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3. (12 points) Let f be the function given by:

f(x, y) = x2 � y2 � 2xy + 4y,

and let A, B, and C be the points (0, 0), (0, 4) and (4, 0). Find the global minimum and

maximum of f in the filled triangle ABC.

y1

(0
,
4) · I

y
= 4 - x

x =0
· >X

A (4
,
0)

y
= 0

Critical points : fx(x
,y) = 2x -

2y
=

0 - xj y
fy(x, y) =- 2y -2x + 4 = 0 - 4x= 4 = x=

y
= 1

(1
,
1) is a crit. point.

Left edge :

x = 0

f(0
,y) =

- y + Yy

f((y) =
- 2y

+ Y =

0wy
= 2

.

Check(0
,
2)

Bottom edge : y
= 0

f(x
,
0)= x2

f(x) = 2x = 0 - x= 0
.

Check(8, 0)

Top-right edge: y
= 4-x

f(x
,

4- x) = x2- (4- x)2 -2x(4-x) +4(4-x) = 2x2- 4x

f(x)= 4x- y = 0 - x
= 1

,

check (1, 3) .

Also check endpoints (0,0, (8,4, (40) .

Plug in :

=
f(0,

4) = 0

f(Y
,
0) = 16 &max3f(0,
2) = 4

f(1,
3) = - 2

min
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4. (12 points) Find a point on the surface of equation z = x2 � y2 whose tangent plane is

perpendicular to the line of equation

x = t

y = 3t

z = �2t.

I
direction (1

,

3
,
-2)
E = 2x

voe x
,
2.)

So <1, 3,-2) is parallel to (2x,-2y,t)

(1,
3
,
-2) = c(2x, -2y,

-1)
IS

c = 2

(1
,
3
,

-2) = (4x
,

- 4y
,

-2)

x = 4
,
y

=y
,

z =
x-y=

So the point of rangencyis
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5. (12 points) Find the volume of the solid below the surface

z =
2x+ y + 1p

x2 + y2

and above the region in the xy-plane

D = {(x, y) | x � 0, y � 0, 1  x2
+ y2  4}.

31 L
Hm

,

looks polar .

I 2

Ios IIusing
+

y dr do

0 r = 2

~ 2

-* )
,

(2-cosersi-drd8 = Jeco+ int+]
- (3c,8 - 18 + d8= (398 - 2018 + 6)]

=(3 + =) -( )
=

4E2
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6. (12 points) Evaluate the integral

Z 1

0

Z ⇡/2

arcsin y

cos x
p
1 + cos2 x dx dy.

y
1

x= arcsin(y) Impossible.
y

= sin(x) Must reverse order of integration .

1 -

S jxsx dydx
- >X

- Lycoxs**x!
-

*

! sinx cosx/osx dx

n = 1 +cosx

du= - 2Sinx cosx &X

- ! d = -] - (1 - 2x)

-W
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7. For parts (a)–(c), let f(x) =

Z x

2

cos(⇡t2) dt.

(a) (5 points) Find the second Taylor polynomial, T2(x), for f(x) based at b = 2.

(b) (3 points) Use your answer to part (a) to approximate

Z 2.1

2

cos(⇡t2) dt.

(c) (6 points) Find an upper bound on the error for your answer from part (b).

(Note: For full credit, you do not need to find a tight upper bound, but you must justify your answer

with Taylor’s inequality.)

f(x)= (cos(rtd= f(2)= 0

f(x)=
cos(xx)) f((z)= 1

f"(x) =

- 2 xxsin(xx)) f"(2) = 0

((x- 2)

((s(r+d = f(2
. 1)= Tz(2))= 2 .

1 - 2=

f"(x)= - 2xsin(+x)) - 44 xcos(+x2)

If"(x)/ - /2xsin(+xY/ + /4x2xcos(+xy)) -> 2π + 17
.
642

->2π - 17.
6442 (other answers are possible, but

on [2, 2.1] note that neither If "(2))
now If"( . 1)/ is an upperboundS

24 + 17
.64π(5xx+ (x)(f(0. 1) = 0

,
300s
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8. For this problem, you may use the following basic Taylor series:

1

1� x
=

1X

k=0

xk, ex =

1X

k=0

xk

k!
, sin x =

1X

k=0

(�1)
kx2k+1

(2k + 1)!
, cos x =

1X

k=0

(�1)
kx2k

(2k)!

(a) (6 points) Find the Taylor series for f(x) =
x3

1 + x4
� 3x sin(x2

) based at b = 0. Express

your answer using
P

–notation.

(b) (3 points) Find the open interval of convergence for the series you found in (a).

(c) (5 points) Find f (2023)
(0), i.e. the 2023

rd
derivative of f at 0.

- S

Fx
= sin(x) =EI

I
by
ko

**

↓xw x
2

x- -X
D

I

x
= E(-1) "x"k .k= 0

3

x "
3

L
-

= 0 (2k +1)!-

Se a
x3-Ex-) x "

4
+ X

#

x converges
for -1x< sin(x) converges

↓x = -xY for all X

- 1 < x ~"Wstill (-1, 1)
x

2023
term of occurs at 4k+3 = 2023- = 505

x() ,2023=(-1) )- ! )x

fun, (023 !)


