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3. (12 points) Let f be the function given by:

f(x, y) = x2 � y2 � 2xy + 4y,

and let A, B, and C be the points (0, 0), (0, 4) and (4, 0). Find the global minimum and

maximum of f in the filled triangle ABC.

yr

(0,4)
• fy=4 - ✗

✗=P
a >✗

] (4,0)
g-
0

Critical points : f×(x,y)= 2x - 2y=O → ✗=yI
fylx, g)= -2g -2×+4=0 → 4*4 → x=y= /

( 1,1) is a crit. point.

Left edge : ✗=o
f(0
,g) =

-

y
-

+4g

f
'

(g) = -2g +4=0 → y=2 .

Check (0,2)

Bottom edge : y=0
f(go)=×

'

f'G)=2x=0→x=o .

Check (0,0)

Top- right edge: g- 4-✗

f( ×
,

4- x) = ✗2-(4- x)
' -2×14- x) +414×1=2×2- 4✗

f'G)= 4×-4=0 → ✗= ! check ( 1,3) .

Also check endpoints (0,031943 ( 4,0) .

Plugin :

f- (0,01=0
f- ( 1,17=2
f- (0,47=0
f-14,0)=l6←m①f- (0,21=4

f- ( 1. 3) = -2←
min
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4. (12 points) Find a point on the surface of equation z = x2 � y2 whose tangent plane is

perpendicular to the line of equation

x = t

y = 3t

z = �2t.

I
o }¥=2x

direction 41,3,-2>

E- = -2g
Normal vector (25-2%-1)

So 41,3,
-2) is parallel to (2×52%-1)

(1,3-2)=(425-2%-1)
b-
( = 2

(1,3-2)=44%-4%-2>

✗=&
,
y=¥

,

z=x
'
-

y
"

So the point of tangency is (¥¥
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5. (12 points) Find the volume of the solid below the surface

z =
2x+ y + 1p

x2 + y2

and above the region in the xy-plane

D = {(x, y) | x � 0, y � 0, 1  x2
+ y2  4}.

Yr /
Hm
,

looks polar .

g¥ § 2rcoso-tyrsih0-tl-yd.cl -0> ×
0 I r=2

÷

= [ (2r cos⑦ + rsin⑦ + 1) dr D8 =/ ( r' cos⑦ + d- isin⑤ + do

0 I
0 r=/

= 3 cos⑤ + 3- sin⑤ + 1)do = ( 3 sino - E- cos0-+0 )]
0

0

=/ 3 + ¥ ) -(E)

=9g
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6. (12 points) Evaluate the integral

Z 1

0

Z ⇡/2

arcsin y

cos x
p
1 + cos2 x dx dy.

Impossible?^^
Must reverse order of integration .

1- y=sin(x) I sink)"

i. f) cost)fÉxdydx
O o y=sinx

= (ycosxlFÉ)]dx
0

y=o

%

=) sinxcosx dx

°
u= / + cos

?
✗

du= -Zsinxcosxdx

=/
'

÷Fdu=
"if'= :-( 1- 2k)

2

=2F
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7. For parts (a)–(c), let f(x) =

Z x

2

cos(⇡t2) dt.

(a) (5 points) Find the second Taylor polynomial, T2(x), for f(x) based at b = 2.

(b) (3 points) Use your answer to part (a) to approximate

Z 2.1

2

cos(⇡t2) dt.

(c) (6 points) Find an upper bound on the error for your answer from part (b).

(Note: For full credit, you do not need to find a tight upper bound, but you must justify your answer

with Taylor’s inequality.)

✗

f(x)= fcosfnt')dt f( 23=0
2

f-
'

(2)=\f'G)= cosirx
')

f-
"G) = -2-nxsin.fi) f "( 23=0

I(×)=
osfnt)dt=f(2.D= I(2.D= 2.1-2

f'"G)= -2-nsinfnxY-4-ixdcosfif.fm/x)/s/2-nsin(xxD/t/4-ix'cos(-xY/s2-t/ 7.64×2
£2T, 317.6472 (other answers are possible, but

on [2,2-1]
note that neither ✗ '"(2)/
nor /f'"G. 1)/ is an upper bound)

so / IA) -ft)/ *t7)(0)= 0.03006



Math 126, Winter 2023 Final Examination Page 8 of 8

8. For this problem, you may use the following basic Taylor series:

1

1� x
=

1X

k=0

xk, ex =

1X

k=0

xk

k!
, sin x =

1X

k=0

(�1)
kx2k+1

(2k + 1)!
, cos x =

1X

k=0

(�1)
kx2k

(2k)!

(a) (6 points) Find the Taylor series for f(x) =
x3

1 + x4
� 3x sin(x2

) based at b = 0. Express

your answer using
P

–notation.

(b) (3 points) Find the open interval of convergence for the series you found in (a).

(c) (5 points) Find f (2023)
(0), i.e. the 2023

rd
derivative of f at 0.

sinai :&"¥¥-= ③ ✗
k

4=0
1×0×2

✗→ -✗4L
Sin (✗2)= [ c- 1)

4×44+2

¥4 =§?gfD"×
""

h=o¥)!T.n.si?=E.*-Y;:I;i?E-y--E?c-Dkx4k+3sr#y--3xsinGY-
§fÑ(1y?¥x

converges
for

- I < ✗ < I sink) converges
f. ✗ → -✗4 f.- all ✗

-1 < - ✗4<1
y
still)

2023
term of occurs at 44+3=2023 → 4=505

✗

ffJL¥ ✗2023=1. ,j°5(1- ,}⇒×""

f
""%)=-(1-⇒(202


