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1. (4 points per part) Parts (a), (b), and (c) are unrelated.

(a) The two lines x = 1 + t, y = t, z = 1� 2t and x = 1, y = 4t, z = 1� 3t intersect at the
point (1, 0, 1). Find the equation for the plane containing these two intersecting lines.

equation for plane:

(b) Find parameteric equations for the line of intersection of the two planes x + y + z = 1

and 2x+ y � 3z = �3.

equations for line:

(c) Find all points of intersection of the line through (0, 0, 1) and (3, 4, 1) and the paraboloid

100z = x2
+ y2.

intersection point(s): (x, y, z) =

(1,1-2)×(0,4-3)=45,34>
Plane Y normal vector 453,4) through pt ( 40,1) :

5Cx-Dt3yt4Cz-D-O5xt3yt4z-9@LinethrovgLCQo.D
&(-45,0) :

✗+y
+ 2- =/

- ( 2×+y -32=-3) direction 4-4,5, -D
-✗ +42=4

One point : ✗
= 0,2=1
, y=0

Another : z=o
,
✗= -4
, y=5

×=-4ty=5tz=1

line :

Y}
Plugin : 100=13+5+1%5

y=4t 100=251-2

Plug back in

(-6,-8,D&(6
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2. (6 points per part) Parts (a) and (b) are unrelated.

(a) Find a vector function for the curve of intersection between the surface 5x2
+ y2� z2 = 4

and the plane z = x.

vector function:

(b) Find the curvature of r(t) = ht3, t2 � 1, 3t+ 7i at the point (�8, 3, 1).

curvature:

I

5×2+
y
'
- ✗2=4

4×2+5=4 → ellipse ! Can parametrize w/ cost & Sint
.

✗ = cost
, y=2sint works

2- = ✗ = cost

rYtt_fcost2sintcostJ@FYD-f3t32t.D
F'(-25-42-4,3) t= -2

F "(t) -46%2,0) F' '(-23--4-132,0)

i'G)✗i"ÉD=f6, -36, -2>4

fritz)1=jEF=13

f- ' 1-2)1--61*+45=6553

*
"

-

k=
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3. (6 points per part) For parts (a) and (b), let f(x, y) = x2y2 � 4x2 � y2.

(a) Find all the saddle points of f(x, y).

saddle points:

(b) Find the equation of the tangent plane to the surface z = f(x, y) at x = 2, y = 1 and

use it to approximate f(2.1, 0.8).

tangent plane:

f. (x,y)=2xy
'
- 8×=o → 2×(5-4)=0 → ✗=0 or y=±2

fy(x,y)=2x'y - 2y=0 → 2y(✗
2- 1) =O→y=0 or ✗= ± /

Five crit. pts:(0,01 ( 1,2), C- 1,2! ( 1,
-2! (-1-2)

f-
✗✗
(×
, y)=2y

'

-8 ☐ ( 0,0) > 0 ← not a saddle point

fyyfsy)= 2×2-2 ☐ (1--1,12)<0

fxyCx.yk4xyC1.2Kt-2K-s2tC-t-21@fC2.D
= -13

-1×12,11=-12

fy (2. D= 6
Tangent plane : z= -13-121×-2)t6(y

- 1)

f(2. 1,0 .8)= -13-12/2.1 - 2) 1-6/0.8 - 1) = -15.4

z=×-Htyf(2.1.0.8)=-
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4. (12 points) Find the absolute maximum and absolute minimum values of the function

f(x, y) = x2 � y2 + 2y

on the region enclosed by x = 0, y = 4 and y = x2
.

absolute extrema:

(2,4)""

y=iCrit pts
: f×(×,y)=2×=0}x=o

fylx,y)= -22+2=0
7=1 ×=o

Boundary
- (0,05
Top : y=4 : f(×, 4) = ✗

2-8

f-
'

(×)=2×=O05×52
✗=o Points to check :

check 10,4)&(2,4) -
f (0,1) =/

Left: x=o :-C?y)= - y' +2g
f- (0,4)= -8Osys -1 f'(g)= -2g +2=0
f(2,41=-4Check

y=1
(301,0-1110,4) f- ( 0,01=0
Bottom- right : fxY=×

'
- ✗4+2×2

f-! F) =¥f'1×1=6×-4×3--0 ,

= 2×(3-25)=0
Check (0,01

,

✗ = ? ✗=Ex=fF(2,4)
/✓

(¥ §) not in

domain

min_8,ma×
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5. (12 points) Reverse the order of integration and evaluate

Z 2

0

Z 1

x/2

x

y3 + 1
dydx.

answer =

÷
y=E<→×=2y =/

"

,
#y¥d×dy

I >✗ x=2y
2 =H¥÷D ,

✗=o

I
3 u=y3t1

=/ y?¥dy du=3y'dy

:
= ! } a- 3-44]?

= }(h( 2) -0)

'
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6. (12 points) Let R be the region inside the circle x2
+ y2 = 4y, outside the circle x2

+ y2 = 8,

and in the first quadrant (shown below). Evaluate

ZZ

R

x

x2 + y2
dA

.

answer =

Convert to polar :
✗
'
+ y2=4y→r2=4rsin0→r=4sin0

✗2ty2=8 → r=Tg

Intersection: =4sin0→sinQ=¥→-0=7-1

gag [
Sino

r-4sir.org#rdrd0---Jcos0r)d0-
¥5s ¥ r.rs

= (Ysinocoso - T8cos0)d0 ¥

f¥(2sin(20) - Tse .se/d0-=(-cos20--Fsin0-Jf-- (1-58)-(0-2)¥¥

=3 - Tg

=



Math 126, Spring 2023 Final Examination Page 7 of 8

7. For parts (a)–(c), let f(x) = ln(2x� 1).

(a) (5 points) Find the second Taylor polynomial, T2(x), for f(x) based at b = 1.

T2(x) =

(b) (4 points) Use your answer to part (a) to approximate ln(1.1).

ln(1.1) ⇡

(c) (5 points) Find an upper bound (as sharp as possible) on the error for your answer from

part (b).

Error bound:

flx)= In (2×-1) f-(1) = 0

f'(x) --2¥ F'(1) = 2

f-
"

G) = 6¥, f-
"

(1) = -4

2(x-D-2(
In / 1.1) =/n(2.1 - 1)=f( 1.051=1-211.05)

=3 (1.05-1)-211.05-15=0.1-0.005

0.!

f
'"(x)=p¥p
max when ✗ is smallest,

at ✗=/ on interval [1,105] .

→ Use M= ¥-16

/ft ) - Tak)/s f- (161/0.05)
>
=¥

(Ok to instead use interval [0.95%05]
,

giving
M= ¥

,

error 50.000457 )

= 0.0005
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8. For this problem, you may use the following basic Taylor series:

1

1� x
=

1X

k=0

xk, ex =

1X

k=0

xk

k!
, sin x =

1X

k=0

(�1)
kx2k+1

(2k + 1)!
, cos x =

1X

k=0

(�1)
kx2k

(2k)!

(a) (6 points) Find the Taylor series for f(x) =

Z x

0

e2t
2
dt based at b = 0. Express your

answer using
P

–notation.

Taylor series:

(b) (3 points) Find the open interval of convergence for the series you found in (a).

Interval of convergence:

(c) (5 points) Find f (2023)
(0), i.e. the 2023

rd
derivative of f at 0.

f (2023)
(0) =

e'
'
= I
k=o k !

e
"! §2÷
) "P"" ✗ w/ 2,2

4=0

✗

f. it'dt= §?( § d)

?÷÷:
e× converges

for all ✗

None of these transformations change that.

f
term of ② 24×24+1

×

""

⇐ ,É
is at 24+1--2023^4=1011

~ ¥?%

f(2023%3×2023 21011×2023
→ f4°"{g)= 2%¥.}¥,

=\

2023.1011 !

"÷:


