

for z > 1.
€(2)" < VERR(2)" €M) < 0l < VB (2)" e}/ < en(2)"

2
r < ([Ta)/™ < %sz < \/%Z%’Q < %z; < max x;

1
wj|a@; |P) /p7 w; >0, >, w; = 1.

i, M_so =min{z;}, Moo = max;{z;}.

minz; <
M, < M, for p < q where M, = (¥,
In the limit Mo = [T, |i|®

> wilzi|P > wilzi]
Sy wiles P TS, w7

forp <gq, w; > 0.

T 1 z— T 2 x
VEY < (%) (@Y) 1 < mmy—iaey < (f;rﬁ> < =¥ forz,y > 0.

l-—ay o o, l-a 4
Vay < 228 < Z - for x,y >0, a €[0,1].
Sk2 > Sk—1Sk+1 and \k/ Sk > (k+1\)/ Sk+1 for1<k<mn,
Sk:% @iy Qiy -+ @i, and a; > 0.

(k) 1<iy < <ip<n

o(X; pizi) <3, i (%)
Alternatively: ¢ (E[X]) < E [¢(X)]. For concave ¢ the reverse holds.

where p; >0, > p; =1, and ¢ convex.

T n n n
Zl flai)g(bi)ps > (El f(ai)Pz')(_Zl g(bi)pi) > 21 (ai)g(bn—it+1)pi
1= 1= 1= 1=
fora; <---<ap, by <--- <b, and f, g nondecreasing, p; >0, > p; = 1.
Alternatively: E[f(X)g(X)] > E[f(X)]E[g(X)].
n n
Sa Z 7r()>Z:0LZ”%+1 for a1 <--- < an,
i=1 i=1
by <--- <bp and 7w a permutation of [n]. More generally:
2100 2 3 filba) 2 3 filbain)
with (fit1(z) — fi(¢)) nondecreasing for all 1 < i < n.
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[L(—2)" >1—3>,w;z; wherez; <1, and

either w; > 1 (for all i) or w; <0 (for all i).
If w; €[0,1], > w; <1 and z; < 1, the reverse holds.

for z,y >0, p,q>0, %—&-é:l.

for x;,y; > 0,
G =+vVmM.

(Simi®) (Tow?) < (8) (Simiws)?

0<m< Pt <M<oo, A=(m+M)/2,

fL L f@)de < SV L f6) < fU+1 f(z)dxz for f nondecreasing.
¥ (a) < w < ¢'(b) where a <b, and ¢ convex.

b p(x)de < M for ¢ convex.

for a; > 0.

n n
H a;% > H ai""n(i)
=1 i=1

for a;,b; > 0, or more generally:

for ¢ concave, and a = a;, b=>_b;.

= (z1,22),

e —y)z—2)+y'(y—2)(y—2z)+2(z—2)(z—y) >0
where z,y,2 > 0,¢t >0

where A is an n X n matrix.

(det A)2 < [T 3 A2,
1=1j=1

k k
PIHIEP IS Z?,jzl A?j and 30 di S350 A

A is an n X n matrix. For the second inequality A is symmetric.

for 1 <k<n.

A1 > -+ > A\, the eigenvalues, d; > --- > d, the diagonal elements.

n n
=1 CE Zi:l a;T;

H?zl(l —fvz) P i ai(l - )

(a1b1 — Z?:2 aibi)z Z ((11 o 2) (b2 :L 2 2)
given that a? > > ;a? or b? > Zz 2 b7

for x; € [0, %], a;
= 1/n 2 1/n

H (xz +yz) > H x "+ H y where z;,y; > 0.
74: 7,7

k n k
bimin > a; < > a;b; <bimax >, a; forby >--->b, >0.
k=1 i=1 koi=1

(i (as+00) (X 24% ) < (Ty i) (i b)

€0,1, Sa; = 1.
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n k 1/k n
2 k=1 (Hi:l |ai‘> <ed i1 lakl
n m n m n m n
ZHGzJZZH Gy and I > ai < I 30 aixgy)
j=1i=1 j=1i=1 j=1i=1 j=1i=1
where 0 < a;; < < ajmy fori=1,...,n and 7 is a permutation of [n].
ITTrey as — [Ty bs| < 300y lai — bs|  for |asl, [bs| < 1.

g (a+a;) > (14 a)™, where [T}

(Zi %be;ix) (Zi a%”“’b%*”) 2 (Zi %Hyb;_y) (Zi a;_yb;+y>
for1>x>y>0,andi=1,...,n

Y wla) >3 p(by)  forar >az>--->an and by > - > bp,
and {a;} = {b;} (majorization), i.e. Zle a; > 25:1 b; foralll1 <t<mn,

with equality for t =n and ¢ is convex (for concave ¢ the reverse holds).

—q1a;>21,a; >0,a>0.

n 1 b bn
w(n) > nl zﬂ' xﬂl(l) e xﬂ'(n)
>an and by >b2 > .- >by and {ap} = {bi},

z; > 0 and the sums extend over all permutations 7 of [n].

1 al a
mzwxﬂa)mx

where a1 > az > ---

for am,bn € R.

1
el 2ome 1%";{ < (Xooi am ) (Cnz,07)2

With max{m, n} instead of m + n, we have 4 instead of «.

g p
wl(w) <(L) % af  foran >0,p>1.

n= — p—1

(> ) <aZ23 a2 3% n2a2  for an €R.
1 2

m<z;®:1m<? fOI‘C;ﬁO.

o0 o0
> ( > %)p <pP > an? for an >0, p> 1, reverse if p € (0,1).
1

n=1

for ¢(4) depth of leaf i of binary tree, sum over all leaves.

> (‘;‘)_1 <1, Ac 2 nosetin A is subset of another set in A.
XeA

vc(A)
|Al < [str(A)| < > (F) for AC 2[7 and
i=0

str(A) = {X C [n] : X shattered by A}, vc(A)=max{|X|:X € str(A)}.

k .
Pr[ V A] < X (-1)77L8; for 1 <k <n,kodd,
i=1 j=1
n k .
Pr[ \V A > > (-1)371S;  for 2<k <n, k even.
i=1 j=1
Sk = > Pr [A,-l AREEW\ Aik] where A; are events.

1<iy < <ip<n
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Var[X] < (M — E[X]) (E[X] —m) where X € [m, M].

p—ovn—1<z; <pu+ovn—1 fori=1,...,n.
Where =Y x;/n, o2 =3 (z; — p)?/n.

Pr[|X| > a] <E[|X|]/a where X is a random variable (r.v.), a > 0.
Pr[X ] <(1-E[X])/(1—¢c) for X €[0,1] and c€ [0,E[X]].
Pr[X € S]<E[f(X)]/s for f>0,and f(z) >s>0forallz€S.
Pr[|X — E[X]| > t] < Var[X]/t> wheret>0.

Pr[X — E[X] > t] < Var[X]/(Var[X] +t2) where ¢ > 0.

Pr[X > 0] > (E[X])?/(E[X?]) where E[X] > 0.

Pr[X = 0] < Var[X]/(E[X?]) where E[X?] # 0.

Pr[|X ,M > t] < M and

o\ F/2
Pr[|X — M} >t] < Cy (%) for X; € [0,1] k-wise indep. 1.v.,

X=SX;, i=1,...,n, p=E[X], Cp = 2v7ke!/%% <1.0004, k even.

Pr[X >t] < F(a)/at
F(z) =

o p —us?
Pr[X > 1+ 5)#] < (m) < exp( 3 )
for X; ir.v. from [0,1], X = > X;, p=E[X], § > 0resp. 6 € [0,1).

e K — 2
Pr[X <(1-6)p] < (m) < exp (T) for § € [0,1).
for R > 2ep (=~ 5.44p).

for X r.v., Pr[X = k] = pg,

>4 prz" probability gen. func., and a > 1.

Further from the mean: Pr [X > R] <2 R
()#*
(k)

Pr(X > (14 0] < (1ot (")
k>k=[us/(1—p)|, BIXi]=pi, X = X;, p=E[X], p=£, §>0.

n’

Pr[X >t] <

for X; € [0,1] k-wise i.r.v.,

—262
o1 (bi — ai)?
X=YX; §>0.
A related lemma, assuming E[X] =0, X € [a,b] (w. prob. 1) and X € R:

E[e*X] < exp (L;“)Q)

Pr[|X — E[X]| > 6] < 2exp ( ) for X; i.r.v.,

X; € [a;, bi] (w. prob. 1),

Pr[mgx ISk > €] < & Var[Sn] = % ;Vﬁr[Xi]
where X71,... E[X;] =0,

Var[X;] < co for all i, S = Z;C:l X; and € > 0.

, Xp are ir.v.,

for X; € {0,1} k-wise i.r.v., E[X;] =p, X = > X;.
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Var[X]

PriX>uEX]| >1-— for X >0,
2 BN 2= e T Varlx] .
Var[X] < oo, and p € (0,1).
Pr[|X —E[X]| > Xo] < 532 ifA>4/5,
4 2
Pr[|X—m|25} Sﬁ if € \[,
€ 27
Pr[ 7ar ife < Nek
Where X is a unimodal r.v. with mode m,
= Var[X] < 0o, 72 = Var[X] + (E[X] —m)2 = E[(X —m)?].

Pr[1r<nax |Sk| > 3a] <3 r<nax (Pr[ Skl > a])

where X; are i.r.v., S = Zizl Xi, a>0.

Pr[maxi<k<n |Xg| > €] <E[|Xn|]/e for martingale (X)) and e > 0.

Pr[

)
it

M
X; > s] < exp (— Z)) where X; i.r.v.,

no

M? (na
E[Xi] =0, 02 =13 Var[X;], |X;| <M (w. prob. 1),
O(u) = (14 u)log(l +u) —

e >0,

2

Pr[i:lXizs]gexp< ( —€

T ) for X irv,
2n02+M€/3)> or i Ly

E[X;] =0, |X;] < M (w. prob. 1) for all i, 02 = 1 3" Var[X;], e > 0.
52
Pr[| X, — Xo| > 6] < 2exp ( ) for martingale (X3) s.t.
257 ¢?

|XZ~7X¢71} < ¢ (w.prob. 1), for i=1,...,n, 6§ >0.

n .
Var[Z] < % E {2 (z - Z(z))ﬂ for X;, X;' € X irv.,
1

X" SR, Z=f(X1,...,Xn), 20 = f(X1,...,X,..., Xn).
Pr[|Z — E[Z]| > 6] < 2exp LSQ) for X;, X;' € X irv
ZZ 10; 1y <2 eV

Z, Z<)asbefore s.t. |Z VAL }<c, for all 4, and & > 0.

M < Pr[AB;] gMexp(2 Az
— z€

M=TI1-PiB]), A= ¥
i#5,B;~DBj

Pr[AB;] > TI(1 — ;) >0

for z; € [0,1) for alls=1,...

) where Pr[B;] < ¢ for all 4,
PT[BZ' AN Bj}.

where Pr[B;] < z; - []
(i,j)€D

,n and D the dependency graph.

(1—zj),

If each B; mutually indep. of the set of all other events, exc. at most d,

Pr[B;]<pforalli=1,...,n, then if ep(d+ 1) < 1 then Pr[A B;] >0
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