UW Math Circle
Week 7 — Knot Theory

Tying Knots

1. Two knots are equivalent if you can turn one into the other without breaking the string.
Below are four pairs of equivalent knots, but we’ve mixed them up. Can you match each
knot to its equivalent?
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If two knots are equivalent, you can always get from one to the other with the three Reide-
meister moves:

I. Add or remove a loop.
II. Pass one strand over another.

ITI. Pass one strand over a crossing of two other strands. Note: you can only do this if the
three strands form a triangle!

2. Which Reidemeister moves do you need to make the knot below? Draw a picture of each
step, and circle the part of your knot that matches one of the Reidemeister moves above.
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Check your solutions with an instructor to get the next packet!



The Knotting/Unknotting Game

In the Knotting/Unknotting Game, two players named Knot and Unknot take turns
filling in the knot diagram below. On your turn, pick an empty crossing (marked by a circle)
and fill it in so one strand crosses over the other.

The game ends when all six crossings are filled in. Unknot wins if the resulting knot is
equivalent to the unknot (a circle with no crossings). Otherwise, Knot wins.

3. If Knot goes first, which player has a winning strategy” When you’re ready, choose your
role and challenge an instructor!

4. If Unknot goes first, which player has a winning strategy? When you're ready, choose
your role and challenge an instructor!



Coloring Knots

A knot diagram is tricolorable if you can color every strand red,
, or blue so that

i. All three colors are used.

ii. At each crossing, the top strand and both sides of the bottom
5. Which of these knot diagrams are tricolorable?

strand are all colors or all one color.

6. Prove that if you start with a tricolorable knot diagram, and you do any of the three
Reidemeister moves, it remains tricolorable. When you’re ready, present your proof to an
instructor!
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7. The first knot in Problem 5 is called the trefoil. Prove that the trefoil is not equivalent
to the unknot. When you're ready, present your proof to an instructor!



Hanging a Painting

8. Kurt has been hired as a museum curator, and he needs to hang a painting from two nails
on the wall. The first painting will stay up if either nail is removed. The second painting
will stay up if the left nail is removed, but if the right nail is removed, the painting will
fall!

As an anti-theft precaution, Kurt would like the painting to crash to the ground if either
nail is removed. How should he hang the painting?

9. (Challenge!) If there are three nails, can Kurt hang the painting so that it crashes to the
ground if any nail is removed?




