HATHERATICAL AEEOCINTIIN OF ARERCE

Arzela's Dominated Convergence Theorem for the Riemann Integral

Author(s): W. A. J. Luxemburg

Reviewed work(s):

Source: The American Mathematical Monthly, Vol. 78, No. 9 (Nov., 1971), pp- 970-979
Published by: Mathematical Association of America

Stable URL: http://www.jstor.org/stable/2317801

Accessed: 24/01/2013 12:49

Y our use of the JSTOR archive indicates your acceptance of the Terms & Conditions of Use, available at
http://www.jstor.org/page/info/about/policies/terms.jsp

JSTOR is anot-for-profit service that helps scholars, researchers, and students discover, use, and build upon a wide range of
content in atrusted digital archive. We use information technology and tools to increase productivity and facilitate new forms
of scholarship. For more information about JSTOR, please contact support@jstor.org.

Mathematical Association of America is collaborating with JISTOR to digitize, preserve and extend access to
The American Mathematical Monthly.

http://www.jstor.org

This content downloaded on Thu, 24 Jan 2013 12:49:12 PM
All use subject to JSTOR Terms and Conditions



http://www.jstor.org/action/showPublisher?publisherCode=maa
http://www.jstor.org/stable/2317801?origin=JSTOR-pdf
http://www.jstor.org/page/info/about/policies/terms.jsp
http://www.jstor.org/page/info/about/policies/terms.jsp

970 W. A. J. LUXEMBURG [November

References

1. Ronald Alter and Thaddeus B. Curtz, On binary nonassociative products and their relation
to a classical problem of Euler, University of Kentucky, Computer Science Dept.

2. H. W. Becker (Discussion of problem 4277), this MONTHLY, 56 (1949) 697-699.

3. W. G. Brown, Historical note on a recurrent combinatorial problem, this MoNTHLY, 72
(1965) 973-977.

4. A. Cayley, On the analytical forms called trees, Philosophical Magazine, 18 (1859) 374-78.

5. H. Dérrie, 100 Great Problems of Elementary Mathematics, Dover, New York, 1965.

6. Paul Erdés and Irving Kaplansky, Sequences of plus and minus, Scripta Math., 12 (1946)
73-15.

7. Haya Friedman and Dov Tamari, Problémes d’associativité: une structure de treillis finis
induite par une loi demi-associative, J. Combinatorial Theory, 2 (1967) 215-242.

8. Lajos Také4cs, Applications of ballot theorems in the theory of queues, Proceedings of the
Symposium in Congestion Theory, Chapter 12 (W. L. Smith and W. E. Wilkinson, eds.), University
of North Carolina Press, Chapel Hill, N. C., 1965.

9. W. T. Tutte, A census of slicings, Canad. J. Math., 14 (1962) 708-722.

10. A. M. Yaglom and I. M. Yaglom, Challenging Mathematical Problems with Elementary
Solutions, Vol. 1, Holden-Day, San Francisco 1964.

ARZELA'S DOMINATED CONVERGENCE THEOREM
FOR THE RIEMANN INTEGRAL

W. A. J. LUXEMBURG, California Institute of Technology

1. Introduction. Riemann’s definition ([14], p. 239) of a definite integral
gave rise to a number of important developments in analysis. In the course of
these developments a remarkable result due to C. Arzela ([1], 1885) marked the
beginning of a deeper understanding of the continuity properties of the Riemann
integral as a function of its integrand. The result of Arzeld we have in mind is the
so-called ARZELA DOMINATED CONVERGENCE THEOREM for the Riemann integral
concerning the passage of the limit under the integral sign. It reads as follows.

TaEOREM A (C. Arzela, 1885). Let { f,,} be a sequence of Riemann-integrable
functions defined on a bounded and closed interval [a, b], which converges on [a, ]
to a Riemann-integrable function f. If there exists a constant M >0 satisfying
|fn(®)| < M for all € [a, b] and for ali n, then limp.y, [3 | fa(x) —f(x)|dx=0. In
particular,

b b b
lim Fa(x)da = lim f,(x)dx = f f(x)dx.

n—w a a n®

Usually, Arzeld’s theorem is formulated as a result about term-by-term
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1971] ARZELA’S DOMINATED CONVERGENCE THEOREM 971

integration for infinite series of integrable functions. In that case, the sequence
of the partial sums of the infinite series plays the role of the sequence {f.} in
Theorem A.

Due to the development of the theory of Lebesgue integration we recognize
nowadays that Arzeld’s theorem rests on the countable additivity property of
the Lebesgue measure. As a matter of fact, Arzeld based the proof of his theorem
on the following result about systems of intervals.

THEOREM B (C. Arzela, 1885). Assume for each n that D, denotes a subset of
[a, b] that is the union of a finite (or countably infinite) number of mutually disjoint
intervals. If for each n, the sum £(D,) of the lengths of the intervals in each Dn
satisfies £(D,) > 8, where §>0, then there exists at least one point ¢ [a, b] which
satisfies ¢ E D, for infinitely many n.

If one knows that the interval function measuring the length of an interval is
countably additive, then Arzeld’s Theorem B follows immediately by observing
that

£(lim sup D,) = lim sup {(D,) = 6§ > 0.
n—r 0 fn— o

In the axiomatic approach to the theory of integration, Arzeld’s theorem in
one form or another is taken as one of the basic axioms. For instance, in abstract
measure theory (see [18], Chap. 2) it appears in the form of the axiom that mea-
sures are countably additive. One of the basic axioms introduced by Daniell
(see [7], [3] and [18], Chap. 3), in his functional approach to the theory of
integration, is Arzeld’'s theorem for decreasing sequences of functions that de-
crease everywhere to zero. The extension procedures of the theory of integration
for abstract measures as well as for abstract integrals are such that all the
axioms are preserved unter the extension. Consequently, the general dominated
convergence theorem for the extended integral in the abstract theory of integra-
tion is relatively easy to prove. The situation, however, is quite different in the
more elementary theories of integration. For instance, in the theory of the
Riemann integral the concept of a Riemann-integrable function and the value of
its integral is usually defined at the outset before the basic properties of the
interval function, which measures the length of an interval, such as countable
additivity or even additivity have been established. This is the main reason why
Arzeld's theorem for the Riemann integral has the reputation of being difficult to
prove without using results from the theory of Lebesgue measure. On the other
hand, in the theory of Lebesgue integration the countable additivity property of
the Lebesgue measure is one of the first basic results which are established. The
Arzeld-Lebesgue dominated convergence theorem follows then rather easily.
This state of affairs may account for the fact that the search for an “elementary
proof”, roughly meaning, independent of the theory of Lebesgue measure, for
Arzeld's theorem is still on. A number of elementary proofs were published by
F. Riesz [15] in 1917, by L. Bieberbach [4] and E. Landau [10] in 1918, by F.
Hausdorff [9] and H. S. Carslaw [6] in 1927, by H. A. Lauwerier [11] in 1949,
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by J. D. Weston [16] in 1951, by W. F. Eberlein [8]in 1957, and by the present
author [12] in 1961, respectively. Incidentally, in 1897, independently of C.
Arzeld, W. F. Osgood [13] rediscovered Arzeld’s theorem for continuous func-
tions.

A few words concerning the known elementary proofs seem to be in order.
L. Bieberbach gave a new and more elementary proof of Theorem B, and showed
once more how to derive Arzeld’s theorem from Theorem B. It seems that
Arzeld’s original proof of Theorem B (see [1], pp. 532-537) contained a gap
which he filled later (see [1], pp. 596-599). A more detailed account of Arzeld’s
investigations can be found in [2]. E. Landau [10] gave an elementary and
short proof that Theorem B implies Theorem A, thereby improving in part,
Bieberbach'’s proof for Arzela’s theorem. F. Riesz [15] was the first to give a real
elementary proof of Arzeld’s theorem for continuous functions. He based his
proof on Dini’s uniform convergence theorem for monotone sequences of con-
tinuous functions rather than on Theorem B. F. Hausdorff [9] showed that
Dini’s theorem could also be used to obtain Arzeld’s theorem for Riemann-
integrable functions. But Hausdorff’s proof seems to contain an error, which we
shall discuss in more detail below. In [6], H. S. Carslaw presents his own version
of the Bieberbach-Landau proof, which he remarks had gone unnoticed until
that time in the English speaking world. In a footnote in the same article ([6],
p. 438) Carslaw asks whether there exists also an elementary proof of a general-
ization of Arzeld’s theorem due to W. H. Young [17]. An affirmative answer to
this question is presented in the final section of the present article. H. A.
Lauwerier [11] uses a form of Egoroff’s theorem, but where he refers to Jordan
content he really means Lebesgue measure. From a pair of inequalities for upper
and lower integrals combined with an argument which could be used to prove
Theorem B, J. D. Weston [16] obtains still another proof of Arzeld’s theorem.
W. F. Eberlein [8] proves Arzeld’s theorem for Radon measures, defined on the
space of real continuous functions on a compact Hausdorff space. Eberlein’s
proof is completely different from the proofs we have discussed so far. It is
geometric in nature in that it is based on the parallelogram law and the minimal
distance property for convex sets in inner product spaces. It is strongly recom-
mended for study to the interested reader. In [12], the present author proves
Arzeld’s theorem for the abstract Riemann integral. It rests on a simplified
version of a modification, due to I. Amemiya, of a technique used by F. Riesz in
[15].

Despite the availability of this variety of elementary proofs for Arzeli’s
theorem, the present author finds that in most textbooks on analysis, whose
authors have chosen to treat the Riemann integral rather than the Lebesgue
integral, Arzeld’s theorem is not mentioned, or, if it is mentioned, it is rarely
accompanied by a correct proof or by any proof at all. In view of this, we should
like to make one more attempt to show that Arzeld’s theorem for the Riemann
integral can be proved in an elementary fashion. By searching through the
literature the author discovered that his new proof is essentially the same as
Hausdorff’s proof published in 1927. But with the important exception that at
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one point, where Hausdorff gives an incorrect inductive argument, the present
author gives a simple direct argument which constitutes the main part of the
proof of Lemma 2.2 below.

2. An elementary proof of Arzeld’s theorem. Any proof of Arzeld’s theorem
depends in no small measure on how the Riemann integral is introduced. We
shall assume in the rest of the paper, that a bounded real function on a bounded
and closed interval is Riemann integrable if its lower Darboux integral is equal
to its upper Darboux integral, and that the value of its integral is equal to the
common value of its lower and upper integrals. Furthermore, we assume that
the reader is familiar with the DINI UNIFORM CONVERGENCE THEOREM: Each
monotone sequence of continuous functions that converges pointwise to a continuous
Sfunction on a bounded and closed interval is uniformly convergent. We shall also use
the following notation: [a, b] denotes the bounded and closed interval
{x:aéxéb}; Bla, b] denotes the family of all bounded functions on [a, b];
Cla, b] denotes the family of all continuous functions on [a, b]; R[a, b] denotes
the family of all Riemann-integrable functions on [a, b];

f;bf(x)dx and 1bf(x)dx

denote the lower and upper Darboux integrals of a function fEB]a, b] respec-

tively. By a step function we mean a finite linear combination of characteristic
functions of intervals of finite length.

The proof of Arzeld’s theorem will be based on the following two lemmas:

(2.1) LEMMA. For each 0SfEB[a, b] and for each >0, there exists a con-
tinuous function = Ca, b] satisfying 0S g <f and

j;bf(x)dx = j;bg(x)dx + e

Proof. From the definition of the lower integral it follows that for each ¢>0
there exists a step function s on [a, b] satisfying 0 <s <fand

fabf(x)dx = fbs(x)dx—l-e/Z.

a

It is easy to see that s can be transformed into a trapezoidal function g, such that

0=g=<sand [%s(x)dx <J? g(x)dx-+¢/2. Hence, there exists a continuous function
gECla, b] satisfying 0 g <fand

fabf(x)dx é];bg(x)dx+e;

and the proof is finished.

(2.2) LEMMA. Let {f.} be a decreasing sequence of bounded functions on
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[a, ], If limpaw fa(x) =0 for all xE [a, b], then

a

b
lim f fa(x)dx = 0.

Proof. 1t follows from (2.1) that for each €>0 and for each #, there exists a
continuous function g,& C[a, b] such that 0= g, <f, and

b b
[ rwe < [ gyint o2

For each 7, we set k,=min(gi, gz, - * *, g). Then 0=k, g, <fn, l.&ECla, b],
and the sequence {h,.} decreases to zero everywhere on [, b]. Hence, by Dini's
uniform convergence theorem, the sequence {hn} converges uniformly to zero
on [a, b], and consequently lim [% %,(x)dx =0. The proof of the lemma will be
finished if the following inequalities are established. For each #,

b b
(2.3) 0= f fa(x)da = f ha(x)dx 4 (1 — (1/27)).
To this end, we shall first prove the following inequalities. For each #,

n—1
(2.4) 0= gn b+ 2 (max(gs, - -+, gn) — g0
fa=1

The inequalities (2.4) follow easily by observing that for each 1 £7<n,

0 _S_ &n = gt+ (gn—gl) é gi+(ma‘x(gi; st )gn) —gt)
n~1

< g+ 2 (max(gs, - - -, g0) — 20,
i=1
so (2.4) follows. From max(g;, * - +, ga) Smax(fs, * - -, fa) =/ it follows that

[ b b
[ s@inz [ maxtes s 00 - gix+ [ o,
SO

b b b
[ maxtas - 00~ gdie = [ @y~ [ giti 5 2

fori=1,2, - - -, n. Hence, by (2.4), for each #,

n—1

b b b
(2.5) f gu(@)dx £ | ha(x)dx + D e/2i = f Bo(x)dx + e(1 — (1/2771)).
a a i=1 a
Finally, [?f.(x)<J? gu(x)dx+e¢/2" and (2.5) imply (2.3), and the proof is
finished. ~

REMARK. The reader does well to observe that Lemma 2.2 for Riemann
integrable functions is already Arzela’s theorem for monotone sequences.
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We shall now turn to the proof of Arzeld's theorem.

To this end, it is no loss in generality to assume that 0 <f,(x) S M for all
and for all xE [a, b] and that f(x) =limg.. fa(x) =0 for all & [a, b]. For each #,
and for each x€ [a, b], we set p,(x) =supszo (fa+x(x)). Then 0 Sfn S p. and the
sequence {p,,} decreases everywhere to zero on [a, 5]. Indeed, 0=1lim,. fa(x)
=lim sup fu(x) =limgs, pa(x) for all xE [a, b]. Hence, by Lemma 2.2,

700

b

lim Pa(x)dz = 0,

n— o a
and so, 0Slimpae 3 fa(®)dx Slimpne, f2 pa(x)dx =0, that is, limg.. [5 fa(x)dx
=0, and the proof is finished. -

One may perhaps feel that the above proof follows too closely the corre-
sponding proof of the dominated convergence theorem for the Lebesgue integral
and that an elementary proof of Arzeld’s theorem should deal with Riemann
integrable functions only. We will show that this is possible. It is clear that
Lemma 2.1 can be shown to hold for Riemann integrable functions in exactly the
same way. With respect to Lemma 2.2 the situation is somewhat different. For
Riemann integrable functions we can avoid the inequalities (2.4) and prove the
inequalities (2.3) directly as follows: We shall use the same notation as in the
proof of Lemma 2.2 with the extra hypothesis that the functions f, are Riemann
integrable. Since the sequence { f,.} is decreasing, we have for each =, f.
=min(fy, - - -, fx), and so

0= fo—ln= min(fl; e :fn) ~— min(gy, - - -, gn) = Z (f“ — g)-

t=1

Hence, for each #,

0= f fal®)ds --f ha(x)dx = "2 (fi(x) — gi(x))dx = ie/Z“
a a i=1v a f=1
=¢e(1 — (1/27).

Since the lower integral is not subadditive but superadditive, the above method
cannot be used to prove Lemma 2.2. That is why we had to introduce the in-
equalities (2.4) to obtain (2.3). It is also this point, where Hausdorff's proof is in
error.

Having established Lemma 2.2 for Riemann integrable functions, we have,
in fact, proven Arzeld’s theorem for monotone sequences. The next question
which we have to answer is whether we can deduce Arzeld’s theorem directly
from its special case for monotone sequences. It is not without interest that this
is indeed true. This fact is contained in the paper by F. Riesz [15] as well as in
the paper by W. F. Eberlein [8]. For the sake of completeness we shall show
how this can be done. In order to bring out more dramatically that Arzeld’s
theorem is a logical consequence from the special case for monotone sequences,
we shall adopt the following abstract setting:

Let X be a non-empty set, and let L be a linear space of real functions defined
on X, satisfying f& L implies ! f ] € L. The latter condition implies that for every
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finite set of elements {f1, LI fn} of L, max(fi, - -+, fo)&EL and min
(f, + + +, fa) EL. A positive linear functional I on L is called an integral when-
ever I has the following property:

(2.6) If 0=f.EL for each n, and the sequence { f,,} decreases to zero everywhere
on X, then lim,., I(fa) =0.

It is obvious that (2.6) is Lemma 2.2 for I and L. We shall now show that
(2.5) implies the following (abstract) Arzela-type theorem:

(2.7) THEOREM. Let fE L be the limit of an everywhere on X convergent sequence

{ fa} of elements of L. If there exists an element 0 < gE L satisfying I f,,(x)| Sg(x)

for all xE X and for all n, then for every integral I on L we have limp,o 1 (] fu—f | )
=0. In particular, lim,., I(fz) = I(f).

Proof. By considering the sequence {I fu(x) -—f(x)] }, which satisfies [ fn(x)
—f(x)| §|f(x)l +g(x) for all x€X and for all #, where |f| +g&EL, we may as-
sume without loss of generality that f,(x) 20 for all *&€X and for all » and that
f(x) =0forallxEX. Following F. Riesz [15], we set g,,» =max(fa, fat1, * * * » f)
for each pair of indices m=#n. Then 0=g,.EL and 0=g,.=g for all m=n.
Furthermore, for each #, the sequence {gm_n}, and consequently, the sequence
{I (gm,n) } is increasing and bounded in m > #n. Hence, for each ¢ >0 and for each
n there exists an index m, > #n such that m, <, and

(2.8) 0= I(gn,k) - I(gn,m ) = 5/2"7
for all 2= m,. For the sake of simplicity we set #, = gu.m,. Then

0 = lim sup #,(x) = lim sup f.(x) = lim f,(x) = 0

for all x&X implies that lima.,, #.(x) =0 for all xE€X. If we apply the inequali-
ties (2.4) to the sequence {#, }, we obtain for each #,

n—1
(2.9) 0= fuS s £ min(uy, « « «, ta) + 2, (max(ui, « + -, #n) — ).

i=1
Since max(ui, « « +, Ua) —us=max(f, * * *, fmn) —%i=Li,mg— Livm;y and mp >m;
for n>1, we conclude that I((max(us, - « -, #a) —u;)) <e€/2% for 1 £7<n, and so,
by (2.9), for each #,

(2.10) 0= I(fa) S I(min(uy, - - -, %)) + (1 — (1/2)71).

From limp,e #,(x)=0 for all x&EX, it follows that the sequence
{min(ul, ey, u,,)} decreases everywhere to zero on X. Hence, by hypothesis,
limp,e I(min(sy, -+ -, #,))=0, and finally, using (2.10), we obtain that
limp,e I(fz) =0, and the proof is finished.

REMARK. Itis not difficult to convince oneself that the above proofs can be so
modified as to obtain Arzeld’s theorem for Riemann integrable functions of
several variables. For the Riemann-Stieltjes integral, Arzeld’s theorem also
holds provided it is introduced in such a way that (2.1) and (2.2) hold. For this
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purpose, it is necessary and sufficient that the Stieltjes measure for intervals is
defined in such a way that it is a countably additive interval function. In that
case, the proofs of (2.1) and (2.2) remain the same. Conversely, (2.2) implies the
countable additivity property of the Stieltjes measure.

3. Fatou’s lemma for the Riemann integral. In the theory of Lebesgue
integration, Fatou’s lemma plays an important role. The analogous result for the
Riemann integral will follow easily from the following lemma.:

(3.1) LEMMA. Let 0SfER[a, b] be the limit of an everywhere convergent
sequence { fa} of non-negative Riemann integrable functions on [a, b]. Then

lim b(f(x) — falx))tdx = 0,

n—0

where (f(x) —fa(x))* =max(f(x) —fa(x), 0) for all x < [a, b].

Proof. Since the functions fa, f are non-negative it follows that f(x) —f.(x)
<f(x) for all xE [a, b]. Hence, (f(x) —fa(x))* <f(x); and the result follows from
Arzeld’s theorem.

(3.2) TEEOREM. (Fatou’s lemma for the Riemann integral). Under the same
hypotheses of (3.1), we have

b b
0= f f(®)dx = lim inf | fu.(x)d=.

n—w

Proof. Observe that f= (f —fa) +fa = (f—fa)*+fa for all n. Hence, by (3.1),

f bf(x)dx < lim inf (f b(f(x) ~ fa(x))*tdx + f bf,,(x)dx) = lim inf bf,,(x)dx,

n—> 00 7n— o

and the proof is finished.
From (3.1) we can also deduce the following result supplementing Fatou's
lemma:

(3.3) THEOREM. Under the same hypotheses of (3.1), and [of(x)dx =limyae
J2 fu(x)dix, we have limun, [3 | f(x) —fau(x)| dx=0.

Proof. From (3.1), the new hypothesis, and
f&) = fa(®) = (f(®) = fal@))* — (f(&) — fa(2))~

for all #, it follows that limu., J2 (f(x) —fa(x))~ dx=0, where (f(x)—fa(x))~
=max(— (f(x) —fa(*)), 0), *E [a, b]. Hence

im [ 10) ~ fut@) | 0

a

—tim ("0 - ryran+ / ) — e d) = o,

N> 0

and the proof is finished.
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4. W. H. Young’s extension of Arzeld’s theorem. In [17], Test 6, p. 316,
W. H. Young gave an extension of Arzeld's theorem for the Lebesgue integral,
which appears as a problem about term-by-term integration in [5], Example
22, p. 144. In [6], Carslaw asks whether there exists a simple proof for Young’s
result. Since the result of Young is interesting in itself, we shall present it here
supplied with an elementary proof.

(4.1) TueorEM (W. H. Young). Assume fn, g1, and h.&R [a, b] for each n and
that the sequences { fa } , { g,,} and {h,.} converge everywhere on [a, b] to the Riemann
integrable functions f, g, and h, respectively. If hn Sfn < gnfor each n, and passage of
the limit under the integral sign for the sequences {g.}, {ha} is possible, that is,
limpse [2 g2u(x)dx = [2 liMpse g (x)dx = [ g(x)dx and limase [2 Ba(x)dx = [T limpe
ha(x)dx=[2 h(x)dx, then the same holds for the sequence {f, } , that s, lim,,.
fz fa(x)dx =fz limpo e fa(x)d =.[Zf(x)dx-

For the case that k,(x) = — M and g,(x) = M for all #» and for all xE [a, 5],
where M is a positive constant, Young’s theorem reduces to Arzeld’s theorem.

We shall now show that Young’s theorem follows from Arzeld’s theorem,
Theorem 3.3 and the following lemma:

(4.2) LEMMA. If 0=u, v, and wER|a, b] satisfy 0<Su <v-+w, then u can be
written in the form u =uy+us, where 0 Suy =0, 02 us Sw, and uy, e &R [a, b].

Proof. Let #;=min(%, v) and let us=#—u;. Then 0wy <vand 0Sue=u—u,
=min (%, v+w) —min(%, v) Sv+w—v=w. Since min («, v) =3(u+v— [ u —vl ) it
follows that ;R [a, b], and so also u; =u—u; ER[a, b], finishing the proof.

We shall now turn to the proof of Young’s theorem. From £,<f.<g, it
follows that 0=fo—lnSgn—bn=gi—hy—(g—h)+(g—Fh). Observe that the
sequence {g.—"a } satisfies the hypotheses of Theorem 3.3, and so, by setting
Up = | Zn—hn —g—l—h| for each n, we conclude that

b
(4.3) lim #,(x)dx = 0.

f— oo a

Then 0=f, —f—h,.—l—féun—i-lg——hl for all n. Hence, from (4.1) it follows that
0=fo—f—ln+f=0.+w, for all n, where 0=v,, w,ER[a, 0], 050, Su,, and
0<w.<|g—h| for all #. Since limu., %.(x) =0 for all & [a, b] it follows that
limp.e wa(x) =f(x) —h(x) for all xE[a, b]. Then 0=Sw, < I g——hl €R|a, b] for all
n implies, by Arzeld’s theorem,

(4.4) '}Lrg fbw,,(x)dx=fabf(x)dx—-j;bh(x)dx.

a

Hence, by (4.3) and (4.4) we have
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tim ([0 i — [ “mgas+ [ bf(x)dx)
(4.5) ¢ ¢ ¢ \ ,
= j; f(x)dx —fa h(x)dx.

From the hypothesis limpe [2 ka(x)dx = [} h(x)dx and (4.5) it follows finally
that limy..e [3 (f(x) —f(x))dx exists and is equal to zero, and the proof is finished.

REMARK. The reader will have no difficulty in showing that if, in addition,
the sequences {g,}, and {£,} satisfy limpae J2 | Ba(x) —h(x)|dx=0 and

limpae f2] g2 (x) —g(x)| dx =0,
then the sequence {f.} also has the property limu. f? |fa(x) ~f(x)|dx=0.
Work on this paper was supported in part by NSF grant GP 23392.

References

1. C. Arzel3, Sulla integrazione per serie, Atti Acc. Lincei Rend., Rome, (4) 1 (1885), 532~537,
596-599.

2. , Sulle serie di funzioni, Mem. Inst. Bologna (5), 8 (1900) 131-186 and 701-744.

3. S. Banach, The Lebesgue integral in abstract spaces, note in S. Saks, Theory of the Integral,
Warsaw 1933 and New York 1937, 320-330.

4. L. Bieberbach, Uber einen Osgoodschen Satz aus der Integralrechnung, Math. Z., 2 (1918)
155-157.

5. T. J. I'A. Bromwich, An Introduction to the Theory of Infinite Series, sec. ed. rev., London
1926.

6. H. S. Carslaw, Term-by-term integration of infinite series, Math. Gaz., 13 (1927) 437-441.

7. P.J. Daniell, A general form of integral, Ann. of Math., 19 (1917) 279-294.

8. W. F. Eberlein, Notes on Integration I: The underlying convergence theorem, Comm. Pure
Appl. Math., 10 (1957) 357-360.

9. F. Hausdorff, Beweis eines Satzes von Arzela, Math. Z., 26 (1927) 135-137.

10. E. Landau, Ein Satz {iber Riemannsche Integrale, Math. Z., 2 (1918) 350-351.

11. H. A. Lauwerier, An elementary proof of the Arzeld-Osgood-Lebesgue theorem, Simon
Stevin, 26 (1949) 177-179 (Dutch).

12. W. A. J. Luxemburg, The abstract Riemann integral and a theorem of G. Fichtenholz on
equality of repeated Riemann integrals. IA and IB, Proc. Ned. Akad. Wetensch. Ser. A 64 (1961)
516-545 =Indag. Math., 23 (1961).

13. W. F. Osgood, Non-uniform convergence and the integration of series term-by-term,
Amer. J. Math., 19 (1897) 155-190.

14. B. Riemann, Uber die Darstellbarkeit einer Funktion durch eine trigonometrische Reihe,
Habilitationsschrift 1854, Abhandl. Gott. Ges. Wiss., 13 (1868) Gesammelte Werke, 1892, 227264,
New York 1953.

15. F. Riesz, Uber Integrationen unendlicher Folgen, Jber. D. Math, Verein., 26 (1917)
274-278.

16. J. D. Weston, Inequalities for Riemann-Stieltjes integrals, Math. Z., 54 (1951) 272-274.

17. W. H. Young, On semi-integrals and oscillating successions of functions, Proc. London
Math. Soc., (2) 9 (1910) 286-324.

18. A. C. Zaanen, An Introduction to the Theory of Integration, sec. ed., Amsterdam 1967,

This content downloaded on Thu, 24 Jan 2013 12:49:12 PM
All use subject to JISTOR Terms and Conditions



http://www.jstor.org/page/info/about/policies/terms.jsp

	Article Contents
	p. 970
	p. 971
	p. 972
	p. 973
	p. 974
	p. 975
	p. 976
	p. 977
	p. 978
	p. 979

	Issue Table of Contents
	The American Mathematical Monthly, Vol. 78, No. 9 (Nov., 1971), pp. 941-1066
	Front Matter [pp. ]
	Some Recent Results on Topological Manifolds [pp. 941-952]
	Reminiscences of an Octogenarian Mathematician [pp. 952-961]
	Algebraic Characterization of Some Classical Combinatorial Problems [pp. 961-970]
	Arzelà's Dominated Convergence Theorem for the Riemann Integral
[pp. 970-979]
	The Crises of the Mathematical Sciences, and Why No One Group Can Solve Them [pp. 980-987]
	Correction to "Summation of the Series 1<sup>n</sup> + 2<sup>n</sup> + ⋯ + x<sup>n</sup> Using Elementary Calculus" [pp. 987]
	Addendum to "A Proof of the Newton-Cotes Quadrature Formulas with Error Term" [pp. 988]
	Mathematical Notes
	On a Functional Equation [pp. 988-990]
	Permutations Arranged Around a Circle [pp. 990-992]
	A Group Whose Squares Generate a Dicyclic Group [pp. 992-993]
	Characterizing the Circle [pp. 993-996]
	Rational Numbers Generated by Two Integers [pp. 996-997]
	Maximal Homeomorphisms [pp. 998-1000]

	Research Problems
	How Many Magic Configurations are There? [pp. 1000-1002]

	Classroom Notes
	The Cayley-Hamilton Theorem Via Complex Integration [pp. 1003-1004]
	Some Examples in Homology Theory [pp. 1005-1006]
	Subgroups of a Supersoluble Group [pp. 1007]
	Indefinite Cut Sets for Real Functions [pp. 1007-1010]
	Closed Subgroups of a Locally Compact Group [pp. 1011-1012]

	Mathematical Education
	A Study of Secondary Mathematics Teachers: What Influences Them to Leave the Profession? [pp. 1012-1016]
	Mathematics Curricula for Developing Countries [pp. 1017-1019]

	Problems and Solutions
	Elementary Problems: E2319-E2324 [pp. 1019-1020]
	Solutions of Elementary Problems
	E2239 [pp. 1020-1021]
	E2262 [pp. 1021-1022]
	E2263 [pp. 1022-1024]
	E2264 [pp. 1024-1025]
	E2265 [pp. 1025]
	E2266 [pp. 1026-1027]

	Advanced Problems: 5820-5825 [pp. 1027-1028]
	Solutions of Advanced Problems
	5751 [pp. 1028-1029]
	5756 [pp. 1029-1030]
	5757 [pp. 1030-1031]
	5758 [pp. 1031-1032]
	5759 [pp. 1032]
	5760 [pp. 1032-1033]

	Unsolved Problems [pp. 1033]

	Reviews
	Review: untitled [pp. 1034-1035]
	Review: untitled [pp. 1035]
	Review: untitled [pp. 1036]
	Review: untitled [pp. 1036-1037]
	Review: untitled [pp. 1037]
	Telegraphic Reviews [pp. 1038-1045]

	News and Notices [pp. 1046-1047]
	Mathematical Association of America: Official Reports and Communications
	The Fifty-Second Summer Meeting of the Association [pp. 1047-1048]
	First Session of the Association [pp. 1048-1049]
	Second Session of the Association [pp. 1049]
	Third Session of the Association [pp. 1050]
	Fourth Session of the Association [pp. 1050-1051]
	Special Sessions of the Association [pp. 1051]
	Meeting of the Board of Governors [pp. 1052-1054]
	Business Meeting of the Association [pp. 1054-1055]
	Meeting of the Section Officers [pp. 1056-1060]
	Meetings of Other Organizations [pp. 1060-1061]
	Arrangments, Entertainment, and Recreation [pp. 1061]
	May Meeting of the Missouri Section [pp. 1062]
	May Meeting of the Rocky Mountain Section [pp. 1062-1063]
	CUPM and the Mathematical Social Science Board [pp. 1063]
	Academic Members Elected into the Association [pp. 1064]
	Report of the Treasurer for the Year 1970 [pp. 1065]
	Calendar of Future Meetings [pp. 1066]
	Future Meetings of Other Organizations [pp. 1066]

	Back Matter [pp. ]



