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This note will derive the following result.

Theorem 1. Let Sn = {(x1, x2, . . . , xn) : |x|2 =
n∑
1

x2j ≤ a2} be the n-ball of radius a. Denote the measure

of this ball by µn(a). It satisfies the following recursion:

µn(a) = βna
n, where

βn =

(
2π

n

)
βn−2

β0 = 1

β1 = 2

Proof. We define µ0(a) = 1, µ1(a) = 2a. Let r2 = x21 + x22 + . . . x2n and ρ2 = x2n−1 + x2n.

µn(a) =

∫
r≤a

dnx

=

∫
ρ≤a

µn−2

(√
a2 − ρ2

)
dxn−1dxn

=

∫ a

ρ=0

∫ 2π

θ=0
βn−2(a

2 − ρ2)n/2−1ρdρdθ

= 2πβn−2

∫ a

0
(a2 − ρ2)n/2−1ρdρ

=
2π

n
βn−2(−(a2 − ρ2)n/2|a0

=
2π

n
βn−2a

n

= βna
n

Corollary 1. The measure of 2n-balls of radius a is
(πa2)n

n!
. The measure of 2n+1-balls is 2

(4π)nn!

(2n+ 1)!
a2n+1

1


