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A number field L is a finite extension of Q. The goal of this course is to define a
subring O C L, that we call the ring of algebraic integers of L, and to study the extent
to which its properties generalize those of the usual ring of integers Z C Q. This is the
beginning of the subject of algebraic number theory, which was invented by Kummer in the
1840’s in order to attack the problem of supplying a proof of Fermat’s Last Theorem. We
will return to this problem at the end of the course.

The schedules for this course recommend several textbooks, but my personal favourite
is Marcus’ textbook Number Fields.

Non-examinable material, when it appears, is relegated to a subsection labelled with
*asterisks™.
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1 The ring of algebraic integers

Recall that a field extension L/K is a pair of fields K C L. In this case L is a K-vector
space and the number [L : K| = dimg L is called the degree of the field extension L/K. We
say that the extension L/K is finite if its degree is finite.

Definition 1.1. A number field is a finite extension L/Q.

Here are two ways to construct number fields. If o € C is an algebraic number, then
Q(«) (the smallest field extension of Q containing «) is a number field. For example, Q(7)
is a number field (an example of an imaginary quadratic field).

Alternatively, if K is a number field and and f(z) € Klz] is an irreducible monic
polynomial, then L = K[x]/(f(x)) is a number field, with [L : K] = deg f. Observe that
in the first case our number field comes with a distinguished embedding in the complex
numbers, while in the second case it does not. An important theme throughout this lecture
course will be the role played by the set of all embeddings of a number field in the complex
numbers.

In this course we will associate to any number field L a subring O C L called the
ring of integers of L. This will generalize the inclusion Z C Q.

Definition 1.2. 1. Let L/K be a field extension. An element o € L is said to be algebraic
over K if there exists a monic polynomial f(x) € K|x] such that f(a) = 0.

2. Let L/Q be a field extension. An element o € L is called an algebraic integer if there
exists a monic polynomial f(x) € Zlx] such that f(a) = 0. We write O, C L for the
subset of algebraic integers.

Definition 1.3. If L/K is a field extension and « € L is algebraic over K, then the minimal
polynomial of a over K is by definition the monic polynomial f,(x) € K|x] of least degree
such that fo(a) = 0.

The minimal polynomial is well-defined because we can apply the Euclidean algorithm
in the ring K[z]: if f,(2), go(x) are two polynomials with this property, then write f,(z) =
q(2)ga(x) + r(x) for some q(z),r(z) € K[z] with degr < degg,. Then setting = = a gives
r(a) =0, hence r = 0, hence ¢ = 1 (as deg f, = deg g,)-

Lemma 1.4. Let L/Q be a field extension, and let o € L be an algebraic integer.

1. The minimal polynomial f,(x) of a over Q is contained in Z[z]. In other words, fu(z)
has integer coefficients.

2. If g(x) € Z[x] is any polynomial such that g(a) = 0, then we can find q(z) € Z[z] such
that g(z) = q() fal).

3. Let ' : Zlx] — L be the ring homomorphism defined by F(f(x)) = f(a). Then the
kernel of F' equals the principal ideal (fo(x)) of Z[z].



Proof. We recall (from IB Groups, Rings and Modules) that if f(z) = a9 + a1z + -+ +
a,x™ € Z[x], then the content c(f) is defined to be the greatest common divisor of ay, ..., a,.
Moreover, Gauss’ lemma states that if f(x),g(x) € Z[z], then ¢(fg) = ¢(f)c(g).

Let f(x) € Z|x] be a monic polynomial such that f(«) = 0. Applying the Euclidean
algorithm in Q[z], we can find ¢(z),r(xz) € Q[z]| such that f(z) = q(x)fa(x) + r(z) and
degr < deg f,. Specializing to x = «, we see r(a) = 0, hence r = 0. Let n,m be
positive integers such that ng(x), mf,(z) € Z[z]. Then Gauss’ lemma says nm = c(nmf) =
c(ngmfs) = c(nq)e(mf,). Since ¢ and f, are both monic, we have ¢(ng)|n and c(mf,)|m.
This is possible only if ¢(ng) = n and ¢(mf,) = m, implying that in fact f,(z) € Z[z].

Let g(x) € Z[z] be a non-zero polynomial such that g(o) = 0. Then we can write
g(x) = q(z) fo(z) + r(x) in Q[z] with degr < deg f,. Again we see r = 0. Let n > 1 be
an integer such that ng(z) € Z[z]. Then we get c(ng) = nc(g) = c(nqf.) = c¢(ng), hence
n|c(ng), hence q(x) € Z[x], as desired.

The third part of the lemma is simply a reformulation of the second part. n

Corollary 1.5. Og = Z.

Proof. If a € Q, its minimal polynomial is f,(z) = x — a. Using the lemma, we see that «
is an algebraic integer if and only if o € Z. m

Proposition 1.6. Let L/Q be a field extension. Then Oy, is a ring.

Proof. 1t is clear that 0,1 € O, and that if @ € Op, then —a € O. The hard part is to
show that if o, 8 € Oy, then aff € Op and a + 8 € Oy.

We first observe that the subring Z[a] C L is a finitely generated Z-module. Indeed,
by definition, it is generated by the infinitely many elements 1, a,a?,.... Let d = deg f..
Since f,(z) is monic and f,(a) = 0, we see that a? € Zf;ol Za'. By induction this implies
a" € Zf:_ol Za' for all n > d, showing that Z[a] is in fact generated by the finitely many
elements 1,a, ..., a% %

Now choose «, 8 € Op, and let d = deg f,, e = deg fs. In the same way, we see that
Zla, (] is generated as a Z-module by the elements /37 where 0 <i <d—1,0<j <e—1.
Since Zlaf] C Z|a, B], we see that Z]a5] is a finitely generated Z-module. It can therefore be
generated by some sequence 1,a0, (af)?, ..., (aB)", implying the existence of a relation
(aB)™ = ap_1(aB)"t + -+ aiaf + ag for some integers ag, . . ., a,_1. Equivalently, a3 is a
zero of the polynomial 2" — a,, 12" ' — -+ — ag € Z[z]. This shows that af is an algebraic
integer. The same argument, using the fact that Z[a + 5] C Z|a, 8] is a finitely generated
Z-module, shows that o + (8 is an algebraic integer. O

Accordingly, we call Op the ring of algebraic integers of L.

Lemma 1.7. Let L be a number field and let o € L. Then there exists an integer n > 1
such that na € Oy,

Proof. Let f(z) € Q[z] be a monic polynomial of degree d with « as a root. Then we can
find an integer n > 1 such that the polynomial g(z) = n?f(z/n) has integer coefficients.
The polynomial g(x) is monic, and satisfies g(na) = 0, so na € Oy. O
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2 Embeddings in C

Let L be a number field.
Definition 2.1. A complex embedding of L is a field homomorphism o : L — C.

Note that if o is a complex embedding, then ¢ is injective and |y is the usual
embedding Q — C.

Proposition 2.2. Let L/K be an extension of number fields, and let oy : K — C be a
complex embedding. Then the number of distinct embeddings o : L — C such that o|x = 09
is equal to the degree [L : K].

Proof. We use induction on [L : K]. The case [L : K| = 1 is trivial since L = K in this
case. In general, choose o € L — K, giving a tower of extension L/K («)/K. The tower law
from Part II Galois theory states that [L : K| = [L : K(a)|[K(«) : K]. In particular we
have [L: K(a)] < [L: K]. If [K(«) : K] < [L : K] then we're done by induction. So we can
suppose without loss of generality that L = K(«).

Let f(z) € K[x] denote the minimal polynomial of o over K. Then there is an
isomorphism K[x]/(f(z)) — L, x — a. It follows that to give a homomorphism o : L — C
extending oy is to give a root of oo f(z) in C. We therefore just need to explain why the
polynomial o f(z) has distinct roots in C. Equivalently, we must explain why oqf(z) and
oo f'(x) have no roots in common. However, this follows from the fact that f(x) and f'(z)
together generate the unit ideal in K[z] (as f(x) is irreducible). O

An important special case of the proposition is where L = Q(«) is generated by a
single element, with minimal polynomial f,(z) € Q[z]. In this case the embeddings L — C
are in bijection with the roots of f,(z) in C.

If L is a number field and ¢ : L. — C is a complex embedding, then we write s : L — C
for the complex embedding given by the formula @(a) = o(a) (i.e. complex conjugation of
o(a)). There are two possibilities: either ¢ = @, in which case o takes values in R, or
o # . We write r for the number of embedding o : L — R, and s for the number of pairs
0,7 : L — C of embeddings with ¢ # @. Then r + 2s = [L : Q].

Example. If d € Z — {0,1} is a square-free integer, then the polynomial 22 — d € Q[z] is
irreducible. The corresponding quadratic field is L = Q[z]/(2? — d) = Q(+v/d). We call it a
real quadratic field if d > 0 (in which case r = 2, s = 0) or an imaginary quadratic field if
d < 0 (in which case r =0, s = 1).

Example. Let m € Z be a cube-free integer, m # 0,1. Let L = Q[z]/(2®> — m). Then
r =1,s = 1, as follows from the fact that m has 1 real cube root and two complex cube
roots in C.

One application of complex embeddings is to understand the trace and norm.
Definition 2.3. Let L/K be an extension of number fields. Let o € L, and think of m, : L —

L, mq(B) = af as a K-linear endomorphism. Then we define the trace trp k(o) = trmg
and the norm N k(o) = det my,.



Lemma 2.4. We have trr (o) = [L : K ()] trg(a)/x (@) and Nix(a) = Nic(a)/x (o) EE @

Proof. This follows from the fact that L = K (a)FK(@)] as K (a)-vector spaces. O

Lemma 2.5. Let L/K be an extension of number fields of degree [L : K| = n, and let oy :
K — C be a complex embedding. Let o1, ..., 0, : L — C be the distinct complex embeddings
such that o;|x = 9. Then for each a € L, we have oy trp k() = oy(a) + -+ + o,(a) and
ooNp/k(a) = o1(a) . ..on(a).

Proof. By the previous lemma, we can assume that L = K(«), in which case the minimal
polynomial f,(z) of « over K is equal to the characteristic polynomial of the multiplication-
by-a endomorphism m, : L — L. It follows that if f,(z) = 2™ + a12"' + -+ + a,,, then
trp k(o) = —a; and Np/g(o) = (=1)"a,. On the other hand, we know that there is a
factorization

g0fa() = (z = or(a))... (& = on(@))

in C[z], showing that —o¢(a1) = o1(a) + -+ 4+ ox(a) and (—1)"og(a,) = o1(a)...o,(a).
This completes the proof. O]

Corollary 2.6. If a € Oy, then try/k(a), Np/k(o) € Ok.

Proof. Note that for § € K, we have § € Ok if and only if 0¢(8) € O¢ (as for f(x) € Z[z],
f(B) =0 if and only if f(oo(B)) = 0).

Let a € Op. The previous lemma shows that oo(trz k() is a sum of algebraic inte-
gers, hence an algebraic integer, hence try k() is an algebraic integer. The same argument
applies to the norm. O

Proposition 2.7. Let d € Z —{0, 1} be a square-free integer, and let L be the corresponding
quadratic field.

1. If d= 2,3 mod 4, then Op = Z[\/d.
2. Ifd=1 mod 4, then Op, = Z[3(1 +Vd)].

Proof. In either case we have L = {a+0V/d | a,b € Q}. Let a = a+bvd € L. We claim that
o € Oy if and only if tryg(«) = 2a € Z and Ny g(«) = a®> — db* € Z. We have already seen
that these conditions are necessary. To see that they are sufficient, note that the polynomial
z? — trp () + Npjg(a) € Q[z] has « as a zero. This shows that the claimed rings are at
least subrings of Oy.

Let o = a4 bVd € Op. Then a = u/2 for some u € Z, hence 4db®> € Z. Writing
b=r/s with r,s € Z coprime and s > 0, we find 4dr? € s*Z, hence s?|4d, hence s = 1 or 2
(as d is square-free). Thus we can write b = v/2 for some v € Z and hence o = § + 12—’\/8
We have u? — dv? € 47, hence u? = dv? mod 4.

If d = 2,3 mod 4 then this forces v and v to both be even, hence a € Z[/d]. On
the other hand if d = 1 mod 4 then this forces u = v mod 2, hence o € Z[(1 + V/d)]. This
completes the proof. O



Another application of the norm is to characterize units. Recall that if R is a ring,
then an element v € R is called a unit if there exists v € R such that uv = 1. The set
R* C R of units forms a group under multiplication.

Lemma 2.8. Let L be a number field. Then Of = {a € O | Nyjg(a) = £1}.

Proof. The norm is multiplicative. If @ € OF, then there exists § € Of such that af = 1,
hence Ny g(af) = Nijo(a)Nyo(B) = 1. Since Z* = {£1}, we must have N (o) = £1.
Suppose conversely that o € Op and Npg(e) = £1. We must show that o~ is an algebraic

integer. Let oq,...,0, : L — C denote the distinct complex embeddings of L. Then we
have o1(a)...0,(a) = %1, hence oy(a™t) = +o9(a)...0,(a). This shows that o;(a™!) is
an algebraic integer, hence that a~! is an algebraic integer. O]

3 Discriminant and integral bases

Let L be a number field of degree n = [L : Q]. Let o1,...,0, : L — C be the distinct
complex embeddings.

Definition 3.1. If ay,...,«, are elements of L, then we define their discriminant
disc(ay, . . ., o) = det(o;;)°.

We note that this does not depend on the choice of ordering of the embeddings, or
on the choice of ordering of the elements ay, ..., «,. Indeed, a change in ordering changes
the determinant by a sign, which disappears when we square.

Lemma 3.2. We have disc(ay, ..., a,) = det(try g a;a;).

Proof. Define n x n matrices Tj; = try o oya; and D;; = o5, Then we have
Ty = de(%‘)ak(%‘) = Z Dy Dyj = (*DD)y;,
k=1 k=1

hence T = *DD, hence det T = det(D)? = disc(ay, ..., ay). O

Corollary 3.3. We have disc(ay, ..., a,) € Q. Ifin factay, ..., a, € Of, thendisc(ay, ..., a,) €
7.

Proof. The previous lemma presents the discriminant as the determinant of a matrix with
coefficients in Q. On the other hand if vy, . . ., o, are algebraic integers, then disc(ay, . .., ay,)
is an algebraic integer in C. Since it is also a rational number, it lies in Og = Z. O]

Proposition 3.4. We have disc(ay, ..., a,) # 0 if and only if the elements ay, ..., o, form
a basis for L as Q-vector space.



Proof. 1f the elements aq,...,a, are linearly dependent over Q, then the columns of the
matrix o;c; are linearly dependent and the discriminant is zero. Suppose instead that the
elements aq, ..., a, form a basis for L. By the lemma, the discriminant is then non-zero if
and only if the symmetric bilinear form 7" : Lx L — Q, T'(z,y) = trz g xy, is non-degenerate.
This is true: for any non-zero element 3 € L, we have T'(3,37') =n # 0. ]

The first application of the discriminant is to understanding integral bases.

Definition 3.5. An integral basis for O is a tuple (a, ..., ) of elements o; € Op which
generate O as a Z-module.

Lemma 3.6. If (ay,...,a,) is an integral basis, then the map Z"™ — Op, (mq,...,my) —
miaq + -+ + myQ, 1S an isomorphism.

Proof. The map is surjective, by definition. Since any element of L admits an integer multiple
which lies in Oy, we see that aq, ..., «a, span L; they therefore form a basis of L as Q-vector
space and are linearly independent over Q. This implies that the map is injective. ]

Lemma 3.7 (Sandwich Lemma). 1. Let H C G be abelian groups such that G = Z™ for
somen > 1. Then H = Z™ for some m < n.

2. Let K C H C G be abelian groups such that K = Z" and G = Z" for some n > 1.
Then H = 7.

3. Let H C G be abelian groups such that H = G = 7" for some n > 1. Then G/H is
finite.

Proof. By the classification of finitely generated abelian groups, there is an isomorphism
H = 7™ for some m > 1. We just need to explain why m < n. There is an isomorphism
G/H2Z'®Z/(d)® - DZ/(d,y,) for some non-zero integers dy, .. ., d,,. Let p be a prime
not dividing any of dy, ..., d,,. Then multiplication by p is injective on G/H. It follows that
the map H/pH — G/pG is injective: if h € H and h = pg for some g € G, then g+ H is an
element of G/H which is in the kernel of multiplication by p, hence g+ H = H and g € H.
This in turn implies that p™ < p”, hence m < n.

This proves the first part of the lemma. The first part implies the second. It remains
to prove the third. There is an isomorphism G/H = Z* & T, where a > 0 and 7 is a finite
abelian group. We must show that a = 0. Let p be a prime not dividing the order of T,
so that multiplication by p is again injective on G/H. Then the homomorphism G/pG —
G/H + pG is surjective, and contains H/pH in its kernel. Since |H/pH| = |G/pG| = p" and
|G/H + pG| = p*, this can happen only if a = 0, as desired. ]

Proposition 3.8. There exists an integral basis for Op.

Proof. Let p1,..., [, be a basis of L as Q-vector space. After clearing denominators, we can
assume that 5; € Oy, for each i = 1,...,n. Thus there is an inclusion



Let 37, ..., denote the dual basis of L with respect to the trace form T'(x,y) = trz o(zy).
Then there is an inclusion

Indeed, if & = Y, a;3f is an element of Oy, (Wlth a; € Q), then T'(a, B;) = trpgaf; € Z
(as the trace of an algebraic integer is an integer). The sandwich lemma implies that O

admits an integral basis. O]

Definition 3.9. We call the discriminant of the number field L the number Dy, = disc(ay, . . ., ay),
where (aq, ..., ap) is any integral basis.

Note that this is independent of the choice of integral basis. Indeed, if ay, ..., a,
and [, ..., [, are two integral bases, then we can find a matrix A € GL,(Z) with §; =
> ory Agjag. Then we have disc(fy, . .., f,) = disc(ay, . . ., ay) det(A)? = disc(av, . . ., ).

The following is a useful tool for calculating the discriminant in some situations.

Proposition 3.10. Let L = Q(«) be a number field of degree [L : Q] = n, and let f(z) € Q[z]
be the minimal polynomial of a. Let oq,...,0, : L — C be the distinct complex embeddings
of L. Then

disc(1,a,a?,...,a" 1) = H(ai(a) —0j(a)? = (=1)"" V2N o (f(@)).

We note that the term in the middle is what, in Part II Galois Theory, we call the
discriminant disc f of the polynomial f.

Proof. The determinant det(o;a?™!) is a Vandermonde determinant, equal to ]
o;a). This shows the first equality. For the second, we observe that

Nrjo(f Hazf HH 0i(@) = 5(@) = (=1)"" V2 [ [(ei(e) = o5(a) %,

i=1 j#i 1<j

i<j(‘7j0‘ -

as required. N

Example. We can use the preceding proposition to calculate the discriminant of the quadratic
field L = Q(\/a), where d # 0,1 is a square-free integer. If d = 2,3 mod 4 then O = Z[\/c_l],
so we take f(z) = 22 —d and get Dy, = —Npg(2vd) = 4d. If d = 1 mod 4, then O}, =
Z[(1 4+ Vd)], so we take f(z) = 2> — 2+ (1 — d)/4 and get D = —Npo(Vd) = d.

A useful sufficient (but not necessary!) criterion for elements «y, ..., «, to form an
integral basis for Oy is the following.

Proposition 3.11. Suppose that oy, ..., «, € Op and disc(ay, ..., ) is a non-zero square-
free integer. Then (aq,. .., ay) is an integral basis of L.



Proof. The elements aq, ..., «, are independent over Q, because their discriminant is non-
zero. Let M = @@ Za; C Op. Then the index [Op : M] is finite, by the sandwich
lemma. Let (y,..., [, be an integral basis for Oy, and choose a matrix B;; in M,(Z) such
that o; = > ,_, Bi;jBk. Then we have o;(a;) = >} _, 0i(0k)By;, hence D(a) = D(B)B
in the obvious notation. This shows that disc(ay,...,q,) = disc(By,...,B,)det(B)?. If
disc(av, . . ., @) is square-free, then we must have det(B) = +1, showing that B € GL,(Z)
and hence that there exists a matrix C' € M,,(Z) such that >, | By Cj; = dy;. It follows that
B; € M for each i =1,...,n, and hence that Oy, = M and a4, ..., a, is an integral basis for
Or. O

Ezample. The discriminant of a cubic polynomial f(z) = x3 + ax + b is —4a® — 27b%. Let
f(x) = x®—x—1 € Z[z]. Then f(z) is irreducible over Q and disc f = —23 is square-free. Let
L =Q[z]/(f(x)), and let a € L denote the image of x mod (f(x)). Then « is an algebraic
integer, and disc Z[a| = disc f = —23. The proposition shows that in fact Za] = Op,.

Finally we introduce some useful definitions for ideals of Oy,.

Definition 3.12. Let L be a number field, and let I C Op, be a non-zero ideal. An integral
basis for I 1is, by definition, a tuple aq,...,«, of elements of I which generate I as a Z-
module.

Lemma 3.13. Any non-zero ideal I C Or, admits an integral basis.

Proof. We first suppose that I = («) is principal. Then if a4, ..., a, is an integral basis for
Op, then aaq, ..., aq, is an integral basis for I. In general, we can choose a non-zero element
a € I, and then (o) C I C Op. The result then follows from the sandwich lemma. O

Note that the proof of the lemma implies that if «, ..., a, is an integral basis of I,
then ay, ..., o, forms a basis of L as Q-vector space and there is an isomorphism I = @} ,Zq;
of Z-modules.

Definition 3.14. If I C Oy, is a non-zero ideal, then we define N(I) = [Of : I]. (This
index is finite, by the sandwich lemma.)

Definition 3.15. We define disc(I) = disc(ay,...,q,), where ay, ..., is any integral
basis for I. The same argument as for O shows that disc(I) is independent of the integral
basis chosen.

Lemma 3.16. If I C Op is a non-zero ideal, then disc(I) = disc(Or)N(I)2.

Proof. Let aq,...,a, be an integral basis for Oy, and let 51, ..., 5, be an integral basis for
I. Let B € M,(Z) be the matrix such that 8; = > _7_, Byjox. We have seen that disc(/) =
disc(Oy) det(B)?, so we just need to show that |det(B)| = [Of : I]. By one of the main

results from IB Groups, Rings, and Modules, we can find choose a1, ..., a, and fy,..., 0,
such that the matrix B is in Smith normal form, i.e. so that it is diagonal with diagonal
entries dq|ds| ... |d, for some non-zero integers dy, ..., d,. Then we have det(B) = d; ...d,,
while O, /1 = @ |Z/d;Z. The result follows. O



Lemma 3.17. Let o € Oy, be non-zero, and let I = (o). Then N(I) = |Npg(a)|.

Proof. Let aq,...,a, be an integral basis for Oy. Then aay, ..., aaq, is an integral basis for
I. Let 01,...,0,: L = C be the distinct complex embeddings of L. Then we have

disc(1) = det(o;(aq;))? = det(oi(a)oi(ay))? = Nijg(a)? dise(Oy),

since o1(a) . ..o, () = Npjg(a). Using Lemma we find that Ny g(a)? = N(I)?, hence
INLjo(a)] = N(I). O

We will abuse notation slightly by writing N («) for the norm of the ideal («). We
thus have N(a) = [Npjg(a)|. It is convenient to define the norm of the zero ideal to be
N(0) = 0; then this identity holds for o = 0 also.

4 Ideals and unique factorization

Let L be a number field. A key difference between Z and the ring Oy, is that Oy, need not
be a unique factorization domain in general. Recall that in a ring R, an element x € R
is said to be irreducible if it is not zero, not a unit, and cannot be expressed as a product
x = yz with both y, z non-units. In fact every element of O can be written as a product of
irreducibles. The argument, as in the case of Z, is by induction on N(z): we have N(x) =1
if and only if z is a unit. If N(x) > 1, then either x is irreducible, or x = yz with both y, z
non-units. Then N(y) < N(z) and N(y) < N(x), so by induction both y, z can be written
as products of irreducibles.

However, this expression as a product of irreducibles is not unique. Consider, for
example, L = Q(v/—5), so O = Z[v/=5]. The elements 2,3,1 + v/—5, 1 — /=5 are all
irreducible. For example, if yz = 2, then N(y)N(z) = N(2) = 4. If y = a + by/—5
and N(y) = 2, then a® + 50> = 2. This equation has no solutions in integers a, b, so we
see N(y) = 1 or N(y) = 4, showing that y or z is a unit. The other cases can be dealt
with similarly. Moreover, it is easy to show that none of these elements are associates (as
OF = {+1}).

However, we have 6 = 2 x 3 = (1 +/=5) x (1 —y/=5). This is an example of an
element having two distinct factorizations as a product of irreducibles. How can we get
around this? The point is that if we consider ideals, instead of ring elements, then we have
the possibility of reducing elements further.

Let R be an integral domain, and let z,y € R. Then (z) C (y) if and only if y divides
x. In particular, the ideals (z), (y) are equal if and only if z,y are associates (i.e. one is a
unit multiple of the other). We recall that if I, .J are ideals of R, then we can define their
sum and product

I+J={z4w|zel,weJ}

and
1J = {ZZZU)Z ‘ Zi El,wi € J}

These are again ideals of R. If I = (x) and J = (y), then I + J = (z,y) and [J = (zy).
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Let us say that an ideal I C R is irreducible if it cannot be written as a product
I = JK, where J, K are proper ideals of R. In the above example, the difficulty is resolved
by the fact that the ideals (2), (3), (1 ++/=5), (1 — v/=5) are not irreducible, even though
they are generated by irreducible elements. In fact, we have (2) = (2,1 + v/—5)? and
(3) = (3,14 /=5)(3,1 — v/=5), and you can check that all of these ideals are proper ideals
of OL.

In this chapter, we will show that any non-zero ideal of O can be written uniquely
as a product of irreducible ideals of Oy,. In fact, it is more convenient to with prime ideals,
although these we will eventually see that the two definitions are equivalent.

Definition 4.1. Let R be a ring. A prime ideal P C R is a proper ideal satisfying xy €
P=x€P orye P for any elements z,y € R.

Lemma 4.2. Let R be a ring, and let P C R be a prime ideal. If I,J C R are ideals such
that IJ C P, then I C P or J C P.

Proof. Suppose that [ ¢ P, and let x € I \ P. For any y € J, we have zy € I.J C P, hence
xy € P. Since P is prime, this forces y € P. Since y was arbitrary, we find J C P. n

From now on, we assume that L is a number field.
Lemma 4.3. Any non-zero prime ideal of O is mazximal.

Proof. We recall from IB Groups, Rings and Modules that an ideal I C R of a ring is prime
if and only if R/I is an integral domain, and is maximal if and only if R/I is a field. If
P C Oy is anon-zero prime ideal, then R/ P is a finite integral domain (of cardinality N(P)).
Any finite integral domain is a field (as if x is non-zero, then the sequence x, z? 23, ... must

eventually be periodic, by the pigeonhole principle). It follows that P is maximal. O
Lemma 4.4. FEvery non-zero ideal I C O contains a product of non-zero prime ideals.

Proof. Suppose not, and let I be a counterexample with N(I) minimal. Then N(I) > 1
as Op, contains prime ideals. (Take any maximal ideal.) Moreover I cannot be prime, so
there exist elements x,y € Op such that zy € I but x € I and y ¢ I. Thus we have
NI+ (z)) < N(I)and N(I+(y)) < N(I), so the ideals I + (z) and I + (y) contain products
Py ...P.and Q) ...Q, of prime ideals. But then we have

This contradiction concludes the proof. O

Lemma 4.5. Let I C Op, be a proper non-zero ideal. Then there exists v € L\ Or such that
")/I C OL.

Proof. Let a € I be a non-zero element. Then we can find a product of non-zero prime ideals
Py ...P. C («a), by the previous lemma. We assume that r is minimal with this property.
On the other hand we can find a prime ideal P containing I. Thus P contains some P,
hence equals P;. After relabelling, we can assume that P = P;. Since r is minimal, we have

11



P,...P, ¢ (), we can choose an element § € P5... P, — (a). We claim that the element
v = [/« satisfies the requirements of the lemma.

If v € Op then = ay € («), which contradicts the definition of 5. So v € L\ Oy.
On the other hand, we have

1 1
’}/Izé]C—PQ...PTICP1—P2...PTCOL,
« « «

as required. N

Proposition 4.6. Let I C Oy, be a non-zero ideal. Then there exists a non-zero ideal J C Oy,
such that I.J s principal.

Proof. Let a € I be a non-zero element, and set J = {8 € O | I C («)}. Then J is a
non-zero ideal of Or, and I.J C («). We will show that in fact I.J = («).

Let K = é[ J. Reformulating slightly, we see that K C Op is a non-zero ideal, and
we must show that K = Op. If K # Oy, then we can find v € L\ Op, such that yK C Oy,
Observe that this implies v/J = yaK C («), hence vJNOp C J. On the other hand we have
(o) C I, hence J C K, hence vJ C yK C Op. We therefore have vJ C J. Since J = Z"
as abelian groups, this implies that 7 satisfies a monic polynomial in Z|[x], contradicting
v ¢ Opr. This contradiction completes the proof. m

Corollary 4.7. If I, J, K C O, are non-zero ideals and 1J = I K, then J = K.

Proof. We can find an ideal A C Of, such that Al = («) is principal. Then we find aoJ = oK,
hence J = K. O

Let I,J C Op be non-zero ideals. We say that I divides J, and write I|J, if there is
an ideal K C Oy, such that 1K = J.

Corollary 4.8. If I,J C Oy, are non-zero ideals, then I|J if and only if I D J.

Proof. Clearly if there exists K such that /K = J, then I D J. Suppose conversely that
I > J, and fix a non-zero ideal K C Op, such that K = («) is principal. Then 2JK C O,
is an ideal and 1 JKT = J, showing that I|J. O

Theorem 4.9. Any non-zero ideal I C O admits an expression I = Py ... P, as a product
of prime ideals of Op. This expression is unique up to re-ordering of terms.

Proof. Suppose for contradiction that there exists an ideal I which does not admit such an
expression. We can assume that N(I) is minimal with this property. Let P be a prime ideal
containing /. By the second corollary, we can write I = PJ for some ideal J. Then J D I.
If J = I then by the first corollary we can divide to get O = P, a contradiction. Therefore
J # I and by minimality, we can write J, and hence I, as a product of prime ideals: this is
the desired contradiction.

fI=P...P =@...Q,admits two expressions as a product of primes, then P;
divides @ ... Qs, so contains some @, say ()1 (after relabelling of terms). Then we must
have P, = ()1, so we can divide to find P ... P, = ()5 ...(s. Continuing in this way we find
that » = s and the two expressions are the same. O
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Now that we have shown that ideals cancel, we can define the ideal class group of a
number field L.

Definition 4.10. The ideal class group C1(Oy) is the set of equivalence classes of non-zero
tdeals I C Op under the equivalence relation: I ~ J if there exists a € L™ such that [ = aJ.

It is easy to see that this is an equivalence relation. We write [/] for the equivalence
class containing an ideal I.

Lemma 4.11. Cl(Oy) is a group under the operation [I|[J] = [1J].

Proof. The operation is well-defined on equivalence classes. An identity is [Or]. The exis-
tence of inverses is precisely the statement of Proposition O

Proposition 4.12. The following are equivalent:
1. Oy is a principal ideal domain (PID).
2. Op is a unique factorization domain (UFD).
3. The group Cl(Op) is trivial.

Proof. (i) = (ii): proved in IB Groups, Rings, and Modules.

(13) = (d17): by unique factorization of ideals, it suffices to show that all non-zero
prime ideals of Op, are principal. If P C O is a non-zero prime ideal, choose a non-zero
element o € P, and factor a = o ... a, as a product of irreducible elements of Q. Since P
is prime, we have «; € P for some 1; after relabelling, we can assume oy € P.

Since Oy is a UFD, the ideal (ay) is prime. Since («;) C P and all non-zero prime
ideals of O, are maximal, we must have («1) = P, showing that P is indeed principal.

(14i) = (i): let I C Of be a non-zero ideal. Then [/] = [Of], so there exists o € L*
such that I = aOyp, hence a € O and I = («). Therefore [ is principal. O

Thus the ideal class group Cl(Op) measures the failure of the ring Oy, to be a unique
factorization domain.

We will end this section by using unique factorization to show that the ideal norm is
multiplicative:

Proposition 4.13. Let I,J C Op, be ideals. Then N(IJ) = N(I)N(J).

Proof. By convention, we have N(0) = 0, and the proposition is trivial if either I or J is the
zero ideal. We can therefore assume that they are both non-zero. Let I = P;* ... P denote
the factorization of I as a product of powers of distinct primes of Op. It is clearly enough to
show that in fact N(I) = [[;_; N(P)%. On the example sheet, you will prove the Chinese
Remainder Theorem: this says that if A, B C Op are non-zero ideals with no prime ideal
factors in common, then there is an isomorphism Op/(AB) = O /A x Or/B. This clearly
implies that N(AB) = N(A)N(B), so reduces us to showing that N(P¢) = N(P)¢ for any
non-zero prime ideal P C Op and integer e > 1.
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We have a chain of ideals O > P D P? D --- D P¢ and each successive quotient
P'/P™1 is a module over the field Oy /P, which has cardinality N (P). Since we have

e—1
N(P) = |0p/P| =[] IP}/P™,

=0

it will suffice to show that each P*/P*™! is in fact a 1-dimensional vector space over the field
Op/P. Choose an element o € P\ P?. Then we can define a map Or/P — P'/P""! by the
formula 8+ P+ of3+ P, 1t will suffice to show that this map is surjective. By definition
of the map, this is equivalent to showing that (o) + P! = Pt

We can factor (o) = PQ, where @ is not divisible by P, hence (o) = P'Q". We recall
(Corollary that for non-zero ideals A, B of Op, A divides B if and only if A contains B.
In paticular, A divides (a') + P! if and only if A contains (o) and P, if and only if A
divides (') = P'Q* and P!, Tt follows that we must have (o') + P = P as desired. [

5 Dedekind’s criterion

Let L be a number field. We now discuss how to actually construct prime ideals of Op. If
P C Oy is a prime ideal, then O /P is a finite field, so there is exactly one prime number
p such that P|(p). This reduces us to factorizing the ideal (p) for each prime number p. We
begin with a preliminary observation:

Lemma 5.1. Suppose that p is a prime, and factor (p) = P{* ... P, where Py,..., P, are

distinct prime ideals of Op and e; > 1 for each i = 1,...,r. Then n = Y_._ e;f;, where
N(P) = ph.
Proof. This follows immediately from the fact that the ideal norm N (7) is multiplicative. [

Note in particular that this implies » < n. It is helpful to introduce some terminology:

Definition 5.2. Let p be a prime number, and factor (p) = P{* ... P, where Py, ..., P. are
distinct prime ideals of Oy.

1. We say that p ramifies in Op if e; > 1 for some i =1,... r.
2. We say that p is inert in Oy, if (p) is prime (i.e. v =1 and e; = 1).

3. We say that p splits completely in Op if r = n (equivalently, e; = f; = 1 for each
i=1,...,1)

It is often possible to factor (p) using the following theorem:

Theorem 5.3 (Dedekind’s theorem). Suppose that o € Op is such that L = Q(«). Let
folz) € Zx] be the minimal polynomial of o over Q, and let p be a prime number not
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dividing the index (O, : Z[a]]. Let f,(x) € F,[z] denote the reduction of fu(z) modulo p,
and suppose that there is a factorization

?a(@ = H?z(f[)el

in Fplz], where the e; > 1 are integers and the g,(z) are pairwise distinct irreducibles.

For each i =1,...,r, choose a polynomial g;(x) € Zlx| with reduction modulo p equal
to g;, and let Q; = (p, gi(«)). Then for each i = 1,...,r, Q; is a prime ideal of O which
does not depend on the choice of g;, and

(p) = H Qs

is the factorization of (p) as a product of powers of distinct prime ideals of Op.

Proof. Consider the ring A = Z[a]/pZ]c]. Then there are isomorphisms

A= Zlz]/(p, fo(x)) = Fyla]/(fal)) = HFP[I]/(gi(x))ei7

the last isomorphism by the Chinese Remainder Theorem applied to the Euclidean domain
Fylz]. Each ring F,[z]/(g;(x))* has a quotient F,[z]/(g;(x)), which is a finite field of car-
dinality p/i, where f; = degg,(z). We define P; C A to be the kernel of the composite
map

A = Fpla]/(g:(x)" — Fpla]/(g:(x))-

Then Pi,..., P, are pairwise distinct prime ideals, and in fact P; = (g,(a)).

The map Z[a] — Oy, induces, by passage to quotient, a map Z|a]/pZ[a] — Or/(p).
We claim that this map is an isomorphism. Observe that both source and target have
cardinality p”. It therefore suffices to show that the map is surjective. Let N =[O, : Z[a]].
By hypothesis, p does not divide N, so we can find integers a,b € Z such that alN + bp = 1.
If z € Of then Nz € Z[a], hence x = aNz + bpx € Z[a] 4+ pOp; hence  mod (p) is equal to
the image of the element aNx € Z[a], and our map is surjective.

The prime ideals of O, containing p are in bijection with the prime ideals of O /(p).
These in turn are in bijection with the ideals of A = Z[a]/pZ[a]. If P C A is a prime, then
the corresponding ideal of Oy is (P,p), where P denotes the pre-image of P in Z[a]. Let
Qi = (p, gi()) be the prime ideal of Oy, corresponding to P;. Then @, ..., Q, are pairwise
distinct prime ideals of Oy, containing p, and N(Q;) = p’i for each i = 1,...,7r.

It remains to check that (p) = Q' ... QS . However, we have

Qi = (p, gi(@)* C (p, i()"),

hence
1@ C(pgi(@) . ge(@)”) = (p),
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as g1(z) ... g, () = fo(x) + pg(z) for some g(x) € Z[z|. Taking norms, we have

N@QF...Qr) = N(Qi)" ... N(Q) = porlerd = p* = N(p).
It follows that we must have Q' ... Q¢ = (p), which is what we needed to prove. O

As an example, let L = Q(v/—11) and consider the factorization of (5). Since —11 =
1 mod 4, we have Oy = Z[1(1 + +/—11)]; this ring contains Z[v/—11] with index 2. Since 5
and 2 are coprime, we can apply Dedekind’s criterion to the polynomial f,(z) = x? + 11.
The reduction modulo 5 is x* + 1; since —1 = 22 mod 5, this factors as (z — 2)(z — 3) in
F5[x]. We find that the prime factorization of (5) is

(5) = (5,v/—11 — 2)(5,v/—11 — 3),

and that these factors are distinct prime ideals of Op. In particular, 5 splits completely in
Or.
In fact, the same argument works for any quadratic field:

Proposition 5.4. Let d be a square-free integer, d # 0,1. Let L = @(\/E) Let p be a prime
number.

1. Suppose that p is odd. Then:
(a) If p divides d, then p ramifies in L; there exists a unique prime ideal P C Op
dividing (p), and (p) = P2.

(b) Ifp does not divide d and d is a quadratic residue modulo p, then p splits completely
in L; there exist distinct prime ideals P,Q C Oy, such that (p) = PQ.

(¢) If p does not divide d and d is not a quadratic residue modulo p, then p is inert
in L; the ideal (p) is prime.

2. Suppose instead that p = 2. Then:

(a) If d = 2,3 mod 4 then 2 is ramified in L.
(b) If d =1 mod 8 then 2 splits completely in L.
(¢) If d =5 mod 8 then 2 is inert in L.

Proof. We just treat the case p = 2. If d = 2,3 mod 4, then O = Z[\/E] so we can apply
Dedekind’s criterion with f,(x) = 2*>—d. Modulo 2, this polynomial is 22 or 22+1 = (z+1)%
in either case we see that 2 is ramified.

If d = 1 mod 4, then O = Z[L(1 + Vd)] = Z[a], say. We can apply Dedekind’s
criterion with fo(z) = 2 — 2 + (1 —d). If d = 1 mod 8 then modulo 2 this polynomial
is 2 + x = x(x + 1), so 2 splits in Op. If d = 5 mod 8 then modulo 2 this polynomial is
x? + x + 1, which is irreducible in Fy[z]; and 2 is inert. O
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6 The geometry of numbers

The following theorem is the most important in the entire course.

Theorem 6.1. Let L be a number field. Then there exists a constant Cp, such that every
class [I] € CI(Oy) contains a representative ideal I of norm N(I) < Cf.

We will calculate C, explicitly later on. This will give an effective way to compute
ideal class groups in practice.

Corollary 6.2. CI(Oy) is a finite abelian group. Moreover, it is generated by the classes
[P] of the non-zero prime ideals P C Of, of norm N(P) < Cy.

We call the cardinality of C1(Op) the class number of L.

Proof. Every class in Cl(Qp) is represented by an ideal I C Cl(Op) of norm N(I) < Cp. To
prove the finiteness of C1(Op), we need to show that there are only finitely many such ideals
I. Tt suffices to show that for each integer N > 1, there are only finitely many ideals of
norm N(I) = N. If N(I) = N then, by Lagrange’s theorem, N annihilates the finite abelian
group Op /I, hence N € I. Since ideals of Op containing N correspond to ideals of the finite
ring O /(N), there are only finitely many possibilities.

If N(I) < Cpand I =][;_, P is the prime factorisation of I, then [I] = [[/_,[F;]*.
This shows that [I] is contained in the subgroup generated by the classes of the prime factors
of [I]. On the other hand, since the norm is multiplicative we must have N(P;) < Cp, for
eachi =1,...,r. This shows that C1(Op) is generated by the classes of prime ideals of norm

at most C7. n
To prove Theorem [6.1], we will actually prove a slightly different statement:

Theorem 6.3. There exists a constant Cp with the following property: let I C Op be a
non-zero ideal. Then there ezists a non-zero element o € I such that N(«a) < CLN(I).

Proof of Theorem[0.1] using Theorem [6.5 Let I C Of, be a non-zero ideal. Choose an ele-
ment « € [ of norm N(a) < CN(I). Then I|(«), so there exists an ideal J C Oy, such that
IJ = (). It follows that [I] = [J]7! and N(J) = N(«a)/N(I) < C. In other words, the
inverse of every ideal class contains a representative of norm at most Cp. Since Cl(Op) is a
group, every ideal class is the inverse of another ideal class, so this completes the proof. [

We can therefore focus on proving Theorem [6.3] We first give a sketch of the proof
in the case that L is an imaginary quadratic field. We will then go on to treat the general
case.

We will use the “geometry of numbers”. The key idea is that of embedding the ring
of integers of a number field in a Euclidean vector space. For this reason, we start with the
following definitions:

Definition 6.4. Let V be a finite-dimensional R-vector space. A lattice A C V' is the Z-span
of a basis for V' as R-vector space.
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Definition 6.5. Let V' be a finite-dimensional inner product space over R, and let A C 'V
be a lattice. The covolume A(A) is the volume of a fundamental parallelotope, i.e. the set
{70t |t €[0,1)}, where vy, ..., v, is a Z-basis for A.

We note that the covolume is independent of the choice of Z-basis of A. Indeed, it
equals the absolute value of the determinant of the matrix with columns equal to vy, ..., v,.

If v],..., v is a different choice of basis, then we chance the value of the covolume by a

factor | det(B)| for some B € GL,(Z); and this factor equals 1.

Now let d € Z be a negative square-free integer, and let L = @(\/Zl) We recall that
O = Z[Vd] (if d = 2,3 mod 4) or O, = Z[5(1 + Vd)] (if d = 1 mod 4). Let 0 : L — C
be a complex embedding. Then o(Op) is a lattice in C, viewed as a real vector space of
dimension 2:

Dy
S

o(Zly/=3) o2+ v=I))

More generally, if I C Op is a non-zero ideal then o(7) is a lattice in C. Its covolume
is given by the following lemma.

Lemma 6.6. Let [ C Oy, be a non-zero ideal. Then A(o(I)) = 2+/]disc(I)| = @\/ |Dy).

Proof. Let oy, be an integral basis for I. Writing o(aq) = x1 + iy1, o(ag) = 29 + iy, we
get
det 1 )
T2 Y2

. . 2
dise(I) = det ( TLt i Tt il ) — (20)2A(I)2.
1 — 1 T2 — Y2

A(I) =

On the other hand, we have

This implies the desired result. O

The key geometric input is the following result about lattices in a 2-dimensional
Euclidean vector space.
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Theorem 6.7 (Minkowski’s theorem in dimension 2). Let A C R? be a lattice. Then there
exists A € A\ {0} such that [A]* < 2A(A).

The important point is that the existence of a non-zero point of A in the closed disk
of given radius depends only on the area of A(A), and not on the shape of A itself.

Corollary 6.8. Let Cf, = %\/ |Dp|. For any non-zero ideal I C Oy, there ezists a non-zero
element a € I such that N(a) < CN(I).

Proof. Apply Minkowski’s theorem (Theorem to o(I) C C. O

Thus the class group of an imaginary quadratic field L is generated by the classes of
non-zero prime ideals P C O of norm N(P) < Cp. This allows us to effectively calculate
the ideal class group:

Ezample. Let L = Q(v/=7). Then |D| = 7, so C, = 2¢/7/7 < 2. There are no primes
p < 2, so Cl(O) must be the trivial group, and Z[HTﬁ] must be a UFD.

Ezample. Let L = Q(v/=5). Then |Dy| = 20, so O = 4/5/7 < 3. Using Dedekind’s
criterion, we find that (2) = (2,14 v/5)? = P2, say. If P is not principal, then we will have
Cl(Op) 2 Z/2Z. However, if P = (a+by/—5) then N(P) = 2 = a® + 5b*. This equation has
no solutions with a,b € Z, so P is indeed not a principal ideal.

We now go beyond the case of imaginary quadratic fields and treat the case of a

general number field L. We first state and prove the more general version of Minkowski’s
theorem that we use.

Theorem 6.9 (Minkowski’s theorem). Let A be a lattice in R™, and let E C R™ be a subset
satisfying the following conditions:

1. The boundary OFE has volume 0.
2. E is convex.
3. E is centrally symmetric: i.e. E = —F.

Then if vol(E) > 2" A(A), then E contains a non-zero point of A. If E is moreover compact,
this this conclusion holds under the weaker assumption that vol(E) > 2" A(A).

Proof. We first treat the case of strict inequality. Let vy,...,v, be a Z-basis for A, and
let P denote the corresponding fundamental parallelotope. Then R™ is a disjoint union of
translates A + P, A € A. It follows that

1 1

We thus have

vol(P) <Vol Zvol E)NA+P) = Zvol g A) N P).
AEA AEA
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If the sets %E — X\ were pairwise disjoint, then the right-hand side here would be bounded
above by vol(P): a contradiction. Therefore there must exist distinct elements A, u € A such

that the intersection . .
GE-NNGE-n)

is non-empty. Using that F is centrally symmetric and convex, this implies that A — p is a
non-zero element of AN F.

To treat the case of non-strict inequality, we recall (theorem of Heine-Borel) that £
is compact if and only if it is closed and bounded. Applying the first part of the theorem

to the sets (14 21)E, we find non-zero elements A, € (1 + =)E N A. These points are all
contained in 2F N A, which is a finite set; we can therefore find a non-zero element A € A
which is contained in (1 + -)E for all m > 1. O

Now let n = [L : Q], let o01,...,0, denote the real embeddings of L, and let
T1,T1,...,Ts, Ts denote the conjugate pairs of complex embeddings. We identify C = R?
and define a map S : L - R" = R" x C? by the formula

S:taw (o(),...,o0(a), 7 (),..., Ts(@)).
This is an injective homomorphism.

Lemma 6.10. S(Oy) is a lattice. More generally, if I C Oy, is a non-zero ideal, then S(I)
is a lattice.

Proof. Fix an integral basis oy, . .., o, of I. We must show that the vectors S(aq), ..., S(ay)
are linearly independent; in other words, that the matrix A with columns

(o1(ey), ... 00(), Rem (), Im7y (o), . . ., ReTg (), Im7g(e;))

is non-singular. After performing column operations on S, we can transform this matrix to
the matrix with columns

(o1(ay), ... on(u), (), (), . .., Ts(), Ts(aw)).

We find (—2i)% det A% = disc(I). In particular, det A # 0 and S(I) is a lattice. O

Lemma 6.11. Let I C Oy, be a non-zero ideal. Then A(S(I)) = 55+/| disc(1)] = NU) /D).

25

Proof. The proof is the same computation with determinants as in the proof in the previous
lemma. O

The following is a restatement of Theorem [6.3]

Theorem 6.12. For any non-zero ideal I C Oy, there exists an element o € I such that

N(a) < CLN(I), where Cp = (£)*2\/|Dy].

T/ nh

We call the value Cp, = (2)*2,/|Dy| the Minkowski constant.

T/ nm
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Proof. We will apply Minkowski’s theorem to the lattice S(I) C R® = R" x C°. For any
t > 0, we define a region

Bro(t) ={(y1,- -,y 21, 2) ERTXC Yyl +2) 7] <t}
i=1 j=1

This is a compact subset of R™. It is clearly centrally symmetric. It is convex, as follows
immediately from the triangle inequality. We claim that vol(B,4(t)) = 2" (%)" L. We assume
this for now, and prove the proposition.

We choose t so that B, s(t) has volume equal to 2" A(S(I)), or in other words so that

t" = n (%)8]\7(])\/@.

Then Minkowski’s lemma implies that there exists a non-zero element o € I such that
S(a) € B,s(t). Let S(a) = (y1,-+,Yr, 21, .., 2s). Using the AM-GM inequality, we have

n _ _ " - T_|_22 _|_..._|_22r t
N(a)l/ :(\yl...yrzlzl...zszs\)l/ §|y1| 9| n|1| | |§E’

hence N(«) < t"/n" = N(I)Cy, as required.

It remains to prove that vol(B,,(t)) = 2"(Z)*L.. This can be proved by induction
on r,s, the base cases being Bio(t) = [—t,t] and By;(t) = D(0,%) (we leave it as an
exercise). O

We note that other regions could have been used in the proof of Theorem [6.12}
however, there is no simple choice that gives a better value for the constant C'y. We repeat
the following consequences of Theorem [6.12f

Theorem 6.13. The ideal class group Cl(QOp) is finite. It is generated by the classes of
non-zero prime ideals P C Oy, of norm N(P) < Cf.

This bound is amazingly sharp! The following example illustrates this.

Example. Let f(z) = z° — z + 1, and let L = Qz]/(f(z)). (One can check that f(x)
is irreducible modulo 5, hence irreducible over Q.) Let o = x mod (f(z)) € Op. The
discriminant of the polynomial 2% + ax + b is 5°0* + 2%a®. In the present case we have
a=—1,b=1, giving

disc Z[a] = 2869 = 19 x 151.

In particular, this discriminant is square-free, showing that Z[a] = Op. The polynomial f(z)
has exactly one real root, so r =1, s = 2. We have

4\? 5!
Cy = (—) 5—5\/2869 <4,

™

so every ideal class of Cl(Op) contains a representative I of norm N(I) < 4. We will show
that there are no ideals of norm N (/) = 2 or 3; this will imply that Cl(Op) is trivial, and
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hence that Z[«a] is a PID. If N(I) = 2, then [ is a prime ideal dividing 2. By Dedekind’s
criterion there exists such an ideal [ if and only if f(z) mod 2 has a linear factor. This is
not the case. Similarly f(z) mod 3 does not have a linear factor, showing that the field L
has class number 1.

We conclude with some more examples.

Ezample. Let L = Q(v/10). Then C; = v/10 < 4, so Cl(Oy) is generated by the primes
dividing 2 and 3. Applying Dedekind’s criterion, we find that 2 = PZ, where P, = (2, \/E),
and 3 = P3P}, where Py = (3,1 ++/10) and P} = (3,1 — v/10). Thus Cl(O;) is generated
by [P,] and [Ps]. The principal ideal (2 + 1/10) has norm 6, so in fact C1(Op) is generated
by P,. If P, is not principal, then Cl(Op) = Z/2Z. However, if P, = (a + by/10) then
a? — 10b*> = £2, implying that one of 2, —2 is a quadratic residue modulo 5. This is not the
case, so we find that P is not principal.

Exzample. Let L = Q(v/=17). Then |Dy| =4 x 17, so Cp, = 4V/17/7 < 6. Using Dedekind’s
criterion, we find that (2) = P2, where P, = (2,1 + v/—17). We have (3) = P3P;, where
Py =(3,14++—17) and P{ = (3,1 —/—17) (and these ideals are distinct). The ideal (5) is
prime. Thus Cl(O}) is generated by [P,] and [Ps].

To understand the structure of this group, we look for relations between these ideals.
For example, we have N(1 ++/—17) = 1+ 17 = 18 = 2-3 - 3. A calculation shows that
PP} = (14++/—17), hence [P;] = [P3]? and Cl(Oy) is generated by P3. If P, is not principal,
then we will have C1(Or) & Z/47Z. The equation a* 4 17b* = 2 is not soluble in integers a, b,
so indeed P, is not principal.

7 Unit group and Dirichlet’s theorem

Let L be a number field of degree [L : Q] = n. We have proved the finiteness of the class
number of L. The second fundamental theorem that we will prove concerns the group Of
of units in Of. Recall that these are precisely the elements o € O with N(«a) = 1.

Theorem 7.1 (Dirichlet’s unit theorem). Let pu, C OF denote the group of roots of unity
in OF. Then uy, is a finite cyclic group and there is an isomorphism OF = uy x Z"+1.

In fact, the proof will show more. Let 71,...,7. : L — R denote the distinct real
embeddings of L, and let 01,71,...,0,,0s : L — C be the distinct complex embeddings.
Define a map

(:0f >R

by the formula

(@) = (log(|m(a)]), .. . log(|7(@)]), 2log(loa(@)]), - - ., 2og(los(a)])).

Then ¢ is group homomorphism of abelian groups, and its image is contained inside the

hyperplane
r+s

H={(x1,..., 2pps) ER™ | Y ;= 0}.

i=1
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This inclusion expresses the identity (for a € OF):
0=logN(a) = log(|m(a)]) +2 ) log(|os(a)]).
i=1 i=1

The proof of Theorem |7.1| will in fact show that ker ¢ = p;, and that ¢(O]) C H is a lattice;
in particular, there is an isomorphism ¢(Q;) = Z" 571,

The proof of Theorem is non-examinable, so we first focus on giving examples.
First, we see that the unit group is finite if and only if » + s — 1 = 0. There are two
possibilities: either r = 1,s = 0 (in which case L = Q) or r = 0,s = 1 (in which case L is an
imaginary quadratic field).

The first interesting case is when r = 2 and s = 0, which is that of real quadratic
fields. Let d > 1 be a squarefree integer and let L = Q(v/d). Let 0 : L — R be the
embedding which sends v/d to the positive square-root of d. The existence of this embedding
shows that pu, = {£1}. Consider the map ¢ : Of — R, o > log|o(a)|. From the above
discussion, we see that ¢ is a homomorphism with kernel p;, and its image is a lattice in
R. In particular, there is exactly one unit o € O such that o(a) > 0, log(Jo(a)]) > 0, and
O = {£a" | n € Z}. We call o the fundamental unit of L. Equivalently, o« € Of is the
unique unit such that o(a) > 1 and O] = {£a" | n € Z}.

How can we find the fundamental unit a? We first prove a simple lemma. In order
to simplify notation, we now identify L with its image in R (so o is the identity embedding).

Lemma 7.2. 1. Ifd=2,3 mod 4, let u=a+bV/de OF satisfyu > 1. Thena>b> 1.
2. If d=1 mod 4, letu:%(a+b\/c_l) € Of satisfyw>1. Thena>b> 1.

Proof. We treat each case in turn. First suppose that d = 2,3 mod 4. Let @ = a — v/db.
Then u% = £1, hence u~! = £ and [@| < 1. Since 2a = u+7 and 2bv/d = u—1, we see that
a>0andb >0, hencea > 1and b > 1 (as a, b are integers). The equation (a/b)* = d+1/b?
shows that a > b (as d > 2).

Now suppose that d = 1 mod 4. Let uw = %(a—b\/c_l). Then v = £1, hence v = +u
and |7 < 1. Since a = u + @ and v/db = u — U, we see that a > 0 and b > 0, hence a > 1
and b > 1 (as a, b are integers). The equation (a/b)* = d £ 4/b? again shows that a > b (as
d>5). O

We can now explain how to find the fundamental unit. First suppose that d =
2,3 mod 4, and let & = a; + b;V/d be the fundamental unit. Write o = a;, + byv/d. Then
the relation by = a1b;x + biag shows that the sequence by, by, ... is strictly increasing. We
can therefore characterize the fundamental unit as follows: let b > 1 be the least positive
integer such that db® + 1 = a? is a perfect square, where a > 0. Then a = a + bv/d is the
fundamental unit.

Now suppose d = 1 mod 4, and let a = %(al +b11/d) be the fundamental unit. Write
aF = %(ak + bk\/a) Then by, 1 = %(albk + byay). This shows that by, > by, with equality
if and only if a; = by = 1 and ay = by. If ay = by = 1 then the identity a?® — db? = +4
shows that we must have d = 5. Excluding the case d = 5 for the moment, we find that
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br+1 > bi, and hence this sequence is strictly increasing. We can therefore characterize the
fundamental unit as follows: let b > 1 be the least positive integer such that db*> &4 = a? is
a perfect square, where a > 0. Then a = %(a + b\/a) is the fundamental unit.

We now return to the case d = 5. In this case we see that the sequence b, is at least
non-decreasing. Note that for each positive integer b there are at most two positive integers
a such that %(a +bV/d) is a unit. Using the characterization of the fundamental unit as the
least element € OF such that 5 > 1, we see that we can characterize the fundamental unit
in this case as follows: let b > 1 be the least positive integer such that db? + 4 or db* — 4
has the form a?, where a > 1 is a positive integer; among these, choose the smallest possible
value of a. Then a = (a + bv/d) is the fundamental unit.

Carrying this out in the case d = 5, we see that both d 44 and d — 4 are squares, and
that a fundamental unit is obtained by taking a = 1, hence a = (1 + /5).

Some examples of fundamental units are shown in the following table.

d «Q

2 1++/2

3 2+ 3

5 | L1+V5)
7 8+ 37
10| 3++10
11| 10+ 3V11
13] 13+ V13)
14| 15+4V/14
15 4415
17 4417
19 | 170 + 39+/19
21 | 1(5++/21)
22 | 197 + 42v/22

The examples show that even for relatively small values of d, the above procedure
may not be very efficient. There is a more efficient algorithm which allows one to write down
the fundamental unit in terms of the continued fraction expansion of v/d. We do not discuss
this in this course.

7.1 *Proof of Dirichlet’s unit theorem*

The proof of Dirichlet’s unit theorem is again based on the geometry of numbers. As usual,
let 04,...,0,,7,71,-..,Ts, Ts denote the complex embeddings of L. We extend ¢ to a group
homomorphism ¢ : L™ — R""* given by the formula

la) = (log oy ()], ..., log|o-(a)],2log|m ()], ..., 21og |Ts()])-
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Then ¢(O;) is contained in the codimension 1 subspace H C R"* where all of the co-
ordinates sum to zero, because if @ € O then

log|oi ()| 4 - - + log |0, (a)| + 21og |1 ()| + 2log |75(cr)| = log | Ny q(x)| = log N () = 0.
The geometry of numbers enters in the proof of the following lemma.

Lemma 7.3. Fiz an integer k with1 < k <r+s and o € Op\{0}. Let {(cr) = (a1, ..., Grys)-
Then we can find € O \ {0} satisfying the following conditions:

L N(B) < (2)"/[ @3]
2. Let L(B) = (b1, ...,byys). Then b; < a; if i < k.
Proof. Let E C R" = R" x C* be the region defined by the inequalities
il < enyelul Senlal <5 <o
where the ¢; are positive real numbers chosen to satisfy the conditions
0<c¢<e(1#k)

and 5
Cl...Crys = (;)S\/ |DL|

We apply Minkowski’s theorem to the lattice S(Op) and the compact region E in R" x C*.
The volume of E equals 2"A(S(OL)), so Minkowski’s theorem implies the existence of a
non-zero element 5 € O such that S(8) € E. This element has the desired properties. []

Corollary 7.4. Fix an integer k with 1 < k < r + s. Then there ezists an element € € Of
such that, writing ((e) = (eq,...,er4s), we have e; > 0 if i # k and ey < 0.

Proof. Choose an arbitrary element o« € Of, \ {0}. Applying Lemma [7.3| repeatedly, we can
find elements o, a, . .. such that N(a;) < (2)*y/|Dy| for all j and the i-entry of £(cy;/ovj11)
is positive if i # k.

Since the elements «; are infinite in number and bounded in norm, there must exist
J < j'such that (o;) = (ajs). This implies that «;/c;; € Of. It has the required property
by construction. O]

Lemma 7.5. Let N > 1 be an integer and let A € Mn(R) be a matriz satisfying the following
conditions:

1. For eachj=1,...,N, Zi]ilAij:O.
2. For eachi,j=1,...,N, we have A;; >0 ifi =7 and A;; <0 ifi # j.
Then A has rank N — 1.
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Proof. Since the rows of A sum to zero, the rank is at most N — 1. We show that the
first N — 1 rows of A are in fact linearly independent. Suppose that there are real numbers
t1,...,tn_1, not all zero, such that Zf\;l t;A;; = 0 for each j = 1,..., N. After rescaling,

we can assume that there is k£ such that {;, =1 and ¢t; < 1foralli=1,...,N — 1. Then we

have
N-—1 N-1 N
0= ZtiAik: > ZAZk > ZAZ}C = 0.

This is a contradiction. O

Lemma 7.6. Let B > 0 be a real number, and let Xp = {a € O | VYo : L — C,|o(a)| < B}.
Then Xpg is finite.

Proof. S(Xp) C R" x C* is the intersection of a compact set with a lattice. It is therefore
finite. ]

Proposition 7.7. ((OF) is a lattice in H.

Proof. We first show that ¢(O;) spans H. By the corollary, we can find elements vy, ..., v, €
((Of) such that the i-entry of v; is strictly positive if i # j and strictly negative if i = j. We
claim that these vectors span H. This follows from Lemma [7.5] Indeed, let A € M, ((R)
be the matrix with column j given by v;. Then A satisfies the hypotheses of that lemma, so
has rank r 4+ s — 1.

Let us therefore choose vectors vy, ..., v,45-1 € L(Of) which form a basis of H as
R-vector space. They span a lattice A C H. Let P C H denote the set of combinations
Z:If_l tiv;, where t; € [0,1] for each i = 1,...,r+s—1 (in other words, P is the closure of
a fundamental parallelotope). We observe that P N ¢(OF) is finite. Indeed, if £(«) € P then
|o(a)] is bounded independently of the embedding o : L — C, so we can apply Lemma [7.6]

For any element = € ¢(OF), we can write = in the form z = A 4+ p where A € A and
p € PNY(O]). It follows that the index N = [((Of) : A] is finite. Lagrange’s theorem
implies that N¢(Of) C A, hence A C ((Of) C +A. By the sandwich lemma, we find that
((OF) = Z"71 and hence that £(O;) is a lattice in H. O

We can finally complete the proof of Dirichlet’s unit theorem.

Theorem 7.8. The group py, of roots of unity in O 1is finite and cyclic, and there is an
isomorphism OF = py x Z'71,

Proof. Note that ker/ is contained in the set X; of Lemma so it is finite. It must

therefore be equal to p7,, which is a cyclic group. Let uy, ..., u,4s—1 € Of be elements which
project to a Z-basis of £(OF). We define a map f : py x Z"7"! — OF by the formula
(w,a,. .., 0 s—1) — wuf* .. w770 This is an isomorphism. O
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8 Cyclotomic fields

We are going to use cyclotomic number fields to study the Fermat equation AS a Warm up,
let’s see how to use number fields to find all the Pythagorean triples 22 + y? = 22, where
x,y,z € Z satisfy ged(x,y,z) = 1. Note that x and y cannot both be even; and 1ook1ng
modulo 4 shows that (without loss of generality, after switching x and y) we can assume
that x is odd and y is even.

Given such a triple, we can factor x? + y* = (z + iy)(z — iy) in Z[i]. T claim that
the ideals (z +iy), (z — iy) of Z[i] are coprime (i.e. have no prime ideal factors in common).
Indeed, if P C Z[i] is a prime ideal dividing both, then P divides (2z) and (2y). If N(P) = p/
then taking norms, we see that this forces p to divide 2z and 2y, hence to divide 2. This
would imply that z is divisible by 2, a contradiction.

This shows that (z + iy) and (z — iy) are coprime ideals. Since their product (2)? is
a square, (x + iy) must be the square of an ideal of Z[i]. Since Z[i] is a PID, we can write
(x +1y) = (a +1ib)? = (a® — b* + 2abi) for some a,b € Z. In particular, z + iy is a multiple
of a*> — b* + 2abi by a unit of Z[i]. Since we have assumed that x is odd and y is even, this
unit must be £1, showing that x = a® — b?, y = 2ab or z = b* — a®, y = —2ab.

We now begin our study of cyclotomic fields. Let p be an odd prime number, which
will be fixed throughout this section.

Definition 8.1. Let (, = €?™/P € C. The p™ cyclotomic field is K = Q((,).
Since (, is a zero of the polynomial X? — 1, Q((,) is a number field.

Lemma 8.2. 1. The element 1 — ¢, € Ok satisfies N(1 —(,) =p and (1 — ()P = (p).
The ideal (1 — ¢,) C Ok is prime.

2. The polynomial f,(x) = (a? —1)/(xz — 1) € Z[z] is irreducible, and [K : Q] =p — 1.

Proof. The polynomial f,(x) has (, as a zero. In fact, we can factor f,(z) = 5:11 (x — C]’;).
This shows that [K : Q] <p — 1. We have f,(1) =p =[], (1 — a).

We note that for each i = 1,...,p — 1, we have (1 — () = ( — () as ideals of Ok.
Indeed, we can write 1 — (% = (1 — Cp)(l + G+, showing that 1 —(, divides 1 —¢?.
Conversely, if ab = 1 mod p then we have 1 —(, =1 - = (1 - )1+ S+ + Cg(bfl)),
showing that 1 — ¢ divides 1 — (.

We therefore have (1—-¢,)P~t = (p) as ideals of O . Taking norms gives N(1—(,)P~ ! =
pU. This is only possible if N(1 —(,) = p and [K : Q] = p — 1. In particular, f,(x) is
irreducible. Since the ideal (1 — (,) has prime norm, it is prime. O

Observe that the roots of f,(x) in C are precisely the primitive p'" roots of unity
G = e?™a/p g =1,...,p— 1. It follows that K = Q((,) has r =0, s = (p — 1)/2. Moreover,
the elements 1, ¢, ... ,Cg)’*Q are linearly independent over Q.

Lemma 8.3. We have disc(1, (p, . .. ,Qg_Q) = (—1)P=D/2pp=2,



Proof. We use the formula disc(1,¢p,...,¢7%) = (—1)(pfl)(P*Q)/QNL/Q(f;(Cp)). Let m =
1 — ¢,. We have already seen that f,(1) = [T=; (1 — ¢)) = Nijg(1 — ¢) = p. On the other
hand, we have f/(z) = ((x — 1)paz?~" — (27 — 1))/(z — 1), hence f}(¢y) = p¢, " /(( —1). All

together this gives
disc(1,Gp, ..., ¢27%) = (—1)P=D/2pp2
as required. 0O

It follows that Z[(,] C Ok is a finite index subring, this index being divisible at most
by powers of p.

Proposition 8.4. The ring of integers of Q((,) equals Z[(p).

Proof. We have already seen that [Of : Z[(,]] is a power of p. Therefore there exists N > 1
such that pYOr C A. On the other hand, the residue field Og/(1 — (,) has cardinality
p, so is isomorphic to Z/pZ. Therefore any element zy € Ok can be written in the form
20 = ap + (1 — ()21, where ap € Z and z; € Og. Applying the same argument to z;, we
can write zg = ag + (1 — {,)a; + (1 — (,)*22, where ag,a; € Z and 25 € Of. Proceeding
by induction, we see that for any n > 1, each element z; € Ok admits an expression
r=ap+(1—C)ar+-+(1—¢)" a1+ (1—C)"2,, where ag, ...,a,_1 € Z and z, € Of.
Consequently, we have Og = Z[1 — (] + (1 — (,)"Ok. Taking n = (p — 1)N and using that
Z[G) = Z[1 — ¢, we get Ok = Z[(,] + pV O = Z[(,), as required. O

Corollary 8.5. The only prime | which ramifies in L is | = p.

Proof. We can apply Dedekind’s criterion. Since the polynomial 27 — 1 has distinct roots
modulo [ for any prime [ # p, we see that any such prime [ is unramified in L. The prime p
is ramified, since we have (p) = (1 — ()P ' andp—1> 1. O

We now turn to the units of Z[(,)].
Lemma 8.6. The only roots of unity in Q((,) are (5 fora=0,...,p—1.

Proof. The group ug is cyclic; we wish to show it is cyclic of order 2p. We first show that
its order is not divisible by 4, i.e. that i ¢ L. Otherwise, we would have (2) = (1 + 4)?,
implying that 2 is ramified in K: this would contradict the corollary. The same argument
shows that the order of uy is not divisible by any odd prime [ # p. It remains to check that
the order of g is not divisible by p?. Suppose that there exists a primitive p*th root of
unity w in L. The same argument as above then shows that the ideals (1 — w?), a € Z/p*Z,
(a,p) = 1, are all equal. Evaluating the polynomial (z* —1)/(z? — 1) at = = 1 gives the
identity (1 — w)?®~1) = (p). However, this would imply that N (1 —w)?®~1) = p®=1) hence
N(1 —w)P = p, a contradiction. O

Lemma 8.7 (Kummer’s Lemma). Let u € Ok. Then there exists a € Z such that (ju €
KNR.

Note that [K : K NR] = 2, and in fact K "R = Q(¢, + ¢, ).
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Proof. If 0 : K — C is a complex embedding, then for all y € K, we have o(7) = @; in
other words, o commutes with the action of complex conjugation. It suffices to check this
for y = ¢, so 0(¢,) = ¢, for some a =1,...,p — 1. Then o((,) = J(Cp_l) =(, " =0((), as
required.

Let y = u/@. Then y is a unit and for any 0 : K — C, o(y) = o(u)/o(u) is a complex
number of absolute value 1. We have seen in the course of providing Dirichlet’s unit theorem
that this forces y to be a root of unity. We can therefore write u = :i:CZ’fE for some k € Z.
After possibly replacing k by k + p, we can assume that £ = 2¢g for some ¢ € Z.

We claim that « = (9% (i.e. the sign is + and not —). Let v € Z be an integer
such that « = v mod (1 — ¢,). Using the equality of ideals (1 —(,) = (1 — ("), we see
that @ = v mod (1 — (). If the sign is — then we get v = —v mod (1 — (,), implying that
2 € (1 —(p): a contradiction, since the norm of (1 — ¢,) is odd.

It follows that (,9u = (p 9u, hence that ¢, Yu is real. This is what we needed to
prove. O

We prove one more technical lemma that will be useful in a moment.
Lemma 8.8. For any a € Z[(,], there exists a € Z such that o = a mod (p).

Proof. There exists b € Z such that a = bmod (1 — (,). Then o? — ¥ =[] (o — Cb).
We have a — (’b = a — b = 0 mod (1 — (), so we find a” = b” mod (1 — (,)?, hence mod
(1=¢)" = (p) O

We are now going to use everything we have done so far to prove a special case of the
following theorem.

Theorem 8.9. Let n > 3 be an integer. Suppose that there exist integers x,y, z such that
" +y" = 2" Then zyz = 0.

In fact it was the hope of proving Fermat’s Last Theorem that motivated the devel-
opment of the theory of number fields. One reduces easily to the case where n = p is an odd
prime. Several mathematicians in the 1800’s had the idea of trying to prove Fermat’s Last

Theorem by factoring

p—1

o+ = [[a+ G

i=0
and trying to use unique factorization in the ring Z[(,]. This led, for example, to Gabriel
Lamé’s premature announcement to the Académie des Sciences in Paris of a proof of the
theorem, which was based on the false assumption that unique factorization always holds.
(Lamé did give a correct proof in the special case p = 7.) Around the same time, Kummer
developed the theory of ideals in order to deal with precisely this difficulty.

The special case we are going to prove is the following.

Theorem 8.10 (Kummer, 1850). Let p be an odd prime, and suppose that there exist integers
x,y,z such that P + y? = 2P. Suppose further that p does not divide # Cl(Ok), where
K =Q(¢p). Then xyz is divisible by p.
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If p does not divide the class number of Q((,), then we say that p is a regular prime.
For historical reasons, the case where (p, zyz) = 1 is referred to as the ‘first case’ of Fermat’s
Last Theorem. The ‘second case’ (where p divides xyz) can be treated using similar, but
more sophisticated, methods. (Kummer also dealt with the second case under the assumption
that p is a regular prime.)

Proof. After making a change of variable, we can assume that x? + y? 4+ 2P = 0 and that
x,y, z have no common factor. Factoring in Z|[(,|, we get the relation

p—1

[[@+ ¢y = -2,

=0

hence the equality of ideals

p—1

[+ ¢y = (2).

i=0
We claim that the ideals appearing on the left-hand side of this equality are pairwise coprime.
Suppose for contradiction that P C Z[(,] is a prime ideal dividing both (:B—l—C;y) and (;E+C1Zy)
for some i < j. Then P contains the element (¢} —{J)y = ¢/ (1—¢) ")y, so P divides (1—(,)(y).
If P divides (y), then it must also divide (z) and (z), implying that x,y, z have a common
factor, namely the unique prime factor of N(P) — a contradiction. If P divides (1 — (),
then P = (1 —(,) and p divides z — another contradiction. Therefore the ideals are pairwise
coprime.

It follows that (z + (,y) = I is the p™ power of another ideal of Of. In particular,

[I]? = 1 in Cl(Ok), hence [I] = 1 and I is principal (since p does not divide the order of
Cl(Ok), by assumption). Let I = (4). Then we get a relation = + (,y = ud® for some
u € O, 0 € O, hence & + Gy = (Jrdé? for some g € Z and some real unit r € O NR. By
Lemma , we can find a € Z such that 6 = a mod (p). Altogether this gives us

G, Y(z + (py) = ra mod (p)

and (taking complex conjugates)
¢z + ¢, 'y) = ra mod (p),

hence

¢ 9+ ¢y — Ja— ¢y =0 mod (p).

We now try to decide the value of g mod p. If ¢ = 0 mod p, then we get (¢, — Cp_l)y =
0 mod p, hence p divides y: a contradiction. Similarly if ¢ = 1 mod p, then we get p|z,
another contradiction. Therefore none of g, —g,g — 1,1 — g are congruent to 0 modulo p.

It follows that two of g, —g,g — 1,1 — g must be congruent to each other modulo p.
Indeed, otherwise we can find g € Ok such that

_ g% 1-gY Z 1Y
5—Cp92—9+cp QE—C,?]—?—C;Z ]—9
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2

The elements (p, ¢, . -

a contradiction.

Ifg=—-gmodpor g=g—1mod p, then g =0 mod p or 1 =0 mod p. Neither of
these possibilities can occur. Treating the other cases in the same way, we see that we must
have 2g = 1 mod p, leading to a relation

pCffﬁ:erpr—CpI—y: (ZL’—y)(l—Cp).

It follows that x = y mod p. Since our original equation zP + y? + 2P = 0 was symmetric
in z,y, z, the same argument applied to y, z gives y = z mod p, hence 327 = 0 mod p. If
p # 3 then we're done. However, the case p = 3 can be treated directly (look at congruences
modulo 9 — we leave this as an exercise). O

. C}j’*l form an integral basis for Ok, so this would imply that % € Z,
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