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1. (4 points per part) For parts (a)—(c), consider the plane P : 2z + y + 3z = 2 and the line
L:x=1—-4t, y=2t, z=5+1.

(a) Find the acute angle between the line L and the line y = 2,z = 6.

The line L has a direction vector v = (—4,2,1).
The line y = 2, z = 6 is parallel to the z-axis, it has a direction vector i = (1,0, 0).

3 ( v-i ) —4
Cos — | = —=
[v||i| V21

arite anele 60 = 7 — dasL [ =4 a1 (4
The acute angle is 0 = ™ — cos (\/ﬁ) or cos (\/2_1)

ind the equation of the plane that contains the line L and is perpendicular to the plane
b) Find th ti f the plane that contains the line L and i dicular to the pl
P.

Since the unknown plane contains the line L, it contains any point on L, for example,
at t =0, Py(1,0,5).

The normal vector of the unknown plane is perpendicular to both the line vector
v = (—4,2,1) and the normal vector of the given plane n = (2,1, 3).

Therefore a normal vector of the unknown plane is
i
vxn=(—421)x(2,1,3) =|—4

k
1| = (5,14, -8)
2 1 3

= DD e

The plane equation is 5(z — 1) + 14(y — 0) — 8(z — 5) = 0. (answer not unique)

(c¢) Find two points A and B on the plane P such that the vector zﬁ is perpendicular to
the line L.

A vector /@ lying on (parallel to) the plane P is perpendicular to the normal vector
of the plane, since AB is also perpendicular to the line L, we may find
i
AB=vxn=(-4,21)x(21,3)=|-4 2
2 1

= (5,14, —8) (already found in (b))

w = )

Then it suffices to find any point A on the plane P and then find the point B such
that AL = (5,14, —8). For example,

A(1,0,0) and B(6, 14, —8) (answer not unique)
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2. (4 points per part) For parts (a)—(c), a particle is moving along a space curve with initial
position vector r(0) = 2i + j — k. The velocity vector of the particle is

v(t) =3cos(t)i+ 4tj+sin(t) k

(a) Find the position vector function r(t).
Bl = /v(z‘) dt = (3sin(t) + C1, 2t> + Cy, — cos(t) + Cs).

Since I’(()) = ((7102 -1+ C;;> =2i +j -k, Cl = 202 =1, C;; =0,

r(t) = (3sin(t) + 2,2t + 1, — cos(t)).

(b) Find the equation of a surface that contains the space curve r(t).

r—2
3

Since sin(t) = cos(t) = —z,

2
x—2 ‘
r(t) is contained in the cylinder ( 3 ) +22=1.

(¢) Find the curvature of the space curve r(t) at ¢t = 7.

v(m) = (=3,4m,0),

_s\
—~
3
=
Il

r’(t) = v/(t) = (—3sin(t), 4, cos(t)), r"(7) = (0,4, —1),

i j k
r'(m) xr"(m) =|-3 4 0 | = (—4m, —3,-12),
0 4 -1

() Ir'(7) x v"(x)| _ [(—4m,—3,—12)| 153 + 1672
K(m) = — _ .
' () ? [(—3,4m,0)[3 (9 + 1672)3/2
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3. (12 points) Let f be the function given by:
fla,y) =a* —y* — 22y + 4y,

and let A, B, and C be the points (0,0), (0,4) and (4,0). Find the global minimum and
maximum of f in the filled triangle ABC.

R

S
(4,9
Criﬂcql Po‘\h‘l's: .Fxés,j)z Ax -~ Jj =0 X=7

'tta(’j y)= ‘l:) -dx +1=0 Yx=Y x:y:,

(IJ‘) 1S a4 crit, fo;n‘l'.
[efr edae : x=0 \
: floy="9 M
.F’(ta)= ‘3? +Y=p0 7‘-‘3, CLecL (92)
Rottum e/Je.: \J=O
{(x0)=x
{'(x)=3x=0 X=0. Clecl\ (gb)

op- T Lv e-f e =4-
R J?(x JLl-->3 2 x:-(‘!-x): ~ax(4-x) (45 2"~ tx
£)=Yx-1=0 = x=1 Check (1,3).

Alge deck endpies (00 (04 (49).
PI\:3 it

{(00)=0

ey )=

§(0¥)=0

Q(L',o) =16 E~vnax

§(22)=" |

-C(\, 3): -2 — ™\
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4. (12 points) Find a point on the surface of equation z = x? — y? whose tangent plane is

perpendicular to the line of equation
) \
y =3t

P z = —21. ‘?i:
dicection | 3> oax
:a—%r: -2
P

9
Noemal vecter 2x -27">
Se <l 3"1> s r«rq,kl 1o <Qx;3\al->

4, %Ttiéx -2y,

1> <"(x 'f’l‘-2>
\ =3 Q l ’l

<N, Fy, Y

So tle poinr & megency is (v %3
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5. (12 points) Find the volume of the solid below the surface
L 20+ y+1
vVt +y?
and above the region in the xy-plane
D={(z,y)|2>0,y>01<a*+y* <4}.
)
— HW', Jooks Fo)qr,
v 3 O 4]
cY Vrcos® + O+
e v Jt‘ JG
\ \X g
J 7
0 =2
i\
3 * a L2 e-i-r) de
= 81 S (arcose +r$ine")>°"' Je = (r cos® + 77
o "I © =
i
i\ 2
2

(3@56 *%—:...9 +I)Je= (3 $in® - ‘i—cosS + 9>]
(33
+

- 1

0

2



Math 126, Winter 2023 Final Examination Page 6 of 8

6. (12 points) Evaluate the integral

1 pr/2
/ / cosxV 1+ cos? x dx dy.
0 arcsiny

Vé,\ . ) |mroSs'tu€.j
x:‘;gif:(“x), Mu st ceVerse order of i""]""i""'
|- 3‘:—. Sinlx)
. Sy g S cos(x) i |+ cos™ x l?lx
2 0 o Y=Sinx
X
= Sl (\a <osx\| |"C°S‘"Sk dx

o)

VA

=S Gnx cosx | lces'x dx

°

Ju= = 2sinx cosx dx

34

]'= ;_'(HJI)

{
S%J:au ],
Q
25-1
J -l

3
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x

7. For parts (a)—(c), let f(z) = /COS(ﬂ'tZ) dt.

2

(a) (5 points) Find the second Taylor polynomial, T5(x), for f(z) based at b = 2.
*

PG [es(uide B(D=0
P as(md)  F(D=
P ~amxsin(m) (=0

T,()= (x-2)

(b) (8 points) Use your answer to part (a) to approximate / cos(mt?) dt.
p]

S .‘Cos(wt‘)ah - fa)x T,(aD=2ra- 0.

2

(¢) (6 points) Find an upper bound on the error for your answer from part (b).

(Note: For full credit, you do not need to find a tight upper bound, but you must justify your answer
with Taylor’s inequality.)

J: m("): - Si».<'l‘>3) - Ll'rraxacos(’h')(l)
‘cn'(x)ls J«S’n(’i‘xl)'-t qu’xlco:('lrxz)l < Qmwt | .6Yn?
£2w < |¥ g‘iﬂa (0'\'1\61' QasVTrs arg 0-!3‘)!/5 ‘Lw-

o [2.2] ate Thet  neither "'(1)/
o ,'F '"(3-‘)1 1S 4n vppe ‘M‘O

Ta(x)-%)l < —6'— é«r 41167«‘)(0.1)3 ~ (0.0300¢

Se
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8. For this problem, you may use the following basic Taylor series:

% <k o ko 2k+1 o k .2k
Nk e N N (ED N (D
_Zx, e _Zk!’ s1nx—z ks cosx—z on]
k=0 k=0 k=0 k=0
3
(a) (6 points) Find the Taylor series for f(z) = | _T_ i 3z sin(z?) based at b = 0. Express
your answer using » —notation.
D\.F ) Z’ l'l)L 1k¥)
LI k S)l\()‘
)-x - 2)& k=o (:”‘ ’)'
<0
) A\~ Z -)
e Bt SR L
|+x ' k= L ez
td 0.- . &+
,‘ Yl+3 —3)‘5’!-\()‘1)3 Z‘ X-0*x

o éo(') \ f_\ ko (k)]
l x’ -3xsv(x 2( )( (;Ln)l) o

(b) (3 points) Find the open interval of convergence for the'series you found in (a).

_l_— -lexc<] Sm(*) Conve
T comverys & Sodx

-1 <-xl<]

sell |(-11)

() (5 points) Find f(2023)(0)> i.e. the 2023 -derivative of f at 0.
w02s Yerm o‘r occurs ar "“«t3= 2023 l=So%

(10 13)
(0> 2023 5 o5 2023

X X
20:13, \ |oll'

(1 13(0) < ” ”, (_'2013')

X




