CAUCHY-BINET

JANUARY 6, 2009

Theorem 0.1. (Cauchy-Binet) Let A be a k x n matriz and B be an n x k
matriz. Then

det(AB) Zdet J))det(B(J)),

where J = (j1,j2, -, Jk)s 1 < j1 < ja < -+ < jx < n, runs through all such
multi-indices, A(J) denotes the matriz formed from A using columns J (in
that order), and B(J) denotes the matriz formed using rows J of B in that
order.

Proof. By definition of matrix product

> =101 - D00 g arbik
det AB = det : : :
2?1:1 akj bjin - Z?kzl gy, bjpk
n
= Z det(A(jl,jz, e 7jk)bj11bj22 e bjkka
Jseensdk=1

by the multi-linearity of the determinant. Since det(A(j1,jo, ..., jx) = 0if
the indices j; are not all distinct, only those sets of indices occur in the sum.
For a fixed multi-index J' = (j1, 55, ..., ;) with 1 < ji <jhb<---<j. <n
and J some multi-index with these indices in some order, let j; = Jo(i) Where
o is a permutation of [k]. Then

det(A(j1, J2, - - -, Jk) = sgn(o) det(A(F1, by - - -5 )
Now let J’ be fixed, and sum over all J which are permutations of J’. Let
7 be the inverse of 0. Then j; = jo ;) = j’T(i). So the sum multiplying

det(A(f1, 73, - - -, Jx) = det(A(J")) is
ngn J (1)1 Ty (2)2 ”bj,ﬂk)k
- ngn T ji<1)1 j/7<2>2 o bji(k)’“
T

= det B(J').

Hence
det(AB) Zdet )) det(B(J")).
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2 Cauchy-Binet

Corollary 0.1.
det AAT = "(det A(J))*.
J
Here’s an application.
Corollary 0.2. Let IT be a k-parallelepiped in R™ and let I1; be the orthogo-

nal projection of Il onto the k-dimensional subspace spanned by the xj azes.
Let my = u(I1y) be the k-dimensional measure of this k-parallelepiped. Then

(n(ID)? = “m3 =" p(ily)*.
J J

Proof. Recall that if vi,vs,...,v; are the k row vectors which are the span-
ning edges of IT and V' is the k£ x n matrix defined by

U1
V=1.],
Uk

then the measure of IT is Vdet VVT. Now use the previous corollary and in-
terpret each term in the sum as the square of the measure of a k-parallelepiped
in R”. O

This is a sort of Pythagorean theorem, generalizing the length (1-dimensional
measure) formula for a line segment in R".

Application 0.1. Let the surface S in R* be defined by the parameterization
(z,y) = (z,y, f(x,y),9(x,v)), (x,y) € D C R%. Then the area of S is

1/2
2 2 2 2 3(f79) ?
/D(1+fz+fy+gm+gy+<a(x’y)))) dzxdy.

The general result for this type of parameterization is as follows. Let (x1,xo, ..., x) =
g € D C RY and let (fi(xk),..., fm(zk)) = fu(zr) be an M-tuple of
differentiable functions defined on D. Let M = {(xk, fu(2k) : xx € D}.

Then the k-dimensional measure of M 1is

1/2

/D 1+ Z <8fl>2 dr .

oxy
LJ1<|I|=|J|<k



