Math 125, Spring 2022 Final Exam

Page I of 10

1. (10 points) Evaluate the following integrals. Show your work. Simplify and box your answers.
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2. (10 points) For each of the following integrals, choose the method that will work best on that integral.
No need to justify or to compute anything. Just shade one (and only one) square next to your answer.

(a) /cos4 (x)dx

[J substitution with u = cosz(x)
[J replace cos?(x) with 1 —sin?(x), then substitution with & = sin(x)
W apply the half-angle formula twice

[J substitution with u = cos(x)

2x—6
® [ arnd

® substitution with u = x> — 6x + 12

[ factor the denominator and use partial fractions
[J integration by parts

O inverse trig substitution with x — 3 = sec(8)

© [ e

O substitution with u = x> — 1

O inverse trig substitution with x = sin(0)

[J factor the denominator and use partial fractions
B inverse trig substitution with x = sec(8)

(d) / eV¥dx

M substitution with u = \/x, then integration by parts
[J integration by parts with u = ¢V and dv = dx
O substitution with u = x

[ integration by parts with u = 1 and dv = eV*

© / 9x+2

[J substitution with u = x> — 9x+2

O integration by parts

B factor the denominator and use partial fractions
[] substitution with u = x
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3. (a) (6 points) Evaluate j xarctan(x)dx.

‘nkg\w&‘ml.a ra;:l‘o F Ve arc‘l*aux oe\)=7(a(><
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(b) (4 points) Is the improper integral / xarctan(x)dx convergent or divergent? If it is divergent,

0
justify by showing all limit calculations. If it is convergent, find the value to which it converges.
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4. (10 points) You have the following data about the values of a function y = f(x) and its derivative
dy

i f'(x) at certain values of x in the interval [0, 2]. Use this table to answer the questions below.
Show your setup and your work.

x o [02s] o5 [o75| 12 [125] 15 [ 175 2
F(x) 1 09 @ 08 | 05 o | -04 07 03 1
£(x) o 03 -1 | 17 -2 | 15 o0 3 8

(a) Estimate the average value of f over the given interval [0,2] using Simpson’s Rule with n = 8
subintervals. Round your answer to the nearest 3 digits.

for= L [k Ax=g

gg = E' ' —‘}é’- [«F(o}+Ll‘F(O'2S)+2—('(O-S>+ R J'(l-%)*-ﬁ(?):(

—

=45 [w 9(0-%4—2(0,8)-)—%(0,{)%—’2(°)+Lll""‘r)"?('a’:))’“\(’o-g)‘*i
12 |
2 0‘? /o"/—\ '& _ J. J- [2+17 10_.2

| 2 +‘1(m2)41(0$+°’0'?) "z h

[[dm—)

-

11
2 17

2114 (sT - ’{;? o~ |0 203|

(b) Set up an integral equal to the arc length of y = f(x) over the same interval [0,2], then estimate

that integral using the Midpoint Rule with n = 4 subintervals. Simplify your answer but leave it
in exact form.

2 2z
L = go N+ () x br= 77735
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5. You have the following data about the values of a function y = f(x) and its derivative f’(x) at certain
values of x in the interval [0, 2]. Use this table to answer the questions below.

x 0 o025 05 075 1 125 15 175 2

£(x) 1 09 08 | 05 o | -04 -07 03 1

(%) o 03 -1 | 17 2 | 15 o 3 8
(.75

(a) (3 points) Evaluate f'(x)dx. Do not approximate, find the exact value of this integral.
0

03 0.7
S ,{\(ﬁ) dx = «f(x\ - 4(0-:5) »4(0) zDs—1 :
o
7 7
Fic
FM\’

s

Jx)
(b) (4 points) Define F(x) = / ¢"’dt. Evaluate F'(0.75). Do not approximate, find the exact
value of this derivative. ’ 2

(x) 2 fer (FTC L+ Choun el

- [ e - oy O

< € t = g - *
f x) Ax
2

v, Goa) -
T'as)- € Do doas) =

1
(c) (3 points) Compute / xf"(x)dx. Do not approximate, calculate the exact value of this integral.
J0

w=x  dvz 46 dv
dusdx = £
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6. (10 points) A leaky bucket was raised 7 meters. Water was leaking at a constant rate and the bucket
was being lifted at a constant speed. At the start, the total mass of the bucket and water was 20 kg. At
the top, the mass of the bucket and water was 6 kg. Find the total amount of work that was done.

The mass of the rope was negligibly small. Use g = 9.8 m/s>.

ya -20t
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Tla wass oﬁ wodin + budad w hon The buucleet (o> Leev\
i fted % metns , oExEF Mo S
m — ’ZO——’ZX /&’J

So Taa %aw qPP\AfA'(x, ,@i(f;t'd’fu ;Licluf |
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e remadtad wotk fiow x & xr AXT
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ot work

W = y? G2 (20-2) dx

7
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7. (10 points) A solid of revolution is obtained by rotating the region shown below about the horizontal
line y = —2. The region is above the x-axis, and below the graph of y = 1 + ¢*, between x = 0 and

x=1.

(a) Use the method of disks/washers to set up an integral expression equal to the volume of this solid.

Do not compute or simplify the integral.

(
\I—’J\ 7"\22 "-ﬁ)’z JX 3
o

:J'T\ (1 ee2) - 7 (2 Ax |
(o)

[

a4

A

\ 2
- j 7 (€43) - 47 dx
(0]

(S
~

(b) Use the method of cylindrical shells to set up an integral expression for the volume of the same

solid. Do not compute or simplify the integral.

2 radiv L\Oﬁx{d

\l: 27 (5:2) G:) ol\ﬂ
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8. (10 points) Find the coordinates (&, ¥) of the center of mass of a flat plate occupying the shown shaded
area in the xy-plane. The region is described by:

Va—-x2<y<2y/4-—x?

You must justify your answers with computations or an explanation.

cn
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9. (10 points) Solve the initial value problem. Give your answer in explicit form, y = f(x).

dy_ 1 | B
a_(lunz(_\-)+1)(%+1) y(0)=mn/4
W _Ql_‘j_ _ | _ \ B >
(o g vi) 1 = el TN
flrged sty = [ 2, 4

S m?\JJLJ = f -+, ol x
’MMU = X = b|x4il+ ¢

1T
— C:‘/’ou,t-/:/
t)(a):%(.‘ Jrauj%» o - Il + c =D 4

40,,\43 _ = Al

\6: arctan (% — L Ixt1] 1 ){
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10. A population of mountain goats in a certain region satisfies the differential equation:
dpP P?
o _apo
dt 1000

where P = P(t) is the number of goats in the region after ¢ years.

(a) (2 points) Find the carrying capacity of the region.

">
%}’ = 3P(I- —,;;;o) => K= 3000 ,:Eeﬁs

(b) (8 points) Solve the differential equation and determine the number of goats in the region after
2 years if the initial population was 1000 goats. Show all work.
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