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1. (3 points per part) Suppose a and b are nonzero vectors in R?. Decide whether each of the
following statements is always true, sometimes true, or never true. (Circle one.)

If your answer is always or never, briefly explain why (one sentence is enough).

If your answer is sometimes, give an example where it’s true and an example where it’s false.

(a) a-a>0 Sometimes Never

Remember, for full credit, you must include a short explanation (for Always or Never) or ezamples (for Sometimes)/!
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(b) axb=2a Always Sometimes ( Never )

Never: axp is OPTLOJokql To :: L\ﬁ-
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(¢c) laxbl=a-b Always w Never

\,u‘ 3=< lJ ';°>/ t =< |,°;°> wever  SIhG =ces®

Not Wlenever e#"—',j. 2:(13% t=<2J<10>

(d) comp,b > |b| Always Sometimes @

cbwr{b = I‘b 231
Q N’
never > |
(e) proj,b=Db Always Never

Yes: & &b podlley 32108y £2{3,00
Not Qv\y o‘l’ler 'l:i‘h!‘ C.J. z=<’,°;°>/ .t.=<oj ’/0>
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2. (4 points per part) Consider the vector function r(t) = (3cos(t) + 1,4 cos(t) + 2, 5sin(t) + 7).

(a) The space curve for r(¢) lies in a plane. Find the equation of that plane.

le: ,-.l(ost ""f
3\:):- l1<o3't+é or ) (-\\-\) ? ps .J use CroSS rna'uc-r,

)
HX*1:35

(b) Find parametric equations for the line tangent to r(t) at (1,2,2).

Bl (s e Se> [

Lt
1)=<3,1
x= |43t
taf-l +4t
z=1

=X
Q

(c¢) Find T(t), the unit tangent vector to r(t).

F'(t)l :\} ﬂ S°lr\11- + ) éS.)nlt + JFC“SQ'& = 5

T(T)._-, "{;3 <_,M.,. ssm‘l' (os‘>
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3. (7 points per part) Consider the function f(z,y) = zy — zy°.

(a) Find all the critical points of f on R? and classify each critical point.

fe=y—9y’=y(1-9*)=0=>y=00ry===Il;
fy=2-8zyP=2(1-3y)=0=>z=00ry==%.
Therefore the critical points are (0,0) and (0, £1).
Jze =0, fyy = =62y, fo, = 1 — 3y?, Hessian D = 0 — (1 — 3y*)%.
D(0,0) = -1 < 0; D(0,£1) = -4 < 0.

The critical points (0,0) and (0,+1) are saddle points.

(b) Find the absolute maximum and minimum values of f on the triangular region bounded
by the lines y =z, y =1 and z = 0.

¥y Ly y=1

Li:x=0

Ly:y=x

By (a), f has no critical point in the interior of D.
On the boundary component L, : z = 0,0 <y < 1, f(z
(:

i

()
()
On the boundary component L3 : y = z , f(z,y) = f(z,z2) = z

On the boundary component Ly : y=1,0<z <1, f

¢(z) = 2z — 423 = 22(1 — 22?%) = 0 gives a critical point = = \/lg f(\% %) - g(%) =3
(At the end points of the domain 0 < z <1, ¢g(0) = g(1) =0.)
) =1/4;
flz,1)=10.

Therefore,|the absolute maximum value is f (\/L3

gl

the absolute minimum value is f(0,y)
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d
4. (8 points) Find (’)_z if z,y, z are related by the implicit equation
T

rsinz 4+ e™ = 2.

lsinz & 0z b 0z
sinz+xcosz— +eVy = —
ox 4 Ox
0z . .
(rcosz—1)— = —1lsinz —ye™
ox
0z sin z + ye*¥
| — = e —
ox 1—zcosz
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5. (7 points per part) Compute the following integrals.
1 pcos™(y)
a) / / sin(sin(z)) dx dy.
0o Jo 1‘_ CosX
s'(w)
D x‘“’ \, - si X)Aa Ix
’ COS(’() SM( "
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) (“a‘%’“"] ”

=S cosx S‘i«(ﬁaﬂ)c’k = S simu)dur

0

0 LSSiax

du= cosxdx

} cos’(u)]\ = | I-eos(h)
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6. (12 points) A lamina occupies the rectangle R = [0, 4] x [0, 2] Find its center of mass if the
density at each point is given by the function p(z,y) = = —i— y

~ S‘-\ Sl(wyzy‘adx - SL' (xg*zﬁ] e S(Jx +3)dx

.J=

0
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7. (5 points per part) For all parts, consider f(z) = In(z + 2) based at b = 1. (NOT based at
zero!)

(a) Find the third Taylor polynomial, 73(x), for f(z) based at b = 1.

f(1) =In3, n@g=m3+§u—1y—%?u—1f+g§i@—1ﬁ
Pl = gin,f’(l) = % =g %(m _1)- %(x _12 4 8%(:,; _ 1y,
'@ = g £ =

1"(@) = g I = 5

(b) Use Taylor’s inequality to find an upper bound (as sharp as possible) for the error

| f(z) — T5(x)| on the interval [—0.5,2.5], where T5(x) is the second Taylor polynomial of
f(z) centered at b = 1.

The interval [—0.5,2.5] is centered at b = 1 with radius r = 1.5, on this interval,

2 2 2
| (x)| = @127 < (051 0) =15 (max occurs at the left end point x = —0.5).
By Taylor’s inequality,
max | f"(z)] 3 3
, z€[—0.5,2.5] 5 2/(L5)° 3 2/(L5)° 5 |1

(c) Find the smallest value of n such that Taylor’s inequality guarantees that the error

|f(x) — To(z)| < 0.02 for all z in the interval [—0.5,2.5], where T,(z) is the n'* Taylor
polynomial of f(x) centered at b = 1.

. ok —1)*1(k —1)! (n n!
From the pattern of ', 1", ", f®(e) = T G2 o o) = | ),
On the interval [—0.5,2.5],
o (=1)"+in! n! n!
|f (@) = @+ 2 (0512 = |{gnmt (max occurs at x = —0.5).
By Taylor’s inequality,
*(n+1)
: Le[lzloag(zs]u @)l aia _ LG n! 1
(@) - Tu@)] < L) Y :
(n+1)! (n+1)! n+1)! n+1

solve

1<0.02=>n+1>50=>n>49=>n250

n +
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8. Consider the function f(z) = zsin(z?).
(a) (6 points) Find the Taylor series of f(z) = xsin(z?) based at b = 0. Use the sigma sum
o0

notation Z to express the Taylor series.

k=...
% 241
Apply the Taylor series sinz = Z( 1)k ( ) (for all z € (—o00,)),
k=0
00 )2k+1 0 4k+%

(b) (4 points) Use the series found in (a) to find f57(0) (i.e., the 507*" order derivative of
fat0.)

s (k) (507)
In the Taylor series > / (O)Ik, 70
P 507!

In the Taylor series found in (a), 2°°7 occurs when 4k + 3 = 507 = k = 126.
f(507)(0) (_1)126 507!

, - ) B ~(507) () _
Therefore the coefficient 507 ((2)(126) £ 1! =|f 0) = 5531

is the coefficient of %07,




