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ON CUBIC LACUNARY FOURIER SERIES

JOSEPH L. GERVER

ABSTRACT. For 2 < 3 < 4, we analyze the behavior, near the rational points
x =pr/q, of 07 n~P exp(izn®), considered as a function of z. We expand
this series into a constant term, a term on the order of (z — pr/q)(P~1/3 a
term linear in & — pm/q, a “chirp” term on the order of (z — pr/q)(26—1/4
and an error term on the order of (z — pr/q)?/2. At every such rational point,
the left and right derivatives are either both finite (and equal) or both infinite,
in contrast with the quadratic series, where the derivative is often finite on
one side and infinite on the other. However, in the cubic series, again in
contrast with the quadratic case, the chirp term generally has a different set
of frequencies and amplitudes on the right and left sides. Finally, we show
that almost every irrational point can be closely approximated, in a suitable
Diophantine sense, by rational points where the cubic series has an infinite
derivative. This implies that when 3 < (v/97 —1)/4 = 2.212...., both the real
and imaginary parts of the cubic series are differentiable almost nowhere.

I. INTRODUCTION

The function

(1.1) F(z) = z:n_Qei’”"2
n=1

has been much studied over the past 140 years. It was first investigated by Reimann
in an apparent attempt to construct a continuous nowhere differentiable function.
Riemann seems to have anticipated much of the later work on this function, but he
never published anything on the subject, and although Cristoffel was apparently
familiar with Riemann’s results [I], they were later forgotten for a century, until
Neuenschwander [16] discovered a reference to these results in the diary of Casorati.

Meanwhile, the same results were found independently by Hardy [7] and the
author [5], [6]: that F'(z) has a derivative of —%i at x = pr/q, where p and ¢ are both
odd integers, and is differentiable nowhere else. Interest in F(x) increased about
twenty years ago, when Mohr [15], and then Itatsu [11], succeeded in simplifying the
proofs in [5]], [6], and [7]. Over the past decade, a number of people have simplified
the proofs further by use of the wavelet transform, starting with Holschneider and
Tchamitchian [10], and continuing with Duistermaat [2|, Jaffard [12], and Meyer
[13]. (Duistermaat’s paper is an excellent self-contained exposition of this method.)
As a result of this work, it is now known that F(z) is C'/? everywhere, and C3/4~
almost everywhere for each € > 0, but C3/4 nowhere except where it has a derivative,
in which case it is C3/27¢ for all € > 0 but not C3/2,
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An obvious generalization is
o .
(1.2) Fg(x) =Y n P,
n=1

We are interested in the case where « is an integer > 2 and [ a real number
> 1. It is clear, by termwise differentiation, that F 5 (z) is everywhere differentiable
if 8> a+ 1. Luther [I4] showed that Fg(z) is nowhere differentiable if § <
a — 1. Not much is known when v — 1 < § < a + 1. Hardy showed that Fg(x)
is almost nowhere differentiable when 8 < 2. Queffelec [17] proved that FS(z) is
differentiable on a dense set (namely at © = pm/q, where p and ¢ are both odd),
and it is straightforward to extend this result to Fg(z) when 8 > o — 1. (Luther
[14] showed that Fi§(z) has no derivative at x = pr/q when 8 < o — ) It can
also be established easily by standard methods that Fg (z) is non-differentiable on
a dense set (namely x = pr/q, where p and ¢ are not both odd) if 5 < 3.

Thus when o = 2, we cannot even say what happens almost everywhere if
< B < 3. When a > 2, we cannot say what happens almost everywhere if
-1<p<a+l

One difficulty is that the behavior of Fg§(z) at the rational point z = pr/q
depends on the value of the sum

2q
(1.3) > emrkt/a
k=1

5
2
o

If this sum is zero, and 8 > o — %, then Fg(m) has a derivative at x = pr/q. If the
sum is not zero, and # < a + 1, then F§(z) has an infinite left or right derivative
there.

It is easy to see that (1.3) must be zero if p and ¢ are both odd. For then pk®
and p(q + k) have opposite parity, whence

(1.4) p(qg+ k) = g+ pk® mod 2¢
and
(1.5) o™k /a  omip(a+k)®/a — ()

foreach k, 1 <k <gq.

What happens when p or ¢ is even is completely understood only in the case
a = 2. Then (1.3) is a Gauss sum, equal to +,/q or £,/gi when p is even and ¢
odd, and equal to \/q(£1=£4) when p is odd and ¢ is even. The non-differentiability
of F3(z) at the irrational points x = &m (for 3 < 3) follows from the fact that
every irrational ¢ can be closely approximated (within ¢/¢?) by an infinite number
of rationals p/q, with p or ¢ even.

When o = 3 and p is even, we have

2q . 2q i
1.6 mipk®/q — 2%( n 71"£pk/q>7
(16) D > x(3)e

k=1 k=1

where x is a cubic character. Suppose ¢ is prime. If ¢ = 2 mod 3, then y is trivial
and the sum on the right is zero. This implies that even if ¢ is composite, if it has
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at least one prime factor = 2 mod 3, and the multiplicity of this prime factor is
= 1 mod 3, then

2q
(1.7) S emirkila =g,
k=1

But the set of integers ¢ satisfying this condition has density 1, leaving a set of
density 0 for which F g () can have an infinite derivative at x = pm/q for some p.
Such p/q cannot closely approximate every irrational.

Fortunately, by a theorem of Erdés [3], almost all irrationals can be approximated
by rationals p/q with ¢ € S, provided the sum over S of ©(q)/q? diverges. This
holds if S is the set of primes congruent to 1 mod 3. For such primes ¢, we have,
for every even p not divisible by g,

2q
k.o .
X(_)emz)k/q
2x(

The real part of the above sum will be non-zero as long as the sum avoids the
imaginary axis. Changing the value of p has the effect of multiplying the sum by a
cube root of unity, so if we want F’ g (x) to have an infinite derivative at = pm/q
for all even p (where g does not divide p), then the sum

(1.8) = 2./4.

2q k
(1.9) x(— e2mik/a
; ;)

must avoid the imaginary axis and the two axes which make an angle of 7/3 with
it.

Heath-Brown and Patterson [9] have shown that the argument of (1.9), computed
for all primes ¢ = 1 mod 3, is uniformly distributed on the unit circle. (In fact, we
might as well look at (1.9) or its complex conjugate, whichever is in the upper half
plane, since (1.9) is only determined up to a complex conjugate unless we specify
which cubic character we are using. This doesn’t change anything, since we only
care about the real part.) So even after we exclude small intervals around the angles
/6, /2, and 57 /6, there are enough primes ¢ to satisfy Erdos’s condition.

We obtain the following result:

Theorem 1. Both the real and imaginary parts of the function
>0 3
Fs(x) = Z nBeizn
n=1

have no derivative at x = &m for almost all irrational numbers &, provided 3 <

(VT —1)/4=2212....

This is a bit stronger than Luther’s result [I4] that Fj(z) is differentiable nowhere
when 8 < 2. (But note that our result does not imply Luther’s, because the price
we pay for increasing [ is to replace “all” with “almost all”.) Tt is likely that the
method discussed here can be extended to § < g, perhaps even 3 < 3, but it is
hopeless for G > 3. Also, if we try to apply this technique to Fﬁa(m), then the upper
bound on (§ actually decreases as a increases, so for a > 4 we cannot improve on
Luther (even if the theorem of Heath-Brown and Patterson could be extended to
higher powers).
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The proof of Theorem 1 depends on approximating £ by rationals, and we will
make use of two theorems describing the behavior of F3(x) near rational multiples of
7. Theorem 2 describes the behavior near = 0, and Theorem 3 generalizes this to
x = pr/q. Both theorems express Fg(x) as the sum of five terms: a constant term,
a term proportional to 2(#~1/3 a linear term, a “chirp” term of order z(26—1/4,
and an error term of order z°/2. We remark that in the proofs of Theorems 2 and
3, the case 2 < 3 < 3 is handled somewhat differently from the case 3 < 8 < 4,
and only the former case is needed to prove Theorem 1.

Theorem 2. Let x > 0. If 2 < 8 < 3, then

o ixn® oo oo _jud
e 1 e —1
N L ey d
S =X T
0o - 00
. sinu B
m=1
0o 9
+ (3‘%)(26*1)/4/ 6’“‘42 du Z (2,].r7n)7(25+1)/467%\/51'(271"m)3/29£_1/2
> m=1

+0(z/?).

The same is true when 3 = 3, except that the linear term becomes —%ix, and when

3 < B <4, except that the linear term becomes

k
- 1 kF
i lim (Z e m)-
n=1
Theorem 3. If x >0 and 2 < 8 < 3, then

Fg(% + ) — Fs (%) = H 2PV ¢ Hi iz + Hf (32)20~Y/4 1 g P/

and

Fy (]% — ) - FB(%) = Hy 2P~V 4 Hyiw + Hy (32) 270/ 4 2072,

where

2q 0o iud
Hi‘r = i Zeﬂ'ipkg/q/ 76“1 5_ 1 du;
2q 1 0 u
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-1 )3
2 = (%) kzl 2 2(4-0)/)\2q
> eiu
23— 8) S (2mm)*- 43‘%< ,mmk/q —duﬂ
rnz::l 7rmk/q uP=2
1
H — )38 mipk® /q | [ 2
2 = —(2q) Ze 5~
k=1
oo eiu
-23-0) (2mm)P 4R ze*’”mk/q —du)},
rnz::l 7rmk/q uP=2
Hi = (2q)(26*3)/4/ e du

2q
(2mm) = (2B+D)/4=§ VBi2mm)Y/? (29) 2271/ Z emiPk +mk) /g

k=1

[M]8

X

3
Il

Hy = (2¢)20~9/4 / e du

—0o0

2q
x 37 (2mm) =81/ E VBT (20) 7T E N i(ph? —mh) [

k=1

[M]8

3
Il

and both HI and H, are bounded in absolute value by coqPtD/2 where ¢y depends
only on B. If 3 < B < 4, then the theorem still holds, except that

2q 4-3
4 —k
HT = E em,pk3/q<
2~ 2¢(4 - B)
t—1

+(29)°7 Jim [E% G+ 2%)376 - /ot b 2%)376 dyD

and Hy = —H;.

Although our main goal is to prove Theorem 1, we note that Theorem 3 has
some interesting consequences regarding the graphs of the real and imaginary parts
of F§(x), in contrast with F3(z), near the rational points.

Thus
o0
(1.10) Z Zsin(n?x)
has a left derivative of +o00 and a right derivative of —= at x =m7/2 (see Figure 1),

and the same thing happens (that is, the derivative is —5 on one side, and +oco or
—oo on the other side) at = pr/q whenever p is odd and ¢ is even. This kind of
thing never happens with

[e.¢]
(1.11) Z 3 sin(n’x)

n=1
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where at every rational point, there is a full derivative of 400, —o0, or —%. This is
a consequence of the fact that (1.6) is always real.
Now consider the corresponding cosine series.

(1.12) g2(x) = Z n~2 cos(n’x)
n=1

behaves much like fo(z). At some rational points, there is a full derivative of +o0
or —oo, at others a full finite derivative, at yet others a left derivative of +0c0 and
a right derivative of —oo (or vice versa), and at some a finite left derivative and
an infinite right derivative (or vice versa). The main difference between fo(x) and
g2(x) is that the finite (left or right) derivative of fa(z) is always —3, while that of
g2(x) is always zero.

With

(1.13) g3(x) = Z n~? cos(n’r),

on the other hand, if the left derivative is +oco then the right derivative is —oo
and vice versa. If the left derivative of gs(x) is finite, then it must be equal to
the right derivative, but unlike fi(x), g(x), and f4(z), when g5(x) exists, it is not
constrained to always have the same value. For example,

gs(m) =0,
dh(n/3) = ~5V3,
(1.14) g5(2m/3) = —%\/57

g4(m/5) = sin 2% — sin g,
g5(2m/5) = %sing - g sin%r
(see Figure 2).

The chirp terms are also rather different in the cubic and quadratic cases. The
chirp terms of fo(pm/q 4+ x) and ga(pm/q + x) are always /2 times a periodic
function of 7 !. Indeed, these periodic functions are linear combinations of f; and
g2 themselves (Figure 3). In the cubic case, however, the chirp terms are 25/* times
quasi-periodic functions of 2z~ /2 (Figure 4). The quasi-periodicity is a consequnece
of the fractional exponent 3 on 2wm in Hy and Hj .

Another difference is that in the quadratic case, the chirp term is always sym-
metrical. Figure 5, for example, shows fa(x) near & = 7/3; the chirp term looks the
same to the left and right of /3. But in the cubic case, the two sides of the chirp
term can look quite different. Figures 6, 7, and 8 show fs(x) progressively closer
to m/3. The chirp term is so much larger on the left side, that one must get within
107% of 7/3 before it is obvious to the eye that f3(z) even has a left derivative
there. The asymmetry is caused by the fact that in the sum at the end of H;’ the
exponent is mi(pk®+mk)/q, but in Hy it is 7i(pk® —mk)/q. Whenp =1 and g = 3,
the terms are respectively exp|[mi(k® + mk)/3] and exp[ri(k® — mk)/3], but since
k3 = k mod 6 for all k, these are equal to exp|mi(m+1)k/3] and exp[ri(m —1)k/3].
Now the sum from k = 1 to 6 of exp[mi(m + 1)k/3] is equal to 6 when m = 5 mod
6, and 0 otherwise, while the sum of exp[mi(m — 1)k/3] is equal to 6 only when
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m = 1. Therefore, the first non-zero term of the chirp function to the right of 7/3
has 5%/2 times the frequency, and 5~7/4 times the amplitude, of the first non-zero
term to the left.

0.49 05 051 0.52 053 054 055

FIGURE 1 (For all figures, the scale on the z-axis is in units of 7.)

0.9996 0.9998 1 1.0002 1.0004

FIGURE 2(a)

0.3328 0.333 0.3332 0.3334 0.3336 0.3338

FIGURE 2(b)
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0.6662  0.6664 0.6666 0.6668 0.667 0.6672
FIGURE 2(c)
0.19998 0.19999 0.2 0.20001 0.20002
FIGURE 2(d)
0.3999 0.39995 04 0.40005 0.4001

FIGURE 2(e)
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0.96 0.98 1 1.02 1.04
FIGURE 3.
0.998 0.999 1 1.001 1.002
FIGURE 4.
0.325 0.33 0.335 0.34

FIGURE 5.
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0.33 0.332 0.334 0.336 0.338 0.34
FIGURE 6.
0.333 0.3332 0.3334 0.3336 0.3338 0.334
FIGURE 7.
0.3333 0.33332 0.33334 0.33336 0.33338 0.3334

FIGURE 8.
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II. BEHAVIOR NEAR ZERO

Theorem 2, like its quadratic counterpart, is most easily proved using the Poisson
summation formula. However, since « is odd in this case, we do not have ¥(n) =
¥(—n), so the sum of ¥(n) over all integers n gives us no direct information about
the sum from n = 1 to co. Instead, following Hardy and Littlewood [8], we use a
one-sided version of the formula.

Lemma 2.1. Let ¢ : [0,00) — C be continuous and L*, and let

Y(t) = 2/0 ¥(y) costy dy.
Then - -
$(0) +2) w(n) =$(0) +2 ) (2mm).
n=1 m=1

Proof. Apply the usual (two-sided) Poisson summation formula to ¢(y) = ¥(|y|).
(I

Our main tool for putting bounds on the integrals that we get from Lemma 2.1
is the following lemma.

Lemma 2.2. Let a and b be real numbers, a < b, let r : [a,b] — Rt be C*, and let
0 : [a,b] — R be C?, with 0'(u) > 0 for a < u < b. If r'(u)d'(u) — r(u)f” (u) < 0

fora <u<b, then
b
- 2r(a)
30 (u)
/ r(u)e du‘ < 7a)

a

If ' (w)0' (u) — r(w)0” (u) >0 for a < u < b, then

/br(u)ew(“) du‘ < Z((E))

a

Proof. Let

(2.2.1) y(t) = /tr(u)ew(") du

and think of v(¢) as a curve in the complex plane, parametrized by ¢. Then the
osculating circle to v(¢) has radius

(2.2.2) p(t) = gf(?)
and center
ir(t)e®®
(2.2.3) K(t) = (1) + (;2(0
Now
i ) r@)07() _ r(0)0() - r()e" (1)
(2.2.4) p(t) = 0'(t) - 0(t)? 0'(¢)?
and
M o) _ W

R =70+ gy — e 0 (t)?

ir' (£)e®® ()0 (£)e?®
- 59/)@ B ()9«55))2 = iVl (1),

(2.2.5)
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Suppose 7' (u)0' (u) — r(u)0”(u) < 0 for all u in the interval @ < w < b. Then,
by (2.2.4), and the fact that ¢'(u)? > 0, we know that p/(u) < 0 for all u in this
interval. Therefore

(2.2.6) p(a) > p(b)
and
b b
(2.2.7) (@) — k()| = | [ K (u)du g/ I ()] du

b b
— [ @ldu== [ wdu=pla) - p(t

It follows that the osculating circle at b is entirely inside the osculating circle at
a. Since y(b) is on the osculating circle at b, y(b) must be inside the osculating
circle at a, and

(2.25) 7(b) = +(@)] < 20(a).
The lemma follows. If r/(uw)¢ (u) — r(u)0”(u) > 0, then p/(u) > 0, and the same
argument applies with a and b reversed. (I

We are now ready to prove Theorem 2.

Proof. First we consider the case 2 < < 3. We have

(2.1) > ZW Ly
n=1 n=1
Fix = > 0, and let
ixy3 -1
(2:2) o) = —5—
for y > 0 and
.3
) etry” 1
(2.3) ¥(0) = limy Y 0

(recall that S < 3 by hypothesis). Then ¢ satisfies the conditions of Lemma 2.1, so
(2.4)

0 izn? oo iry3 0 oo (izy®
1 v v 1) cos(2
(H_zze _y e dy+4z (e ) cos( me)dy
e 3
n=1 0 Yy m=170

yﬁ
and
CE R ittt Sy i W o Gl iy
Py y
n=1 n? 0 yﬂ m=1"0 yﬁ

wcy _1 —2mimy

+Z/ day.
Letting u = x'/3y, we get

00 izys _ . 00 iu®
(2.6) / (€ =1) 4y = w13 / e =1 .
0 0 uf

B
Y
Note that the integral on the right converges because 3 > 2.
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Fix m. We will split each of the integrals fOOO y= P (ei”yg — 1)e?™™Y dy and

fo —B( eiry’ _ 1)e=2mmy dy at y = JW

Let
z [ izy® 27im Rt 2mimz
(e"™V —1)e ™™ i(e™* —1)e
2.7 = d .
(27) o) = [ =y
Then
(2 8) gl(z) B _3xeix23627rimz B iﬁ(eix23 _ 1)627rimz
2mmzB—2 2mrmzB+1
Now
) i(eing _ 1)627rimz ) _mz3—[3
(2.9) ;li%g( ?) = ;13(1) 2mrmzB - ;13%) 2mrm 0,
since § < 3, so
z ei:cy3 -1 627rimy z i(ei“3 _ 1)627rimz
(2.10) / ( yﬁ) dy = / g (y)dy — Sy—— .
0 0
We have
(2.11)
, _ _(3 _ 6)xe2ﬂimz 325(6”:23 _ 1)627rimz Z‘ﬂ(eizzs —1-= ix23)€27rimz
9(2) = 2mmzB—2 B 2mmzB—2 B 2mmzBt1 ’
and the substitution v = 2wmy gives us
e} _(3 _ 5)xe2m‘my _(3 _ 5)1' /oo et
2.12 dy = du,
(2.12) /0 2rmyP—2 4 2mm)*=08 [, wuf—2 “
SO
(2.13)

z —(3— 6)1‘ e’} eiu [e'e) (3 _ B)a:e%"”’y
/o I W= Grmys Jy w2 ™t | o W
/Z 3x(eizy3 _ 1)627rimy p /Z iﬂ(eizys _1— Z'xy3)e27rimy
— Y —
0 0

Zﬂmyﬁ—Q 271'my[3+1

dy.

Note that Lemma 2.2 guarantees that foo u~B=2ei dy converges for 2 < 3 < 3.
Now by Lemma 2.2, with r(y) = y~¥=2 and 6(y) = 2mmy, we have

o8] 27rzmy 1
2.14) < .
(2- yB—2 mmzB—2
Setting
(2.15) z = +/2mm/9z,
we have
*(B3- 6)37@2mmy 2 2)/2
(2.16) / 2T gy = O Pm (01272,
R 2wmyB—2
Let

i(eizzs _ 1)627rim2

2mmzB—2

(27) i) = [y +
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and
z ixy3 —1—=3 3\ ,2mimy 0 iwz® —1—=3 3\ ,2mimz
(2.18) 3(2) :/ (e izy®)e dy+ i(e ixz?)e
0 y5+1 27-(-mzﬁ+1
Then
(2 19) gl(z) _ _3x24—5eix23627rimz B Z(ﬁ _ 2)(ei$23 _ 1)627rimz
' 2mrm 2mmzB—1
and

.3 ; . iz23 FSN mTimz
(220) Q/(z) _ —Sl'(emz _ 1)627r1mz B Z(ﬂ—i— 1)(6 -1 —Zx23)62

2mmzB—1 2mmzB+2
Since
L. . —g25 8
(221) M 9) = 1y e =°
and
L L —jx25h
(2.22) lim §(z) = lim — 22— =0,
we have
z izy® 2mim z - ix2® 271
(e¥V" — 1)e*m™my / i i(e™* — 1)e=mm
2.23 dy = dy —
(2.23) /0 2 v=| 9'(y)dy S Y———
and
z (izy® -3 L27im z s iwz® -3\ 27

(e"™V" — 1 — qay°)e™™Y / " (e — 1 — ixzd)e ™M
2.24 dy = dy — .
( )/0 S v=| 9'(y)dy ST

Now
(2.25)
z -3 z ) . —92 z izy® _ 1 2mimy

/ g’(y)dy:_Q x y4—5ez(xy3+27rmy) dy—Z(B )/ (e 57)16 dy.

Applying Lemma 2.2 to the first integral on the right of (2.25), we get r(y) = y*=?
and 0(y) = zy> + 2wmy, so

(2.26) ()0 (y) — r(y)0" (y) = =3(8 — 2)ay® 7 + 2n(4 — B)ymy*~".
Thus 7/ (y)80' (y) — r(y)0" (y) > 0 if
2rm(4 — )

3x(f—2)

But 2 < 8 < 3,80 (4—0)/(8-2) > 1, and r'(y)0'(y) — r(y)¢" (y) > 0 for all y
between 0 and /27m /9. It follows from Lemma 2.2 that when (2.15) holds,

(2.27) 0<y<

? ; 2r(z) 22478
298 4—3 z(;cy3+27rmy)d < _ =0 (6-4)/2,,(2-08)/2 .
(2.28) /0 voe Y 0'(z)  3xz?+2mm (@ m )
Therefore
(2.29) =3z : 4=P yi(wy® +2mmy) dy = O(x(5*2)/2m76/2).

2mm J,
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We compute the second integral on the right-hand side of (2.25) in two pieces,

from y = 0 to = /3 and from y = 2~ '/3 to z. We have
izy® I (ny )
(2.30) e 1= X
k=1
SO
—-1/3 .3 . oo ) —-1/3
Y (e ety () 7 s o
(2.31) / — dy = Yy e“TMY dy.
0 yrt kZ:l kb Jo
By Lemma 2.2,
—1/3 .
x A 94 (B-1)/3—k
(232) / y3k+17ﬁ627'r’bmy dy‘ < X > :
0 T™m
SO
/ »—1/3

(2.33)

z7 /3 izy® 2mwim x Lk
e —1)e v x ;
/ ( _)1 dy‘ S § 0 / y3k+176627mmy dy‘
0 i lJo

e x(ﬁfl)/?’ . (6— ]_)x(ﬁfl)/‘3

<Z mmk! ™m

k=1

For =1/3 < y < z, where (2.15) continues to hold, we have

z iy 1 2mimy z i(zy®+2mmy) z 2mwimy
r—1/3 ye r—1/3 ye z—1/3 Y©

Applying Lemma 2.2 to each of the integrals on the right-hand side of (2.34), we
get

2,(8-1)/3 2,(8-1)/3

2.35 < -
( ) = 3213 4+ 27rm + 2rm

/z (eixy3 _ 1)627rimy
x

—-1/3 yﬁ—l

dy‘

Combining (2.33) and (2.35), we find that

z ixy3 -1 2mimy
(2.36) / (e ﬁ_)le dy = O(z#~D/3 1)
0 Y
and
—i(3—-2) [* (eixy3 - 1)62mmy (8=1)/3, —2
2. dy = .
(237) o [ i = 06 )

Since 2 < § < 3, we have 5/2 < 2 and (8 —2)/2 < (6 —1)/3. Therefore, by (2.25),
(2.29), and (2.37), we have

(2.38) / 7 (y) dy = O~/ ~5/2)
0

and, with (2.23),

. 3 i
s ), Ty = 0 ) 4 O
. 0

- O(x(ﬁ_Q)/Qm_ﬁ/Q).
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Next, we have

z A —3x z eixy3 —1 e27rimy
/ 9y dy =3 ( 5_)1 dy
(2.40) 0 e Jo Y
i(B+1) /Z (V" — 1 —iay®)e>mimy
2mm yB+2 v

The first integral on the right of (2.40) is the same as (2.36). To put a bound on
the second integral, we note that

(2.41) e’ 1 — iy = i Goy)"
k=2
o
TV iy .3\ 2mim 00 o Nk pxTl/3
(e"™V" — 1 — qay°)e™™Y (i) 39— ;
(242) / N dy — Z X y3k 2 ﬁeQTrzmy dy
0 Y s v Jo

By Lemma 2.2, for each k£ > 2,

~-1/3 .
@ , 0 (B+2)/3—k
(243) / y3k72fﬁe27rzmy dy‘ < (E27’
0 m™m
SO
(2.44) /z—l/S (eixy3 — 1 — iay®)e2rimy ay| < i 2(8+2)/3 _ (e — 2)x(F+2)/3
' o yB+2 Tmk! ™m ’

k=2

For 2~ 1/3 <y < 2z = \/2mrm/9z, we have

. 3 . .
z (ezxy — 1= ny3)627mmy
r—1/3 yﬁ+2

z ei(zy3+27rmy) z e2mimy z e2mimy
= ———dy — ———dy —ix ——dy.
/z—l/3 yot? Y /1_1/3 gz Y /gg—l/3 Y
Applying Lemma 2.2 to each integral on the right of (2.45), we get O(z(3+2)/3m 1)
for each term. Combining this bound with (2.44), we obtain

dy
(2.45)

? (emﬁ — 1 —dxy3)e?mimy _
(2.46) / s dy = O(a:(5+2)/3m by,
0

Finally, combining (2.40), (2.36), and (2.46), we get

(2.47) | ) dy = 0o ) = 0w )
0

and, by (2.24),

. 3 E -
z (ezzy — 1= Z'ny)eQﬂ'zmy
(2.48) /0 s dy

=0(P?m™2) + O(z= P m=1) 4 O(x2= B~ Dm~1t) = O(2P/2m=F/?).
It then follows from (2.13), (2.16), (2.39), and (2.48) that

: _ —(B=pB) /°° e /2, —(5+2)/2
(2.49) /0 9 (y)dy = e du + O(z"*m ),
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and, with (2.10), we have

z eixy3 -1 eQﬂ'imy —(3 — 6 T oo eiu B
(2.50) /0 ( yﬁ) dy = (2(7Tm)4)5/0 - du + 0%/ 2m—5+2/2)

The integral of y’ﬁ(e“”y3 —1)e~2™™Y is handled in a similar fashion, except that
Lemma 2.2, instead of being applied directly to integrals of the form

b
(2.51) / yYe 2T gy
a
and
b
(2.52) / y”ei(mysf%my) dy,

is applied to the complex conjugates of these integrals (which of course have the
same absolute value), so that €'(y) > 0. This makes no difference for integrals of
the form (2.51), because 6(y) is still 2rmy. But for the complex conjugate of (2.52),
0(y) = 2mmy — zy3, and the conditions 6'(y) > 0, r'(u)¢ (u) — r(u)f” (u) < 0, and
r(w)d (u) — r(u)0” (u) > 0 will not be satisfied for the same ranges of y as before.
Indeed, 0'(y) = 2mm — 3zy?, so &'(y) > 0 only for y < \/27wm/3z; but this is
automatically satisfied when y < /27wm/9z. When + is positive, an in (2.28), we
have r/(u)0' (u) — r(u)0” (u) > 0 for all y, because 6”(y) < 0. However, when = is
negative, as in the first integrals on the right-hand sides of (2.34) and (2.45), we will
have additional restrictions on y. In particular, if 7(y) = y” and 8(y) = 2rmy—zy?>,
then
()0 (y) = vy~ (2mm — 3zy?) = 2mymy? T = 3yay?
and
r(y)0" (y) = —6xy™ ™,

so r'(w)6 (u) — r(u)d”(u) < 0 if and only if y?(y — 2) > 27m~y/3z. In (2.34),
v = —(8—1), so the first part of Lemma 2.2 holds as long as

y < V2mm(3 —1)/32(3 + 1).
In (2.45), v = —(8 + 2), so the bound is
y < 2rm(B+2)/3z(8 +4).

In both cases, we can apply Lemma 2.2 whenever y < /27wm/9z, since § > 2. It
follows that when (2.15) holds,

? (@m’g —1)e 2Ty BBz [T e™ 2 —(B+2)/2
(2.53) /0 7 dy = (27rm)4*5/0 e du + O(zP2m=B+2)/2),

Note that the second term on the right in (2.7) must be negative in this case, so
that the first term on the right, which is negative in (2.50), becomes positive in

(2.53).
To complete the proof, we must estimate
0o (em’y _ 1)627T'Lmy
(2.54) /Z e dy
and

0o ixy3 -1 —2mimy
(2.55) / (e yge dy.
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By Lemma 2.2, we have
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0o 627rimy 00 6727rimy 2
2. dy| = d — B/2,,—(B+2)/2
(2:56) /Z Yo y‘ / Yy’ y‘ < 2eman O )
and
o pi(zy®+2mmy) B
(2.57) /Z o dy = O/ 2m—(B+D/2)

This leaves

o] ei(:cyg—Qﬂmy)
(2.58) / —dy,
z

yﬁ
but this integral behaves quite differently from (2.57), because ¢'(y) = 3zy? —
27m, which is zero at y = /27m/3z. Indeed, it is (2.58), in the vicinity of
y = +/2mm/3x, which is responsible for the “chirp” term proportional to z(26-1)/4
in Theorem 2.

We therefore evaluate (2.58) by expanding around y = /27wm/3z. In particular,
let

(2.59) y = (6mmz)~Y*u + \/2rm/3z,
let
(2.60) ¢ = (6mm) 3/l /4
and let
(2.61) w = (l - lx/ﬁ)c*1

' 309 ’
so that

00 ei(;cyg—Qﬂ'my)
(2.62) / ——dy
z Y

) ) oo i(u?4cu®)
_ —(26+1)/4 (26-1)/4 ,—2/3i(2mm)3/ 22~ 1/? €
= (27m) (3x) e [w (15 3cu)? du

We want to show that

00 ei(u2+cu3) 00 ?

2. ——du = d .
(2.63) /_w A5 scap @ /_Ooe u+ O(c)
By Lemma 2.2,

00 ei(u2+cu3) 2(2 _ l\/g)—ﬁ
(264) / mdu‘ < 2 1 1\/_ — 3 T T 3 1 = O(C)v

w cu (§—§ 3)0 +3(3—§ 3) C
SO

oo ei(u2+cu3) w ei(u2+cu3)

2.65 ——du= ——d O(c).
(2.65) /—w(1+30u)5 u /_w(1+30u)5 u + O(c)

We also have

(o) w
(2.66) / e du = / ™ du + O(c).
—00 —w
Now
067 w ei(u2+cu3) p w ei(u2+cu3) p w ei(uz—mﬁ) J
(2.67) /_w(1+3cu)ﬁ u—/o (14 3cu)? u+/0 (1—3cu)? "
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and
weo, weo,
(2.68) / e du = 2/ e du,
—w 0
so it suffices to show that
5 60 w 6i(u2+cu3) J w 6i(u270u3) g ) w iu2d o
(2.69) /0 (1 + 3cu)s u+/0 (1 — 3cu)? v /0 € u=0(c).

We will evaluate these integrals in two pieces, from v = 0 to 1 and from v = 1
to w. We start with the second interval.

Let
z . 322
) ie
(2.70) w) = [ et G
2.71 S et jeilz"re?)
@71) 91(2) _/0 @+ 3cu)? " T 2@+ 3e2)(1 1 3c2)?
and
z ei(u2fcu3) iei(z2—cz3)
2.72 = d '
( ) g2(2) /0 (1= 3cu)? u + 2(2 — 3cz)(1 — 3¢cz)P
Then
. i22
—ie
2. 0(2) = 55
(2.73) 90(2) 2,2
and
(2.74)
91(2) —3iBcei(z +e=") jei(z*+ez?) Zicel (= +e")
1

- 2(2+ 3c2)(1+ 3c2)PtT  22(2+ 3¢2)(143c2)?  2(2+ 3¢z)2(1 + 3¢z)8’

_3iﬁcei(z2+cz3) 3icei(zz+cz3)

(2.75) 91(2) — 94(2) = 2(24 3c2)(1 4 3c2)Pt1 2(2+4 3¢2)2(1 + 3¢2)?

= il +e2*)[(2 + 3¢2) (1 4 3¢2)? — 2

222 222(2 4 3cz)(1 + 3c2)?
Likewise
3iBceiz*—=") 3icei(z*—e")
(276) 92(2) — 90(2) = 2(2 - 3502)(1 — 3cz)At1 * 2(2 —3cz)%(1 — 3cz)P
iei® (e7ie=" — 1) N ieiz* =2 [(2 — 3¢2)(1 — 3¢2)P — 2
222 222(2 — 3cz)(1 — 3¢z)P
and
(2.77)
—3iBcei(z*+e2%) 3iBcei(z*—¢=")
91(2) + 95(2) — 2g0(2) = z2(2+ 3052)(1 + 3cz)Pt1 * z(2— 3502)(1 — 3cz)Pt1
3icel(= +e=") 3icei(z =) ieiz2[1 — cos(cz?)]
© 2(2+ 3¢2)2(1 + 3cz)B + 2(2 = 3¢z)%2(1 — 3cz)P + 22

i€l [(2 4 3¢2) (1 + 3c2)P — 2] i’ =e2")[(2 = 3¢z)(1 — 3¢z)P — 2
222(2 4 3cz) (1 + 3¢z)B 222(2 — 3c2)(1 — 3cz)P '
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Now
5 78 w 6i(u2+cu3) J w ei(u27cu3) p ) w i p
(2.78) /1 (14 3cu)? u+/1 (1 —3cu)? v /1 ©
w , , , iei(w2+cw3)
[ i)+ g30) =20 — s
,L'ei(uﬂfcw:}) + ’iein + iei(l«l»c) + iei(lfc) .
- —ie”.
w(2 — 3cw)(1 — 3cw)? w (2+4+3c)(14+3c)f  (2—3¢)(1—3c)?
We have
_iei(wz—i-cwg) Z'ei('wz—cw3) Z'ei'wz
2.79 — =O0w™ ) =0
(2.79) w(2+ 3cw)(1+ 3cw)?  w(2 — 3cw)(1 — 3cw)? T (w™) (<)
and
Z‘ei(lJrc) Z'ei(lfc) )
(2.80) ie'

(2 + 3¢)(1 + 3¢)? + (2—3c)(1—3¢)8
1’12 — (24 3¢)(1 + 3¢)?] e’ =9[2 — (2 — 3¢)(1 — 3¢)”]
2(2 + 3¢)(1 + 3¢)? 2(2 — 3¢)(1 — 3¢)?

+iet(cosc— 1) = O(c).

Therefore, in order to prove that the left-hand side of (2.78) is O(c), it suffices to
show that

(281) | 91 + g3(w) ~ 295 00] du = O(c)
1
We will do this by applying Lemma 2.2 to each term on the right of (2.77).
For the first term, ignoring the constant factor of —3i8c, we have
r(u) = u (24 3cu) (1 4+ 3cu) P71 and  O(u) = u® + cu?,
SO0

—9(B8+5)c?u? — 6(8 + 5)cu — 4

(282) ) =) = e A T s

which is negative for cu > 0. It follows from Lemma 2.2 that

(2 83) /w ei(u2+cu3) dul < 27«(1) B 2 B 0(1)
' L w2+ 3e)(1 1 3ew)P L Y S o) T 243021+ 3c)p )
$0

w _3Z~606i(u2+cu3)
2.84 du = .
(2:84) /1 w(2 + 3cu)(1 + 3cu)P+1 u=0()

For the second term, r(u) = u~ (2 — 3cu) "1 (1 — 3cu)™#~! and O(u) = u? — cu?,
S0
—9(B + 5)c*u® + 6(B3+ 5)cu — 4

(2.85) r' (w6’ (u) = r(u)0" (u) = u(2 — 3cu)(1 — 3cu)P+2

The denominator is positive for 0 < cu < %, and the numerator is negative for

cu < 2 —2\/1—4/(B+5) and positive for + — 2\/1—4/(B+5) < cu < 3 +
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1—4/(8+5). It follows from Lemma 2.2 that

(2.86) /§(1\/14/(6+5))c‘1 pi(u?—cu?) aul < 2r(1) o)
' 1 w(2 — 3cu)(1 — 3cu)P+1 0(1)

and

w i(u?—cu®) 2 ( )

e r(w
2.87 / du‘ < = 0(c?).
(287) L(1—/T=4/(B15))c w(2 — 3cu)(1 — 3cu)P+1 0'(w) (<)
Therefore
w _3iﬁcei(u2—cu3)

2. = .
(2:88) /1 w(2 — 3eu)(1 — 3cu)PH1 du = 0fe)

The third term on the right in (2.77) works the same as the first term; 7/ (u)6’ (u)—
r(u)0" (u) is negative for all cu > 0, and

w _3icei(u2+cu3)
2. = .
(2:89) /1 w(2 + 3cu)?(1 + 3cu)s du = 0(c)

The fourth term works like the second term, except that the interval of in-
tegration must be cut at cu = (26 +9 — /462 + 206+ 1)/6(8 + 5) instead of
$(1 = /1—4/(B+5)). The integral of the fourth term from u = 1 to w is still
O(c).

For the fifth term, we have 7(u) = u=2[1 — cos(cu?®)] and 0(u) = u?, so

(2.90) ' (u)6 (u) — r(u)f” (u) = —6u2[1 — cos(cu®)] + 6cu sin(cu®).

This is positive if and only if

(2.91) 1 — cos(cu®) < cu®sin(cu®)

(multiply both sides of (2.91) by 6u~2), so it is sufficient to have 0 < cu® < 1.
Therefore, by Lemma 2.2,

-1/3 iemQ [1 _ COS(CU;?’)] 2[1 _ COS(C(671/3)3)]

/1 w2 du‘ < 2c=1/3(c=1/3)2
-1/3

(2.92)

= (1 —-cosl)c.

. . .2 .2 202 3
For the integral from ¢ to w, we rewrite ™ [1—cos(cu®)] as e — el Fev?) —

%ei(“Q*"’“S). By Lemma 2.2, we have

W et 2
(2.93) /671/3 — du‘ < ST = C
w Z-ei(u2+cu3) 92 1

2.94 - d 2
( ) /671/3 2u? U< 2c=1/3(2 4 3¢2/3)(c—1/3)2 < 26’
and

w Z‘ei(uzfcug) 2 c
(2.95) /0_1/3 2u?2 du) < 207 1/3(2 — 3¢2/3)(c~1/3)2 T2 3c2/3 =0(c).

Note that for (2.94), we have
' (u)0 (u) — r(u)f” (u) = —3u"2(1 + 2cu),
which is negative for all v > 0, and for (2.95) we have
()8 (u) — r(u)d” (u) = —3u"2(1 — 2cu),
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which is negative for all u < %c_l (and therefore all © < w). Putting together

(2.92), (2.93), (2.94), and (2.95), we have

(2.96) /“’ ie™ [1 — cos(cu?)] du = O(c).

u2
For the sixth term on the right of (2.77), we have
(2.97) ' (w)0' (u) — r(u)d” (u)
3(2 + 3cu) (14 3cu)[1 — (1 + 2cu)(1 + 3cu)?] + 6(8 + 1)cu + 9(3 + 2)c?u?
u?(2 4 3cu)(1 + 3cu)P+1 '

The denominator of the right-hand side of (2.97) is positive, and the numerator is
equal to f(cu), where

(2.98) f(v) =3(2+3v)(1 +3v)[1 — (1 + 20)(1 + 3v)7] + 6(3 + 1)v + 9(B + 2)v°.
Now f(0) =0, and
f(v) = 27(1 4 20)[1 — (1 + 2v)(1 + 3v)”]

—3(2430)(1 +30)°[2+ 33+ 6(8+ 1)v] +6(8+ 1)+ 18(3 + 2)v.

Therefore f'(0) = —126 — 6 < 0, and there must exist a positive number vy (which
depends on S, but not on ¢) such that f(v) < 0 for 0 < v < vg. The right-hand
side of (2.97) is therefore negative for 0 < u < ¢ 'vg, and it follows from Lemma
2.2 that

(2.99)

(2.100)
voe™ jeilu+eu) [(2 4+ 3e)(1 + 3eu)? — 2] (2+3¢)(1+3¢)? —2
3 3 du| < 5 5 = O(c).
1 2u?(2 4 3cu)(1 + 3cu) (24 3¢)%2(1 + 3¢)
We are free to choose vg < % — é\/ﬁ If vg = % — é\/g, then voc™! = w, and we

are finished with the sixth term on the right of (2.77). Otherwise, voc™! < w, and
we need an upper bound on the integral from vgc™! to w. But the integrand in
(2.100) is O(c?) for voc™! < u < w, because of the u? in the denominator, and
w —voc~! = O(c™1). Therefore the integral from voc™! to w is also O(c), and
/w ie! (W) [(2 4 3eu)(1 + 3eu)? — 2]
1 2u2(2 + 3cu)(1 4 3cu)B
For the seventh term, we have
(2.102) ' (w)8 (u) — r(u)0” (u)
32 = 3cu)(1 = 3cw)[(1 — 2cu)(1 — 3cu)?® — 1]+ 6(8 + 1)cu — 9(B + 2)c?u?
u?(2 = 3cu) (1 — 3cu)P+1
(note that r(u) is the absolute value of the term, and (2 — 3cu)(1 — 3cu)? — 2 is

negative). Again the denominator is positive, because cu < %, and the numerator
equals f(cu), where

(2.103) f(v) =3(2—3v)(1 —30)[(1 — 20)(1 — 30)® = 1]+ 6(8+ 1)v — (5 + 2)v°.
As before, f(0) =0 and
(2.104)
f'(v) = =27(1 = 20)[(1 — 20)(1 — 3v)® — 1]
—3(2 - 30)(1 —30)?[2+ 38— 6(8+ 1)v] +6(3 + 1) — 18(3 + 2)v,

(2.101) du = O(c).
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so f(0) = —6 — 128 < 0. We now proceed as with the sixth term, splitting the
interval of integration at voc™!, where vy is chosen so that f(v) < 0 for 0 < v < vy.
We conclude that

2

/w i’ =) [(2 — 3cu) (1 — 3cu)P — 2]
1

(2.105) 2u2(2 — 3cu)(1 — 3cu)?

du = O(c).

We have now shown that the integral from 1 to w of each of the seven terms on
the right of (2.77) is O(c). This establishes (2.81), and it follows that the sum of
the integrals on the left-hand side of (2.78) is O(c). In order to prove (2.69), we
must evaluate the sum of the integrals from v = 0 to 1.

Now

ei(u2+cu3) ei(u27cu3)

2.106 — 2™
( ) (1+ 3cu)? * (1 —3cu)? ‘

= eilu*+eu?) [(1+3cu)™® —1] + ei(uz_C"S)[(l —3cu)™? — 1]+ 2¢" [cos(cu®) — 1].

2

For 0 < u < 1, the first two terms on the right above are O(c), and the third term
is O(c?). Hence the integrals from 0 to 1 are all O(c), and so is the integral of the
left-hand side of (2.106). This, along with (2.78), establishes (2.69), which implies
(2.63).

Substituting (2.63) into (2.62), and using the definition of ¢ in (2.60), we get

00 ei(;cyg—Qﬂ'my)
(2.107) / ————dy
\/27mm/9x Y

(2~ CFH/A(3) (2814~ ViC2mm) a2 / T

— 00

+O(2%/2m~(8+2)/2),

From (2.56), (2.57), and (2.107), we see that the sum of the integrals (2.54) and
(2.55) is also equal to the right-hand side of (2.107), because (2.56) and (2.57) get
absorbed by the error term O(z?/2m=(#+2)/2) from (2.107).

Finally, we add (2.50), (2.53), (2.54), and (2.55), noting that —e™ + e~ =
—2isinu, and sum the integrals from m = 1 to co. Substituting back into (2.5),
and then into (2.1), we get Theorem 2, in the case 2 < 8 < 3.

The case 8 = 3 requires only a few modifications. The term, linear in z, that we
got by summing (2.50) and (2.53) over m, disappears in this case, because 3— 3 = 0.
It is replaced by the linear term —%im, which arises from the fact that

.3
(2.108 (0) =l e -1y
. ) w - yll% y3 =1z,
instead of 0, as in (2.3). We also have
-z
2.109 li = —
(2.109) lim g(2) = 5—.,

instead of 0, as in (2.9). It follows that

z (em’y _ 1)627T'Lmy —x z , i(ezzz _ 1)627r1m2
2.110 dy = —— dy —
( ) /0 y3 Y= om + 0 9(y)dy 2mmz3

3
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so the sum

e z (izy® 1)e2mimy
(2.111) Z/ (e 3>e dy
m=170 Yy

diverges. Fortunately, we have

T
2.112 lim g = —
(2.112) lim g(z) = 5—.,
where
z izy® —2mim 0 iz —2mimz
_ (e™¥" —1)e Y i(e™* —1)e
2.113 = dy — ,
(2113) i) = | - y- e
SO
. 3 . . 3 .
z (em’y _ 1)6727T'Lmy T z ~ i(ezzz _ 1)6727r1m2
2.114 dy = —— d
(2.114) /0 e V= 2em T, g9(y) dy + Dy— ,
and
> z eixy3 -1 eQﬂ'imy z eixy3 -1 e—27rimy
(2.115) > [/ ( y3) dy+/ ( y; dy
0 0

m=1

does converge. The rest of the proof is exactly the same as for the case 2 < g < 3.

The case 3 < ( < 4 is a bit trickier. If we define ¢(y) as in (2.2), then
lim,, ¢ % (y) = o0, so instead we let

. 3 E
ey — 1 — g’

(2.116) wly) =
and take 9(0) to be lim,_o9(y) = 0. But (2.116) introduces another difficulty.
Because 3 —3 < 1, v is not L', and we can longer assume Lemma 2.1. Instead, we
proceed as follows.

For each real A, 0 < A < 1, let

eix,\S N
T for 0 S Yy S A,
(2.117) exy) =< . %
ey —1
_— fory > \.
yﬁ

Then ¢y is continuous and L' for each A, so Lemma 2.1 holds. Thus

3 B N1 dy

1 eiz)\3 -1 oo eixns -1 eiz)\3 -1 /OO e’ia:y3 -1
A
n=1

(2.118) 5 T > = 7

+ Z TmMP

m=1

oo iz A3 : x o] izy>
e — 1) sin 27mA e"Y — 1) cos2mm
( ) 9 Z / ( )ﬁ Y ay.
m=1 A Y

Now fix a positive integer k, and for each real A\, 0 < A < 1, let

A8 if0<y<A,
y>r if A <y<k,
A1 —dsE) ifk<y<k+A,
0 ify>k+A.

(2.119) A(y) =
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Then 7 is continuous and L' for each A (and each k), so Lemma 2.1 holds. Thus

(2.120) —7')\ —l—ZT)\ / TA(y)dy—l—ZZ/ 7 (y) cos 2mmy dy.
0 /o

But
o0 k kA _
(2.121) / 2 (y) dy:)\4_5+/ y3h dy+k;3—5/ 1-4== : k)dy
0 k
kAP NP 3-8 kP 1
— \4-B _ 3-8 _ 3= _ 2 4B Z\E3 8
=A tio 5 1o 5+/\k )\k: 4—ﬂ/\ +4—ﬂ+2)\k :
and
(2.122) / 7a(y) cos 2mmy dy
0

A k
= \3F / cos 2mmy dy + / v~ cos 2mmy dy
0 A

+I€3 /k A(].—y k)cos27m d
k

B A3=B gin 27rmA

k A
+ / y> P cos 2mmy dy + k3P / (1- E) cos2rm(u + k) du
2mm A 0 A
378 sin 2rmA

k _

k378 (1 — cos 2mrmA

= —+/ y> 7P cos 2rmy dy + (1 — cos 2mm))
A

2mm A(2mm)?

Therefore
k

1 3 5 k=P
2.123 D ST T Py — - Ak3 s
(2.123) 5 ; = i

2TmA > k 2. 1 — cos2mmA

o\—8 sin +2 / 3-8 2 d 2k3P ) _—

e Iy S oty + 2 3 L,
and

k

kA0 1 3-0
2.124 n3h8 — =P DA o Ak3 p
B =
S e k 00
2TmA 1 — cos2mmA
2A\18 SIMATA 49 / 3-8 2 d 2k3P ) _—
+ mz:% N + mz::I R Y cos2mmy dy + mz::l 2rmA)?
Taking the limit as k — oo, we get
|40

2.12 li 3=6 _
(2125) kEI;O(Z“ )

s 5,3=-Bp 1-8 sin 2rmA /
= 2 +2 2 .
5 A + — 3 — + 2\ Z P— Z B cos 2mrmy dy
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But (2.118) implies that

ko izn® kE izy® iz 3 iz 3
-1 v -1 1 -1 -1
(2.126)  lim (E:eiﬁ_/ eidy):__e 46

k—oo n yﬁ 2 )\ﬁ )\671
X ixy® zz)\3 :
ey — 1 — 1) sin27wmA
- —d
/0 v Z TmA?

e“”y — 1) cos2mmy
2 A oy
m=1

Multiplying equation (2.125) by iz, and subtracting it from equation (2.126), we
get

00 zz)\
(2.127) khgo{Zw /w dy} ——w() T +f ;zx)\45

n=

A izy®
e — sin 2rmA
— 2 + 2 2
/0 e dy—|— P(A)A E B —— E / P (y) cos 2rmy dy,

where v is defined in (2.116).
We now take the limit of both sides of (2.127) as A — 0. Note that the Taylor
series of ¥(y) is

(2.128) by = 3 BT

so that v()\) behaves like A6=% as A\ — 0. Becuase 8 < 4, the first four terms on
the right-hand side of (2.127) tend to 0 as A — 0. The fifth term also tends to 0,
because

>, sin 2rmA 1 [*sinu
(2.129) lim Ay 2 du
A0 L~ 2rmA 27 Jo U

We want to show that the sixth term approaches

o0 [e%s}
(2.130) 2 Z / ¥ (y) cos 2rmy dy,
m=1"0
and it suffices to show that
RO
2.131 li 2 =0.
(2.131) Aian_/ () cos 2mmy dy = 0
Integrating by parts twice, we get
A
(2.132) / P (y) cos 2rmy dy
0
P(A)sin2emA  '(A) cos 2rmA 1 /)‘ 9
_ — 2 d
orm T (2rm)? Gz J, VW) cos2mmydy,

since limy_o 9 (y) = 0. Indeed, differentiating (2.128) twice gives us

— 2%(35)y°>
y|
= F

=, (iz) (3] — B)y*I P
Z( ) (35 — By

(2:133) [9/(y)] = ﬂ

=3(e—1)x?y> P,

Jj=2
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and

(2.134) W (y)

i iz)? (3] — B)(35 — B —1)y* 772
!

Jj=
o}

Z ' 246<218j 245—186553; 5,

j=2

provided x and y are both less than 1. Substituting the right-hand side of (2.132)
for the integral in (2.131) gives us

> sin27rm/\ >\ cos 2mmA
1 sin2rmA .
/\li%w( )mz::l 2mm mz::l 27rm
= 1
2.1 —1i —_— " 2 dy.
(2.135) g%m:l )2 /0 P (y) cos 2mmy dy

The first term above is zero for the same reason that the fourth term on the right-
hand side of (2.127) tends to zero [see (2.129)]. The second term is bounded from
above by

(2.136) lim ' (A) >

A—0

27Tm - ;\li% ﬂw ( )
m=1

and is therefore zero by (2.133). The third term, by (2.134), is bounded by

(2.137) lim 182? [ 4P d i L Ber XA,
' Ao O oY Y L rmy? T 45 — B) At

and is therefore also zero. Thus (2.131) holds, and (2.127) becomes

(2138)  lim [ﬁj v - | ") dy] 2 i | ot cos2mmyay

In other words, the one-sided Poisson summation formula holds for 1, in effect,
even though ¢ is not L'.

To complete the proof of Theorem 2, in the case 3 < § < 4, we note that (2.1)
and (2.6) still hold in this case, so that

(2.139)
X gian
B
n=1 "
=1 e’ : k
= Z — + x(ﬁfl)/?’/ 3 du + iz klim (Z n3=F — / y> P dy)
n=1 n 0 w e n=1 0

ko izn® ;03 k izy® ;o3
e —1—19zn ey —1 —ixy
li E _— — —d
i S (n_l nf /0 y’ y)7

where the final limit is equal to

[e%s} P a3 . <
® (ey" — 1 — jzy?) cos 2mmy
(2.140 2 / dy
) > =
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by (2.138). Therefore

izn®

(2.141) i enﬁ

n=1

=1 e’ k

= Z — + x(ﬁ_l)/g/ du + iz lim (Z n3h — / y3_6 dy)
nﬁ 0 ’U,B k—o0 0

n=1 n=1

& 00 (eizys —1- Z'xy3)€27rimy e oo (eixy3 —1- Z'xy3)6727rimy
> - w3 | 7 a.
m=10 m=1"70

We now proceed as in the case 2 < § < 3, but instead of (2.7), we let

izy3 — 1= Z'xy3)€27rimy J i(eizzs — 1= i$23)€27rim2
y° v

2mmzb

z
(2.142)  g(z) = / (e
0
Then lim,_,0 g(z) = 0 and

_Sx(eizzs _ 1)627rim2 Z’ﬂ(eizzs — 1= Z'xz3)627rimz

2.143 ! —
( ) 92 2rmz0—2 2rmzPB+1 ’
SO
z izy3 —1—3 3\ 2mimy
(2.144) / (e — )
0 Y
(pizz® .3\ 2mimz z izy? 2mim
_ _1_ 3 v _q y
_ i(e _ irz?)e 3 / x(e )62 dy
z o 2mmyB—
z Zﬁ(ezxy‘s — 1= Z'xy3)627rimy
_/ 2rmyP+1 dy.
0 Y
Now the first term on the right-hand side of (2.144) tends to 0 as z — o0, so
00 izy3 —1—3 3\ 2mimy
(2.145) / (e s )y =
0 Y
—3z 0o (ei:cy3 _ 1)627rimy Zﬁ 0o (ei:cy3 —1= ixyB)eQWimy
2mm J, yb—2 2tm J, yb+1

We evaluate the integrals on the right-hand side of (2.145) just as we did in the
case 2 < 8 < 3. That is, we define §(z) and §(z) as in (2.17) and (2.18), so that
(2.19), (2.20), (2.21), (2.22), (2.23), and (2.24) hold for all z. Letting z — oo, so
that the second terms on the right-hand sides of (2.23) and (2.24) tend to 0, we get

x (elzy” _ 1 eQﬂ'zmy 00 _
(2.146) /0 ( yﬁ_)Q dy :/0 9'(y)dy
. iy i
_ —3z > 4—3 i(zy3+2mmy) dy — Z(ﬁ — 2) > (emy — 1)62 Y d
Y~ y e Y =1 Y
™ J 2mrm  J, i
and
0o (izy? 13 o2 00
(e"™V" — 1 — qay°)e™™Y .
(2.147) /0 I dy= | 9)dy

—3z [*S) (eixy3 o 1)62m'my Z(ﬁ T 1) 00 (ei;cy?’ _1_ ixyS)eQM'my
= dy — dy.
0

- 2mm yb-1 2mm yB+2
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Note that the second integral on the right-hand side of (2.146) is the same as
the first integral on the right-hand side of (2.147). We evaluate this integral, as
well as the second integral on the right side of (2.147), by splitting it at y = x5,
The integral from 0 to 2~1/3 is estimated using Taylor series, and the integral from
x71/3 to oo is handled by applying Lemma 2.2, just as we did in the case 2 < § < 3.
The first integral on the right of (2.146) is split at y = \/27m(4 — B8)/3z(8 — 2),
and Lemma 2.2 is applied to each half. This differs slightly from the case 2 <
08 < 3, where we split the integral at y = z = /27m/9z, because if 8 > % then
V2mm(4 — 3)/3z(B — 2) < y/2mm/9z, and in order to apply Lemma 2.2, we must
split the integral at the point where r/(y)68'(y) — r(y)0” (y) changes sign. But since
3 < B <4, V2rm(4—B)/3z(8 —2) is still on the order of m'2z=1/2 so our
estimates for these integrals are the same as they were in the case 2 < g < 3.
Furthermore, for 3 < < 4, we still have §/2 < 2, (6 —2)/2 < (6 —1)/3, and
B/2 < (B+2)/3 [see (2.37), (2.38), and (2.47)], so we still have

g . .

(2.148) /OO (™ — 1= imy)ermmy O(aP/2m~(8+2)/2),
0 y’

The next to last term in (2.141) is therefore O(z?/?).

We now consider the last term in (2.141). Equations (2.145), (2.146), and (2.147)
still hold if we replace the exponent 2mwimy by —2mwimy throughout and multiply
the right side of each equation by —1. The initial parts of the integrals on the right
side of (2.147), from y = 0 to z~ /3, can still be evaluated using Taylor series, and
Lemma 2.2 implies that

z o p—2mimy (B+2)/3. —3
(2.149) m2 /9671/3 ys-1 WOl ")
and
1 [e%s} 6727rimy .
S _ (B+2)/3,,—3
(2150) - /171/3 7y5+2 dy = O(-ﬁ m )
Therefore
00 (eixy3 11— il‘yB)e—Qﬂim’y 91;2 o0 4-p i(;cyg—Qﬂ'm’y)
(2.151) 7 dy=1-5-3| v e dy
0 0
LGiB =D [ ei(ay’ —2mmy) p
4m2m?  J. s ys-t Y

1 o] i(zy®—2mmy)
BB+1) / ¢ dy + O(zP/?m=3).

B 4m2m?2 -1/3 y5+2

Each of the three integrals on the right side of (2.151) can be evaluated in the
same way as the integral in (2.58). The only difference is that the lower limits are
0, 2~ 1/3, and x~1/3 respectively, instead of z, and  is replaced by 3 —4, —1, and
B+ 2 respectively. Indeed, (2.62) still holds when z and [ are replaced in this way,
where c is still defined as in (2.60), and w is still on the order of ¢~1. (Specifically,
w = %c‘l when the lower limit is 0, and %c‘l — ¢ /3 when the lower limit is
2~ 1/3.) We must establish that (2.63) continues to hold as well.

In other words, we want to show that

2.152 B
(2152) | g da= [0
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where w is on the order of ¢™!, and —1 <7 < 0,2 <~y < 3,0r 5 <~ < 6 (that
is,y=08—4,8—1,or 8+ 2). In fact, we have already done the case 2 < v < 3,
because we proved (2.63) for 2 < 8 < 3. The other cases require only a few minor
changes in the proof.

First, note that as long as § > —2, we can use Lemma 2.2 to prove that the
integral in (2.64) is O(w™!) = O(c). Nor is there any need to modify (2.86) and
(2.87), because 1 —4/(8 +5) > 0 as long as 8 > —1. Indeed, the only parts of
the proof that must be changed are those which deal with the fourth, sixth, and
seventh terms on the right side of (2.77).

For the fourth term, ignoring the constant 3¢, and replacing § with v, we have

—9(y + 5)c?u? + 3(2y + 9)cu — 4

(2158) () ) = ()" () = e

The denominator of (2.153) is positive for 0 < cu < % The numerator starts out
negative, when cu = 0. If =1 < v < V6 — %, then the discriminant 9(2y + 9)% —
144(y + 5) is negative or zero, and the numerator of (2.153) is negative or zero for
all cu. Otherwise, if v > v/6 — g, then the discriminant is positive, and therefore
the numerator is positive for

2y +9 — /Ay 1 207 + 1 29 +9 + /4% 1 207 + 1
(2.154) s R e Ll i it Il e e

6(y+5) 6(v+5)

If (2.153) is negative for 0 < cu < %, then by Lemma 2.2, the integral of the
fourth term from u = 1 to w is bounded in absolute value by 2r(1)/6'(1) = O(1),
so we get O(c) when we include the factor 3c. This conclusion does not change
if v = v/6 — 3, so that (2.153) is zero at u = ¢~1(2y 4+ 9)/6(v + 5) and negative
everywhere else.

Suppose, on the other hand, that cu is positive in the range (2.154). If %,
and hence cw, falls within this range, then we must split the integral at v =
c 2y +9 — /492 + 20y = 1)/6(y + 5) and apply Lemma 2.2 to each piece. We
get a bound of 2r(1)/60'(1) for the first piece and 2r(w)/6’(w) for the second. If the
entire interval in (2.154) is less than %, then we must split the integral at both vy =
cH2y+9—1/72 + 20y + 1) /6(y+5) and uz = ¢ 1 (2y+9+ /72 + 20y + 1) /6(y+5).
The first piece is still bounded by 2r(1)/6'(1), and the second and third pieces are
both bounded by 2r(uz)/6’ (uz). But ug > ¢ — £(2 — V6)7!] for v > V6 — 3,
so 2r(ug)/0 (ug) is still O(c). In other words, whether we evaluate the integral of
the fourth term in one, two, or three pieces, the whole thing is always O(c).

For the sixth term, we have

[(2 4 3cu)(1 + 3cu)Y — 2|

(2.155) ru) = 2u2(2 + 3cu) (1 + 3cu)Y
Let
(2.156) h(v) = (24 3v)(1+ 3v)” — 2.

Then h(0) = 0, //(0) = 3(1 + 2v), and h”(0) = 1842. Note that h/(0) is >, =, or
< 0 depending on whether v is >, =, or < —%, and h/(0) > 0ify = —%. Therefore,
for sufficiently small positive v, h(v) is positive when v > —% and negative when
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v < —%. Thus for cu positive, but close to 0, we have

(24 3cu)(1 + 3cu)” —2
(2.157) r(u) = 2u2(2 + 3cu) (1 + 3cu)?

ify > —%, and
2= (24 3cu)(1 + 3cu)?
© 2u2(2 + 3cu) (1 + 3cu)?

if v < —4. That means equations (2.97), (2.98), and (2.99) hold, with ~ replacing
8, if v > —%; otherwise the right-hand side of each equation should be multiplied
by —1.

It follows that f/(0) = —12y—6if v > —1 and f'(0) = 12y+6if v < —1. In either
case, f'(0) < 0. If y = —1, then f/(0) =0, but f”(0) = —544* — 162y — 72 = —5.
So whatever the value of v, there is always a positive number vy such that f(v) <0
for 0 < v < vy. We can therefore apply Lemma 2.2 to the integral of the sixth term
from u = 1 to voc™!, and conclude that this integral is O(c).

We can use essentially the same argument for the seventh term. In this case we
have

(2.158) r(u)

[(2 —3cu)(1 — 3cu)? — 2|

(2.159) r(u) = 2u2(2 — 3cu)(1 — 3cu)Y ’
so we let
(2.160) h(v) = (2 —3v)(1 —3v)” — 2.

We still have h(0) = 0 and h”(0) = 1842, but h'(0) = —3(1 + 27), so for small
positive v, h(v) is positive when v < —% and negative when v > —%. Thus
equations (2.103) and (2.104) remain unchanged (except that v replaces () when
v > —%, but the right sides of these equations are multiplied by —1 when v < —%.
As before, whether v is >, =, or < —%, either we have f/(0) < 0 or we have f/(0) =0
and f”(0) < 0, so we can still find vy > 0 such that f(v) <0 for 0 < v < vy.

We conclude that (2.152) holds for all v > —1. It follows from the analog of

(2.62) that

00 ei(;cyg—Qﬂ'my)
(2.161) A
z Yy
— (2mm) /A (3) 21D/~ VEiCmm) a2 / T
— 00

+O(m_(7+2)/2x7/2),
where 3 < <4, y=p—-4,3—1,0r f+2,and z = 0 or 2~ /3. Note that the
error term is O(cm ™7 TD/4227=1/4) "where c is defined in (2.60).

We now apply (2.161) to each of the integrals on the right side of (2.151). For
v=p0—4, we get
2 oo o
(2.162) 927 / y4fﬁe%(1’y$*2ﬂmy) dy
0

4m2m2

— (2mm) @BV (3 (261) /4= VEi(2mm)* 22 / T e du

—0Q0

+O(m~F+2/28/2),
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but the other two integrals in (2.151) are absorbed by the error term
O(m_(5+2)/2x5/2).

Equations (2.141), (2.148), (2.151), and (2.162) suffice to establish Theorem 2 in
the case 3 < 3 < 4. O
ITI. BEHAVIOR NEAR THE RATIONAL POINTS

We now prove Theorem 3.

Proof. We start with the case 2 < 8 < 3. We have

cipm/ata)n® _ yipmn® /q

(3. G ICORDY 7

q n=1

iz(2jq+k)® _ |

= zzn -1 mipn i =
g( > 3 Y T

k=1 j=0
letting n = 2jq + k. Now
o0 giz(2ja+k)® _ 1_ > (iBan)(j+k/20)° _
32 %
= (2ig+ k)7 2q (J + k/29)°
Letting
I8 2) (y+k/29)° _ 1
(3-3) P(y) =

(v +k/2q)°
and applying Lemma 2.1, we get

© o8 T)(G+k/20)° _ 1 oi8d°z)(k/20)° _ q oo Li(8¢°T)(y+k/20)° _
(3.4) - = / dy
= (+k/290° 2(k/2q)° 0 (y + k/2q)P
- Z / [eiBa° D) (U +k/20)° _ 1] cos 2mmy iy,
(v + k/2q)°

We shall analyze each of the terms on the right side of (3.4) by expanding it as
a Taylor series in 8¢>z or k3z. It will be necessary to assume that z is bounded
from above by some constant times ¢—2, and for the sake of concreteness, will will
assume that x < %q*?’, although any such bound will do. Since k < 2q, this implies
that o < k=3,

The first two terms are easily disposed of. We have

6'L‘(8q39£)(k/2q)3 -1 eik3z -1

1.
. = = —ik37P(2¢)" 62
(39 /2’ 2k2gp 2 RO
by expanding ek’ aga Taylor series in k3 and using the fact that k& < 2q. Likewise,
0 i(8¢°@) (y+k/20)° _ q 0o 8igtzy® _ q
(3.6 / dy = / ey
) 0 (y +k/2q)° kj2g P

/oo e8iq3:cy3 1 J /k/Qq e8iq3:cy3 1 p
= -3 ay— — 5 ay,
0 yP 0 Yo
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where
0o 68iq3xy3 -1 . 00 eius -1

3.7 / ————dy=(2¢q 57133(571)/3/ —du
(3.7) [ (20) —
and

k/2q eSiq3xy3 -1 51 (3-1)/3 kx'/3 eiu3 -1
3.8 / ——dy = (2¢)" "z / du
(3.8) 0 . (20) R

i(29)8— 148
— —Z( 9) x +0(¢%2?).

4-p
The first equation in (3.8) is obtained by the change of variables u = 2qz /3y, and
the second equation by expanding the Taylor series of the integral.
We now consider the third term on the right-hand side of (3.4). We have

2/°° e84’ = (wk/20° _ 1] cos 2rmy p
0 (y +k/2q)° Y
(3.9) _ 2/00 [e3i°2v° _ 1] cos 2mrm(y — k/2q) dy
k/2q yP
B /oo [e8iq3xy3 _ 1]627rim(y—k/2q) - /oo [eSiq3xy3 _ 1]6—27rim(y—k/2q) p
B k/2q yP Y k/2q ys Y
Y = i
k/2q Y

+ mimk/q /OO [68iq3xy3 - 1]6727rimy d
e 1.
k/2q yﬁ

But we have already dealt with the above integrals, in slightly disguised form, in
the course of proving Theorem 2. Indeed, the last two integrals in (3.9) are the
same as the last two integrals in (2.5), except that the former are evaluated from
k/2q to oo, instead of 0 to oo, and the = in each of the latter integrals is replaced
by 8¢z.

Using the results we obtained while proving Theorem 2, specifically (2.50), (2.53),
(2.56), (2.57), and (2.107), and substituting 8¢>z for z, we get

(3.10)

) 0o eSiq3xy3 —1 627rimy . 00 681‘q39£y3 -1 6727rimy
efﬂzmk/q/ [ 3 ] dy + eﬂ'zmk/q/ [ [3] dy
0 Y 0 Y

— _8q3(3 _ﬂ)x —mimk/q et mimk/q et
7W (& /0 U,B_Q du —e /0 U,B_Q du

_|_67rz'm1c/q(27m1)—(25-|r1)/4(24(]3x)(2;3—1)/4e—g\/Ei(zfrm)?’/z(zq)*?’/zac*l/2 /OO eiuz du

— 00

+O(q36/2x5/2m_(6+2)/2).
We must subtract
(3.11)
k iq> xy® M k .3 .3 o
e—ﬂimk/q /2q [equ Ty® _ 1]62 imy i+ rimh/q /2q [eS'Lq zy® _ 1]6 2mimy
5 yre 7
0 ) 0 Y

dy

from (3.10) to get (3.9).
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To estimate (3.11), we define g(z) as in (2.7), but with 8¢®x replacing x. From
(2.10) and (2.11), again with 8¢z replacing x, we conclude that

z [8igzy® _ 1 2mimy
(3.12) / [e o Jetrmy
0 )
—8(3 = B)g’x [* ™Y d Uiz [7 (8’7’ _ 1)e2mimy ;
- 2mm /0 2 YT 2w yB—2 Y
Zﬂ z (eSiq3xy3 1 8Z-q3xy3)627rimy i(eSiq3x23 _ 1)627rimz

dy— )

“2mm yB+1 2mmzP

where the change of variables u = 2wmy yields

I o )Y o
2m /0 yB—2 v= (27m)4-—8 /0 uP=2

If 8 =3, we must add g(0) = —4¢3z/mm to the right side of (3.12). We can put

bounds on the second and third terms on the right side of (3.12) by expanding the
Taylor series of the exponential functions in the integrals. We have

(3.13)

dy.

0 (@i 3..0 3 A
sigay® _ 1 _ o (8i€72y")"
(3.14) e 1=>" VR
A=1

SO

z (eSiqsxyS _ 1)627rimy o0 (8iq3a?))‘ z B ]
(3.15) / = dy = ZT/ YA —BE22mimy g

0 A=1 : 0
where

© 3A_p42 2mim 2P P+2
(3.16) Yy e Ydy| < —
0 ™
by Lemma 2.2. Thus,
24q3x z (eSiq%y?’ _ 1)627rimy p 24q3x 0 (8q3a:z3)’\
2mm  Jo yb—2 2m2m2,8-2 Al
A=1
24 3 8qPz2® -1
(3.17) -2 z(e )
2m2m2zP8-2
Likewise,
2 rqi3.03\A
33 . - 8iq°zy
(3.18) STy 1 — igPay® = Z %7
A=2
SO
(3 19) ZB /z (CSiq%cyS _1_ 8Z~q3xy3)627rimy dy - ﬂ(€8q3x23 _1_ 8(]31'33)
' 2tm J, yB+1 22 m22A+1

We now set z = k/2q, so that 8¢x23 = k32 < 1. Since the functions e* — 1 and
e"—1—w have strictly positive second and third derivatives, we have e*—1 < (e—1)u
and e — 1 —u < (e — 2)u? for 0 < v < 1, and in particular for u = k3z. Therefore

‘24(]325 /k/2q (68iq3xy3 . 1)627rim,y p ‘ - 3(6 _ 1)k5—5(2q)5+1x2
Y
52
0 Y

2m2m2
- 3(e —1)(2¢)%22
- 2m2m2

2mm

(3.20)
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and

; k/2q (,8i¢®zy® _ 1 — SigBzyd)e2mimy — 9)(29)8 22
(3.21) W5 / (e Siq wy”)e dy‘ _ Ble=2)(29)%*
0

2mm ybtl 2m2m?2

From (3.12), (3.13), (3.20), and (3.21), we conclude that

(3.22)

k/2q 1 8igPzy® _ 1]e2mimy
[ e
0

yﬁ
_Z‘(eik:}x _ 1)67rimk/q 8(3 _ 6)q3x

mmk/q iu
= — —d 6,.2 —2 .
2wm(k/2q)" (2rm)4-8 /0 p—2 vt O(q°z*m™7)

Again, we must add the term —4¢3x/mm when 3 = 3. By a parallel line of reason-
ing, we find that

k/2q [efsi(f’gcy3 _ 1]6—27rimy
3.23 / dy
( ) 0 Yo
- i(eika . 1)677rimk/q 8(3 _ 6)q3$ /wmk/q efiu du+ O( 6x2m72)
2mm(k/2q)? (2mrm)*=68 J, uf—2 ¢ ’
plus 4¢3xz/mm when 8 = 3. It follows that
(3.24)
k/2q 1,.8i¢°zy> 1]e2mimy k/2q [ 8ig3zy® _ 1]e—2mimy
—mimk/q [6 ]e wimk/q [6 ]6
e /0 7 dy +e | E dy
_Qa3(2 ) mmk/q _iu ) mmk/q _—iu
_ 8(] (3 6)1. e*ﬂ'zmk/q € du — eﬂ'zmk/q € du
(27m)4=8 o uP—2 0 uP—2

+0(q%2*m™2).

(Note that the first terms on the right sides of (3.22) and (3.23) cancel. In the case
B3 = 3, the terms —4¢3x/7m and 4¢3z /7m also cancel.)
Finally, we subtract (3.24) from (3.10), use the identity

iU —iu

9 e 9 e
e—ﬂ'imk/q/ du — eﬂ'imk/q/ du
—2 —2
wmk/q uP wmk/q uP

_ . . _—mimk/q > et
(3.25) = —2iR| ie 73 du |,
rmk/q U

and sum over m. Note that when we sum over m, the error terms

O(q35/2x5/2m_(5+2)/2) and O(quQm_Q)
become
O(¢*225/2) and  O(¢°z?)

respectively, and the latter term is absorbed by the former. This establishes Theo-
rem 3 in the case 2 < 3 < 3.
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For the case 3 < 8 < 4, we start with (3.1) and (3.2), but follow with the
observation that

L i(8¢°z)(i+k/20)° _

= (U+k/29)°

0 Li(8¢°x) (y+k/20)° _ | =1 ko s_g t ko s_g
= dy+8iq3xlim[ J+— —/ Y+ — dy}
/0 (y + k/2q)8 t—00 2 2q) 0 ( 2q)

(3.26)

b [tl el (+R/20° _ 1 _ i(8¢32)(j + k/2q)3
_ / TR 1 — i(8¢Pn)(y + k/29)° dy]
0 (y + k/2q)P
We then let
(3.27) b(y) = BT WR20° _ 1 — i(8¢Px) (y + k/2q)°

(y +k/2q)"
and prove that

(328)  jim [gw(m - [wa] - 22 | vty coszmmy

just as we proved (2.138) in the course of proving Theorem 2. The rest of the proof
is along the same lines as the case 2 < < 3. In this case, however, because of how
we defined 9 (y), the right-hand side of (3.28) makes no contribution to the linear
term, although the chirp term remains unchanged. O

IV. BEHAVIOR NEAR THE IRRATIONAL POINTS

Before proving Theorem 1, we will need several lemmas. The general idea is
to show that Fj(x) grows rapidly near suitable rational points pr/q. Lemma 4.1
shows that one can always find an interval near pr/q where the sum of the zB-1)/3
term and the linear term of Fi(x) grows large, while the error term is still small.
Lemma 4.2 shows that within this interval, one can always find points where the
chirp term is small.

Lemma 4.1. Given 8 (2 < 8 < 4) and given positive real numbers co and €, there
exists a positive real number cs such that for all positive integers p and q there exist
positive real numbers ¢1 and cz, bounded uniformly (over all p and q) from above,
such that if

2q
S emika s o g
k=1

3(8+3)/(8+2)

and

c1q” <z < coq 3BT/ (B+2)
then both the real and imaginary parts of Hy x#=Y/3 4 HFfix (where H{" and Hy
are as defined in Theorem 3) are greater than 03q7(252+55’4)/2(6+2) in absolute
value, while

coqPD/282 < L

2
. Jq~ (2B H8-0/2(5+2),
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Proof. First, note that the real and imaginary parts of H;fz(#~1/3 are respectively

(B-1)/3 24 : o 3_1
x ripk? /g cosu
(4.1) g Z e T du
k=1
and
(B-1)/3 21 % gin 3

x ripk® /q sinu

(4.2) 20 Z e /0 e du,
k=1

because the sum in (4.1) and (4.2) is always real.

Now [ u=#(cosu® — 1)du and [;° u=?sinu®du are non-zero for all 3 > 2.
Indeed, [;°u™"(cosu® — 1) du is strictly negative, because u™?(cosu® — 1) < 0 for
all u, except when u? is a multiple of 27, in which case u=?(cosu® — 1) = 0. On
the other hand, letting z = u?, we have

*° gin u? > sinz
(4.3) /0 = /0 e

and sin z/32(#+2)/3 is positive for 2ur < z < (2u+1)7 and negative for (2u+1)7 <
z < (2u 4+ 2)m, where u is any non-negative integer. But

sin(z + )
3(z + ﬂ)(ﬁ+2)/3

for all positive z. Thus the integral

24D Gin

%

sin z
3,(8+2)/3

(4.4)

_ sin z
13(z + m)(B+2)/3

is strictly positive, and so is the right side (and hence the left side) of (4.3).

Let K = —R(iH;)/R(H,"). We have already established that the integral in
(4.1) is non-zero. By hypothesis, the sum in (4.1) is also non-zero (it is > e,/q
in absolute value). Therefore R(H;") is non-zero, and K exists. K is of course a
function of p, ¢, and .

We will show that, for suitable ¢1, ¢o, and 3,

—1)/3 2q 3
(46) u Zewipk3/q /oo M dul < C3q_(262+5ﬁ_4)/2(5+2)
24 k=1 0 u
and
(4.7) coqBD/258/2 < Lo~ rs-0)/2(042)
3
if
(4.8) c1q 3B+ (B+2) 4 < 0 q=3(B+3)/(B+2)
By hypothesis, 2 < 3 < 4, so
3
(4.9) 517 1
and
(B-1)/(4-pB)
4— -1
(4.10) Tﬁ (5 . ) o,
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Thus there is a unique positive real number w satisfying
4—B/(B-1 (B-1)/(4=p)
4.11 w?/ B0 = — | — .
(4.11) wt—5 3
In fact, we have w > 1.
Let xg be any positive real number, and consider the function
(4.12) f(z)=2P0"Y3 _ Kz
over the interval 0 < z < . If
_B)/s —1
(4.13) Kol < BT
then f(x) is monotonically increasing over the interval, and the maximum value
occurs at x = xg. Otherwise the maximum occurs at

3/(4-8)
ﬂ 1 3/(4
4.14 === .
(414) o= (5%
However, if
(4.15) Kx(()‘l*ﬁ)/?’ > =0)/(B=1)
then
5o 1\YE
4.1 —
(4.16) s < -1 ( (57 ,
so once again |f(x)| attains its maximum at z = x¢. In the case of (4.13), the
maximum is a:(()’B V73 — Kz, but
1 —(4—
(4.17) K < 5(8 -, =873
o
1 _
(4.18) Ko< (8 - 1)z{~H/3
and
(4.19) 2B Ko > (4 B)aHE,
If the maximum of | f(z)| occurs at (4.14), then
(4.20) K < wi=8)/(8-1);=4=0)/3.
so the maximum is
(4.21) 2BV _ Ky

5 —1\-D/(=5) 3/(4=P)
() )

31 (B=1)/(4=8B) 3 (B=1)/(4=5)
()

—1)/(4—
_ 4-pB(B-1 (B=1)/(4-B) > —B/(B— )/ (4 ﬁ)w—lx(ﬁ—l)/?’

3 3K 3 3 0 '
In the case of (4.15), the maximum of |f(x)] is

(4.22) Kzo— 2 ™V/3 > (u@=A/(8-1) _ 1), (#=D/3,
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but (4.11) implies that

(B=1)/(4=8)
(4.23) wd=B8/B-1) _1 = A-58 (E) w!

3 3 ’
so the lower bounds in (4.21) and (4.22) are identical. Furthermore, since
(B-1)/(4—pB)>0,(3-1)/3<1,and w™! < 1, we have

4—ﬁ(ﬁ_1>(ﬁ1)/(46) 4-8

—1
_— <
3 3 v 3

(4.24)

so the same lower bound on |f(z)| also holds for (4.19). In other words, no matter
what values we choose for K and xzg, there always exists an x in the interval
0 < z < zg such that

(4.25) 2F=D/3 _ K| > (w801 _ 1) (F=0/3,

But |2(#~1/3 — Kz| is a continuous function of z, so there must exist an open
interval 1 < x < x2, where 1 > 0 and x2 < xq, such that, for all z in this interval,

(4.26) 20~D/3 _ K| > %(wm—m/w—l) )P,
Let
(4.27) 5= %(w(%ﬁ)/(ﬁfl) _y,
and
(4.28) To = (%55%1 /0 = COS’Z% " )6/(6+2)q3(6+3)/(ﬁ+2).
Let
(4.29) ey = oy BT/ (+2)
and
(4.30) ey = p P BT/ (B+2).

Then, since 1 < z2 < g, we have

1. 4] [®cosu—1 6/(8+2)
(4.31) 1 <cg < (65500 /0 — du ) ,
which establishes that ¢; and ¢, are bounded from above by a number independent
of p and gq.
Let

1 00 3_q 36/(B+2)
(4.32) c3 = (3¢9) T2/ (B+2) <—5e / 88 T >

2 o ub

From (4.26), (4.27), and (4.28), we get, for z1 < z < z9, that

(4.33)
0o 3
/ cosu 1 du
0 uf

2(8-1)/(8+2)
) g (FHE-1/(5+2),

1
|20~/ _ K| > 5(655051
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and hence
_ 2q
#0705 - K S ik /OO cosu—1
2q p 0 U,B
: 1 * cosud —1
(B-1)/3 _ il -~z -
(4.34) > |z Ka:|2qe\/§‘/0 e du
oo 3 38/(B+2)
> (3¢p) 2B~/ (B+2) (155 / % du ) g~ (287 +58-0)/(2(5+2)
2 0 U

= c3q~ (2P +58-4)/(2(8+2)

Likewise,
3 38/(B+2)
8/2 1. 4| fZcosu’—1 B
(4.35) 2P1? < xo/ = <65€CO 1 /0 — du) q3PB3)/2(5+2)
SO
(4.36)
00 3 38/(B+2)
coqB+D/25P/2 < ¢ <153c51 / cos “6_ LS ) (2B +56-4)/2(5+2)
6 0 w

1 2
= §C3q7(2ﬁ +56-4)/2(6+2)

This establishes Lemma 4.1 for the real part. A similar argument works for the
imaginary part, except that throughout the argument, fooo u™P(cosu® — 1) du must
be replaced by fooo u P sinu? du. O

Lemma 4.2. Let ¢1, c2, and c3 be any positive real numbers, with ¢y < co. For
every positive integer p, and every sufficiently large positive integer q, there ex-
ists a real number x, with ¢1q 3P/ (B+2) < g < g 3F+3)/(B+2) * gych that the
real part of Hy (3x)2P~V/% (where H3 is defined as in Theorem 3) is less than
%03q_(252+55_4)/2(5+2) in absolute value. The same is true of the imaginary part,
although not necessarily at the same x.

Proof. Let

[ee] 2q o)
(4.37) g(z) = Z(gﬂm)—<2ﬂ+1>/4e—rlsVéz‘(zwm)3/2zZem(pk3+mk>/q/ e du,

m=1 k=1 —oo
(4.38)
o0 2 o0
G(z) = 3v6i Z (27rm)7(2ﬁ+7)/4efﬁ\/gi(%rm):}mz zq: eﬂ'i(kaerk)/q/ eiu2 du,
m=1 k=1 —oo
and
(4.39)
oo 2q 00
I'(z)=-54 Z (27rm)_(26+13)/46_%\/éi(zwm)wzz Z em(pk3+mk)/q/ e du.
m=1 k=1 -

Then for all real numbers a and b, 0 < a < b, we have

b
(4.40) / g9(z)dz = G(b) — G(a)
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and
b
(4.41) / G(z)dz =T(b) —T'(a).
Suppose for some M > 0 we have
(4.42) Rlg(2)]| > M

for all z in the interval a < z < b. Since g(z) is continuous, R[g(z)] cannot change
sign between a and b. Therefore, for a < w < b, we have
w
[ Rt az
a

(4.43) > (w— a)M.

But
[ " Rlg(z)] dz = ére[ / 92) dz] — R(G(w) — Gla)] = RG(w)] - R(C(a))

(4.45) IR[G(w)] — R[G(a)]| > (w —a)M

for all w between a and b. Furthermore, R[G(w)] — R[G(a)] has the same sign for
all w between a and b.
If R[G(a)] and R[G(b)] have the same sign, then

b
(4.46) / R(G(w)] dw‘ > %(b —a)?M.

If, on the other hand, R[G(w)] changes sign between a and b, then, since it is
monotonic, it can only change sign once. Say it changes sign at v, where a < v < b.
Then

(4.47) / " RiG(w) dw‘ > %(U —a2M
and

b
(4.48) / R(G(w)] dw‘ > %(b — )M

But either v—a > 1(b—a) or b—v > 1(b—a), so the right-hand side of either (4.47)
or (4.48) is greater than (b — a)?M. But the left-hand sides of (4.47) and (4.48)
are respectively equal to |R[['(v)] — R[T'(a)]| and |R[T(b)] — R[T'(v)]|. Therefore, at

least one of the numbers |R[['(a)]|, |R[L'(v)]|, and |R[I'(b)]| must be greater than

25(b—a)*M.
o0
/ e du
—00

However, by (4.39), we have
for all real z, and the same bound applies to |R[I'(z)]|. Therefore, if the right-
hand side of (4.49) should be less than or equal to (b — a)?M, we would have a
contradiction, and (4.42) would have to be false for some z in the interval a < z < b.
Let ¢1 and ¢y be any real numbers, with 0 < ¢; < co, and let

(4.50) a = 62_1/2q3/2(6+2)

(4.49) ID(2)] < 108 Y _ (2mm)~ AT/

m=1
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and
(4.51) b= 61—1/2q3/2<5+2>7
so that 0 < a < b. Let
(o) o0 R
(4.52) ey = 1728(c; oy )2 > (2mm)~BOFI/A / e dul.
m=1 -0
Then the right-hand side of (4.49) is < (b — a)®?M whenever
(4.53) M > C4q(ﬁ 1)/(8+2)
It follows that
(4.54) IR[g(2)]] < caqP—1/B+2)
for some z in the interval a < z < b. The same argument shows us that
(4.55) 1S]g(2)]] < caqP—D/(5+2)

for some z in this interval, although the real and imaginary bounds do not neces-
sarily occur simultaneously for the same z.
Now

(4.56) c1q PITIBTD) < g < 0yq BT/ (B+2)

if and only if

(4.57) 051/2q3/2(6+2) < q 3212 < 61—1/2(]3/2(5”).
Therefore, there must exist x satisfying (4.56) such that

(4.58) [Rlg(q—*a~2)]| < cag P D02,

and the same bound holds (generally at a different z) for S[g(q~3/22~'/2)]. For
such = we have

(4.59) |(29) =374 (32) B0~V Mg (g3 2271/2)]
< CBq(Qﬁ—B)/4x(2[3—1)/4q(6—1)/(ﬁ+2) _ c5q(252+55—10)/4(5+2)x(26—1)/4

< c5q07HOA=10)/4(5+2) ((26=1)/4=3(2F-1)(B+3)/4(5+2) — (oo (4F°+106+1)/4(5+2)
where
(4.60) cs = 2(28-3)/43(26-1)/4.,
and
(4.61) c6 = Cs 0(25 D/,

Note that cg does not depend on g.
For ¢ sufficiently large, we have

(4.62)
coq- 1080/ L —arrios-s)aen) _ L —@otrs-0/20042),
3
But
(4.63) (2q)0 /g (g3 1?) = HY.

It follows that for some z satisfying (4.56) we have

(4.64) |R[H 5 (396)(26—1)/4” < lc3q—(262+56—4)/2(ﬁ+2)
3 )
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and the same bound holds for the imaginary part at a possibly different x satisfying
(4.56). d

Lemma 4.3. Let q be a prime, with ¢ = 1mod 3, let s be an integer not divisible
by q, and let x be a cubic character on the integers modq. Then

q—1 qg—1

. 3 .
E e27rzsn /a — 2%(5 X(n)eﬂ'zsn/q>.
n=0 n=0

Proof. we have

-1
2misn/q _ 2misn/q 2misn/q 2 2misn/q

(4.65) x(n)e e +w e +w e ,

1 x(n)=1 x(n)=w x(n)=w?

2mi/3

Q

3
Il

where w = e . Now

(466) 26271'1571 /a4 =143 Z 27msn/q

x(n)=
and
(467) Z eQWiS"/(I + Z eQWisn/q + Z 27rz€n/q Z eQm,sn/q _
x(n)=1 x(n)=w x(n)=w?
S0
(468) Z e27rzsn/q + Z 27risn/q - 11— e27risn/q.
x(n)=w x(n)=w? x(n)=1
Since —1 = (—1)3, we have x(—1) =1, so
(4.69) x(—n) = x(n)x(=1) = x(n).
Therefore
; 1 ) )
2misn/q _ — 2misn/ —2misn/
e P G
x(n)=1 x(n)=1
and
(4.71) g( ezmn/q) _o;
x(n)=1
likewise

(4.72) Cs(

x(n)=w
and
(4.73) %( 627”'8"/‘1) =0.
x(n)=w?
It follows from (4.65), (4.71), (4.72), and (4.73) that
(4.74)

q—1
%(Z X(n)627risn/q) — Z eQwisn/q _ % Z e27risn/q _ % Z 6271"£5'rz/q7

n=1 x(n)=1 X(n)=w X(n)=w?
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but by (4.68), the right-hand side of (4.74) is equal to
1 3 -
4. - e 2misn/q
(4.75) sty D¢ :
x(n)=1
and by (4.66), this is equal to

132 et
27
(4.76) 5 nz:%e isn/q,
Therefore, twice (4.76) is equal to twice the left-hand side of (4.74). This, together
with the fact that x(0) = 0, establishes Lemma 4.3. O

Corollary 4.3.1. If p is even, and q does not divide p, then

2q 2q
> emin— a3 (e
n=1 n=1

Proof. If p = 2s, then

2q q—1
(477) Z eﬂ'ilm3/(1 -9 Z eQTI’iSTLS/q
n=1 n=0
and
2q q—1
(478) Z X(n)eﬂ'ip"/q =9 Z X(n)eQW'isn/q.
n=1 n=0

O

We also need the following results of Gauss, Heath-Brown and Patterson, and
Erdos.

Theorem (Gauss [4] art. 358). Let q, s, and x be as in Lemma 4.3. Then

q—1 . 3
(X xmerenin) =
n=0

where T is a prime element of Z[w] with norm q, which is independent of s. Specif-
ically,

1
T= 5(@ + 3bV/3i),
where
a? +27b* = 4q
(so that || = \/q), a = 1mod 3, and the sign of b depends only on the choice of the

character x.

An immediate consequence of Gauss’s theorem is that

q—1
(4.79) Z x(n)e?risn/a
n=0

:\/a7

and hence, for even p,

(4.80)
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Another consequence is that
2q 2q

(4.81) D x(n)em T =€ " x(n)e?
n=1 n=1

where £ = 1, w, or w?, depending on p.

Theorem (Heath-Brown and Patterson [8]). Fiz a cubic character x, and let

0(q) = arg (:é X(n)ezm‘n/q)

range over all primes ¢ = 1mod 3. Then 0(q) is uniformly distributed over the unit
circle.

A consequence of the above theorem is the following lemma.

Lemma 4.4. Let 0 < € < 2 and let S be the set of primes q such that for all even
integers p which are not divisible by q, we have

2q

.3
3 erivn®/a
n=1

Then S has positive asymptotic density among the set of all primes.

> £4/4.

Proof. Tf 0 < € < 2, then

1 ™
4.82 0< in—e < —
(4.82) arcsin 7 < =
and the set of 6 such that

1
(4.83) |0 — (2 + 1)7 /6] > arcsin 1€
for all p € Zg has positive measure on the unit circle. It follows from the theorem
of Heath-Brown and Patterson that the set of primes ¢ = 1 mod 3 such that 6(q)

satisfies (4.83) has positive density in the set of all primes = 1 mod 3, and hence
positive density in the set of all primes. For any such ¢, (4.81) implies that

q—1
: 1
arg<z X(n)e’”p"/q> + g‘ > arcsin 1€
n=1
for all even p not divisible by ¢g. Thus
q—1 1
4.85 R mipn/a -
as) (e e
by (4.80), and by Corollary 4.3.1
2q
Z ewipn3/q
n=1

S therefore contains a set of positive density, and must have positive density itself.
O

(4.84)

qg—1

Z X(n)e’””"/q

n=1

1
= 55\/6

(4.86) > /g
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Theorem (Erdds [3]). Let § > 0 and let S be a set of positive integers such that

the sum
> ela)/q

qeS

diverges, where ¢ is Euler’s function. Then for almost all irrational numbers £,
there exists an infinite number of rational numbers p/q with (p,q) = 1, such that
q €S and

P 6

-t]<h

q q
Corollary. Erdés’s theorem remains true if we add the hypothesis that the elements
of S are all odd, and the conclusion that the integers p are all even.

Proof. First we note that the theorem remains true if we replace ¢ and £ by %(5
and %ﬁ respectively, because if § > 0, then so is %5, and because the set of all real
numbers & such that %f belongs to a set of measure zero has measure zero. Then
we multiply both sides of the inequality by 2. The new inequality is the same as
the original, except that p has been replaced by 2p. Since ¢ is odd and (p,q) = 1,
we still have (2p,q) = 1. O

We are now ready to prove Theorem 1.

Proof. If q is prime, then ¢(q) = g — 1. Tt follows from the prime number theorem
that for 0 < € < 2, the set S in Lemma 4.4 always satisfies Erdos’s theorem. If
we exclude the case ¢ = 2, then the corollary of Erdos’s theorem is also satisfied.
Therefore, given 0 < € < 2 and § > 0, there exist, for almost every irrational £, an
infinite number of rationals p/q, with p even and (p,q) = 1, such that

p om
(4.87) ‘5 . < 7
and
2q )
(4.88) S emint/a) s e g,
n=1

We now fix £ and apply Lemma 4.1 for all such p and ¢, letting ¢ be as above,
and letting c¢g be the constant from Theorem 3. We conclude that there exists a
positive real number c3 such that for each p and ¢ satisfying (4.87) and (4.88) there
is an interval

(4.89) c1q 3B+ (B+2) < 4 0y 3(B+3)/(B+2)

where ¢o is bounded from above uniformly over all such p and ¢, such that, for all
z in this interval,

(4.90) |R(H z5~D/3 ¢ HFix)| > caq— (2B +50-4)/2(6+2)
(4.91) IS(H 2P~V 4 Hfiz)| > caq— (2B°+56-4)/2(8+2)
and

(4.92) \HF2P/2| < egq~(20%+50-0)/2(5+2),
3
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Moreover, by Lemma 4.2, if ¢ is sufficiently large, then for some z satisfying (4.89),
we have

(4.93) R(HF 28014 < Loyqm2t58-0/2842)
3 )
and for some (possibly different) x, we have

(4.94) IS(HF 28D/ < Loqm (28 +58-0/25+2),
3

It follows from Theorem 3 that for an infinite number of p and ¢ (that is, for all
p and ¢ satisfying (4.87) and (4.88), with a finite number of exceptions where ¢ is
too small to satisfy Lemma 4.2), there exist numbers xr and x;, both satisfying
(4.89), such that

(4.95) ‘%[Fg(% +ag) — Fﬁ(%)” > %CBq—(262+5[3—4)/2(5+2)

and

(4.96) ‘%[Fg(% +a7) — Fﬁ(%)” > %63(]7(26%5574)/2(&2).
Now suppose

(4.97) 2< < @

Then

(4.98) (26% +568—4)/2(8+2) <2

and

(4.99) %03(]*(25%5674)/2(&2) > %03({2.

For each ¢ > 20, there can be at most one p satisfying (4.87), because p must be
the closest integer to {g. So we can think of p, xr, and z; as functions of ¢q. The
domain of these functions consists of the infinite set of integers ¢ for which (4.95)
holds. Let

(4.100) x1 = pm/q,
(4.101) T2 =pr/q+ TR,
(4.102) r3 =¢m,
(4.103) y1 = R[Fp(z1)],
(4.104) y2 = R[Fp(z2)],
and

(4.105) ys = R[Fp(xs)].

We are to think of z1, @2, y1, and y2 as functions of ¢ as well. By (4.87) we have

(4.106) lim (zqy —x3) =0,
q—00

and by (4.89), with = g, we have
(4.107) lim (x1 — x9) =0,

q—0o0
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so that
(4.108) lim (zg —x3) =0

g—oo
also. Now suppose R(Fg) has a derivative of D at = &x. Then
(4.109) lim 22790 gy BT82
q—0 T3 — I1 q—0 T3 — I
We will show that (4.109) leads to a contradiction.
First, we have

5 (yz—y1 yg—yz)
im —
q—oo\ T3 — X1 T3 — T2
(4.110) — lim <y1x2 — Y21 + Y2x3 — Y3T2 + Y3T1 — y1x3> —o.

(w3 — x1) (w3 — 22)
For ¢ = 1, 2, and 3, let P; = (x;,y;), let b; be the length of the side of triangle
P, P, P; opposite P;, let h; be the length of the perpendicular from P; to the opposite
side, and let 0; be the interior angle at P;. Note that b;, h;, and 6; are well defined
even if P;, P», and Ps are collinear. (It is not possible for two of these points to
coincide, because the x; are all different.) Now the absolute value of the numerator
of the second limit in (4.110) is twice the area of triangle P; P, P;. Thus

q—00

(4.111) Y122 — Y21 + Y223 — Y32 + y3r1 — y123| = bzha.
By (4.87), we have

(4.112) |zg — 21| < dmg 2.

By (4.89), with = zg, we have

(4.113) |z — 21| < CQq_3(6+3)/(5+2).

But 3(3+3)/(8+2) > 2, s0

(4.114) |zo — 21| < dmq ™2

for ¢ sufficiently large, and

(4.115) lzg — 29| < 20mq 2.

That means the denominator of the second limit in (4.110) is less than 26%72¢—*
in absolute value, and

(4.116) lim ¢*b3hs = 0.
g—o0
But
1
(4.117) b > |y2 — y1| > §C3q_2
by (4.95) and (4.99), so
(4.118) lim ¢%hs =0
g—o0
and
. h3
(4.119) lim — =0.
g—oo b3
Now

(4.120) hg = bg sin 91 = b1 sin 92,
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so (4.119) implies that

b b
(4.121) lim b—2 sinf; = lim b—1 sin By = 0.

Since |siné;| and |sin ;| are both < 1, we can multiply the first limit in (4.121)
by sin > and the second limit by sinf; without changing their zero values. Thus

(4.122) lim b—2 sinf; sinf, =0
q—00 b3

and

(4.123) lim b—l sin 01 sin f; = 0.
q—© b3

Adding (4.122) and (4.123), we have

b1 +0b
(4.124) lim 272 600, sin 6y = 0.
g—oo b
But
b1 +0b
(4.125) ity
b3
by the triangle inequality, so
(4.126) lim sin#; sinfy = 0.
g—00

On the other hand, (4.109) implies that
(4.127) lim sinf3 = 0.

q—00

But 61 4+ 05 + 03 = 7, so

(4.128) lim sin(fy + 62) = lim (sin 6y cosf + sin s cos6,) = 0.
q—o0 q—o0

Now | cosf;| and | cos f3] are also < 1, so we can multiply both sides of (4.128) by
sin f; cos B2 and both sides of (4.126) by cos 6y cos b, to get

(4.129) lim (sin2 61 cos? A5 + sin 0y sin B cos H7 cos 62) =0
q—0o0

and

(4.130) lim sin @ sin @5 cos 01 cos 05 = 0.

q—0o0

Subtracting (4.130) from (4.129) yields
(4.131) lim sin® 6 cos® 0y = 0,

q— 00
and taking the square root of both sides gives us

(4.132) lim sin #; cosfy = 0.

q— 00
Adding sin 02 times (4.126) to cos 6 times (4.132), we get

(4.133) lim sin 6y (sin® O3 + cos?f) = lim sinf; = 0.
g—o0

q—00
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Recall that 6, is the angle between segments P; P, and Py P;. Thus (4.133)

implies that in the limit as ¢ — oo, both segments tend to the same slope. Therefore
(4.109) implies that

(4.134) lim 2-Y% _p

q—00 X9 — I

But by (4.95) and (4.113), we have

(4.135)

Y2 — Y1
To — I

2
%Cw—(w +56—-4)/2(8+2) _ q(22+5’252)/2(5+2)
c2q 3BT/ (B12) 3¢y '

Since 8 < (v/97 — 1)/4, we have

282 +58—4 3(6+3)
4.136 — <2< =,
(4:136) 206+2) B+2
so (22 + 3 —26%)/2(8 +2) > 0 and
(4.137) lim 2 g(2246-26%)/2(8+2) — 4 o0

q—o0 3co
Thus D does not exist, and R[F(x)] has no derivative at = = {m. A parallel
argument proves that $[Fg(z)] has no derivative at z = {m. O
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