
Series Stuff

Theorem 1 (Root Test). Cauchy, 1821. Let
∑

an be a series with an ≥ 0. Let r = lim
n→∞

a1/nn .

1. If r < 1 the series converges.

2. If r > 1 the series diverges.

Proof. 1. If r < 1 there is a number c < 1 so that if N is large enough an ≤ cn so the series converges
by comparison to the geometric series

∑
cn.

2. If r > 1 then for infinitely many indices n, an > 1 so the terms an 6→ 0. Hence
∑

an does not
converge.

Corollary 1. Let
∑

an be a series. Let r = lim
n→∞

|an|1/n.

1. If r < 1 the series converges absolutely.

2. If r > 1 the series diverges.

Proof. If r < 1 the series
∑
|an| converges. If r > 1, by the proof of the theorem, for infinitely many

indices n, |an| > 1 so the terms an do not go to 0.

Theorem 2. Let an > 0. Then

lim
n→∞

an+1

an
≤ lim

n→∞
a1/nn ≤ lim

n→∞
a1/nn ≤ lim

n→∞

an+1

an
.

Hence if lim
n→∞

an+1

an
= L then limn→∞ a

1/n
n = L.

Proof. The middle inequality is obvious. I’ll prove the first inequality. Let c = lim
n→∞

an+1

an
. If c = 0 there is

nothing to prove so assume c > 0. Let d be any number with c > d > 0. Then there is N so that if n ≥ N

an+1

an
> d.

Multiplying these inequalities and taking nth roots we get

an
aN

> dn−N (1)

a1/nn > d
(
aNd−N

)1/n
. (2)

Now let n→∞ to get
lim
n→∞

a1/nn ≥ d.
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But d was any number less than c. So

lim
n→∞

a1/nn ≥ c = lim
n→∞

an+1

an
.

Theorem 3 (Ratio Test). D’Alembert, 1768. Let an > 0.

1. If lim
n→∞

an+1

an
< 1,

∑
an converges.

2. If lim
n→∞

an+1

an
> 1,

∑
an diverges.

Proof. Use Theorems 1 and 2.

These results prove that if the ratio test implies converence or divergence then the root test would also
have given the same answer (root test is better than the ratio test.)

Theorem 4 (Condensation Test). Cauchy, 1821. Let an ≥ an+1 ≥ 0. Then∑
an <∞ ⇐⇒

∑
2na2n <∞.

Proof. I’ll prove one direction. By comparison

1

2
(20a1 + 21a2 + 22a4 + 23a8 + . . . ) ≤ 1

2
a1 + a2 + (a3 + a4) + (a5 + a6 + a7 + a8) . . . ,

implies that if a1 + a2 + (a3 + a4) + (a5 + a6 + a7 + a8) · · · <∞ then
∑

2na2n <∞.

Corollary 2. ∑ 1

n
diverges.

Proof.
∞∑
n=1

2n
1

2n
=

∞∑
n=1

1 =∞.

Theorem 5. e is irrational.

Proof. It’s easy to show that

0 < e− (1 + 1 + 1/2! + 1/3! + · · ·+ 1/n!) = 1/(n + 1)! + 1/(n + 2)! + . . .

<
1

(n + 1)!
(1 + 1/(n + 1) + 1/(n + 1)2 + 1/(n + 1)3 + . . .

=
1

n · n!
.

Suppose e = m/n. Now multiply by n! to get

0 < m · (n− 1)!− (n! + · · ·+ 1) < 1/n.

Since the middle term is an integer this is a contradiction.
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