Q1 (10 points)

. . . . dy i
This problem concerns the differential equation pr i
dx x

(a) Circle the correct direction ficld for this cquation.

(b) Find an explicit solution y(x) satisfying the condition y(1) = 2.
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Q2 (10 points)

Solve the following (related!) problemms.
(a) Solve the initial value problem

y" + 2y + 5y = §(1), (0 = y/(0) = 0
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(b) Express the solution to the initial value problem
y' 2 40y =sin(1?).  y(0) =4/(0) =0
as an integral.
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Q3 (10 points)

Find the inverse Laplace transforms of the following functions:
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Q4 (10 points)
(a) The lincar 2nd-order homogencous cquation
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doesn’t have constant coefficients. so owr usunal guess of y(1) = ™" won't
work. Instead, this equation has solutions of the form y(t) = . Find two
" linearly independent solutions of this form. — .
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{b) The 2nd-order inhomogeneous cquation
2
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has a particular solution of the surprising form y,(t) = At* lut. Find the
value of A.
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(c) What is the general solution to the equation in part (b)? [Hint: you've
already done most of the work above!|
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Q5 (10 points)

Solve the initial value problem
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Q6 (10 points)

(a) Find the Laplace transform of

2-t ifo<t<2
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(b) The function 1/v/f has a rather interesting Laplace transform:
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Using this fact, find the Laplace transform of f(1) = ¢ j}; .
¢ L
}({«) s @ 4+ B
Vi 0

F(J) z —-\/_;‘T;—-T + \/;‘;‘;_; (197 he ex};omv\e’f&\l ,5[4:{%‘ mle.,\)




Q7 (10 points)

A rocket sled with mass 500 kg and initial velocity 100 wi/s is slowed by a chan-
nel of water. Suppose the channel exerts a force proportional to the square of
the sled's velocity, acting in the opposite direction. You can assume there are
no other forces acting on the sled.

If it takes just 1 second to slow the sled to a velocity of 50 m/s, when will its
velocity reach 10 m/s?
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Q8 (10 points)
A block of unknown mass m (measured in kg) is attached to a spring with

unknown spring constant k.

The system also contains a variable damping mechanism that can be turned on
and off.

First suppose the dainping is turned off (so v = 0 initially). When the block is
pushed from equilibrium position with an initial velocity of 1 m/sec, the block
oscillates with an amplitude of 2 meters.

Next, the damping coefficient + is increased until the precise value where oscilla- Crt iKea lk/
tions no longer appear. With what initial velocity should the block now be g\ym(le
pushed from equilibrium position in order to attain the same maximum distance 22 Ye k
of 2 meters from equilibrium position? Give your final answer as a number (in a'

particular, it should not involve m or k).
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