Solutions

Math 125, Spring 2020 Final Exam Page 1 of 10

|
I1+x

1. (10 points) Find the center of mass (X, ¥) of a metal plate bounded by the graph of the function f(x) = =

on the top, the x-axis on the bottom, the y-axis on the left and the line x = 1 on the right.

Show all work and box your answer.

Solution: To calculate the mass, we use inverse trigonometric substitution x = tan 8, dx = sec” 8d 8, with
the new limits 0 and 7 /4.

x4
secBdf = In|sec @ +tan@ ;

1 1 /4 1 /4
M:f — =f —secEBJf}:f
0 41422 ‘ 0 4/1+man?g 0

=tn|VZ+1|~In[1+0 =|in (1+V2)

1 yto1 1 1 x
MI=E£ mdx=zarctanx‘n=5-z= n/8

To calculate the moment M,, we use the substitution u = 1 +x2, du = 2xdx, with the new limits u = 1 and
u=2

! x 2101
M_\.=L md.r=fl —=-gdu= i =[v2-1

The center of mass is

S _ Vvi-1 n/8 N VZ-1 n
(&)= f6/A0160) (ln(l+ﬁ)zln(1+ﬁ)) (1n(l+ﬁ)’81n(1+\/§))
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2. (10 points) While staying home in quarantine, you decide to build yourself a skateboard ramp.

The top of the ramp is in the shape of the function y = (4/3)x%/2
base of the ramp, in meters.

. where x is the horizontal distance along the

If you want the top of the ramp to have an arclength L = 2 meters, how long will the base b have to be?

L= [0y 4

y 8

]

= fg |t (2% Ax
o

b -
— m dx wzld kX

Q (J*@AAK'
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3. (10 points) The shaded region shown is bounded on its top by the line y = 0.75x, and on its bottom by y = —5
for 0 < x < 10 and by some non-linear function y = f(x) (with inverse x = g(y)) for 10 < x < 20.

(a) Setup an integral expression in x equal to the area of this region.
Your answer will include f(x). Do not simplify or compute, and no need to justify.

A= Jm(o.7sx—(-§)) dx + f:O/OJSX— ,[cx))a(x

= 89.5 + ‘:)(0.75')(’5’(%))0()(

(b) Set up an integral expression in y equal to the area of this region.
Your answer will include g(y). Do not simplify or compute, and no need to justify.

bl
(N

A= fos gegddy + Jo Gy *(,4;:‘3\4‘3
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4. (10 points) Archeologists found an ancient circular mound created by soil dug up from the center of the
structure. The mound is a solid of revolution obtained by rotating the shaded area shown below around the
line at the center. Measurements show that the top of the shaded section of the mound is approximately given

by the function:
f(x) = 2sin® (%) 10<x< 10v2

where all dimensions are in meters, and x is the distance from the center.

Compute the volume of the mound. Show all work and leave your answer in exact simplified form.

%

T /N

1042 _____...---"""'""‘-— 10 102

Solution: We will use the shell method. The volume is given by

10v2
[ 27x f(x)dx
1

0

10v2 ) )
= / 2rx2(sin(mx"/100) )" dx
10

We use the substitution u = mx* /100, du = (27x/100)dx.

The new limits of integration are 7 and 27.
10v2 , 2 N
f 27x2(sin(7x?/100))2dx — f 200(sinu)du
10 T
n
_ / 200(1/2)(1 — cos(2u))du
JIT

u=2xm
= 1007 m’

=

= 100(u — (1/2) sin(2u))
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5. (10 points) A leaky bucket weighs 2 kg and initially contains 20 kg of water.

It is being pulled up on a rope at the speed of 2 m/s while losing 1 kg of water per second. Ignore the weight of
the rope and assume that the gravitational acceleration is 9.8 /s>,

The work done to lift the bucket to the height h above the initial level was 823.2 Joules. Find the height h.

Show all your work and box the final answer.

Solution:

The initial mass of the bucket with water was 22 kg. For every meter in elevation gain, 0.5 kg of water were
lost so the mass of the bucket with water was 22 — x/2 kilograms at the level x.

The weight at this level was 9.8(22 —x/2) N.

The work done to lift the bucket to level h was

h
4 9.8(22 — x/2)dx

=9.8(22x —_H;4)| =9.8(22h—h*/4).

h
0
According to the problem, the work done was 823.2 = 9.8(22h — h*/4).
Solving for h, we obtain h = 4 or h = 84.

The solution h = 84 has to be rejected because the bucket would have lost all water at the height of 40
meters and the formula for the mass would no longer apply. Hence, meters.
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6. (10 points) In the year 2020 (which we take to be t = 0) there are 5000 wolves in a certain forest.
In the absence of hunting, the wolf population would increase at the rate of 1% per year. However, hunters are

killing wolves at the steady rate of 100 wolves per year.

Let W (t) represent the wolf population in this forest, ¢ years after 2020.

(a) Write a differential equation that W (r) satisfies.

4’& _i/\:l: 0.0,Wf(00=0.01(u)~lqouu)

(b) Solve this differential equation to find a formula for W(z) in terms of #. Show all steps.

6
% ‘ duw= 0.01d+

)
W - 0,000
ol sart 4 €
ot = €|
lw-o.00] = ¢ - €9

ool t
W = loeoo £ Coe GE C’B
09l

W = (9000 + Co €
Cooo = 19,099+ Cp =>G~=

ort
W = 10,000 - s000 P

- F00 0

\W(ey= S000 =>

(c) In what year will the entire wolf population be exterminated from this forest area? Round your answer (o

'L‘E\( the nearest year. Your answer should be some year in this century.
oot t

Wo0 = 19020500 ¢
000
ea,mf’ 19 -
- S,0o9

oot = Lu2
t = le0 L2

=

it year [2089 |

N 69.3147-- ears [T 2920
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7. (10 points) (a) The following picture shows the graphs of three functions, labeled A, B, and C.

i

For each of (i)-(iii) below, list all correct answers among the graphs A, B, C, or state "none”.
No need to justify. ‘A “ \
’ o> (a8 |
. . . . T . - = fa
i. Which of A-C could be the graph of an antiderivative of Graph A? A - 6 =D g .

- antiderivative of g—c'—\@
ii. Which of A-C could be the graph of an antiderivative of Graph B? - “
\
- oo €A
iii. Which of A-C could be graph of an antiderivative of Graph C? -\ .

(b) Which of the following expressions y = f(x) are solutions of the differential equation:
dy

=" satisfying f(1) = 2?
dx

Circle the correct ones, and cross out the incorrect ones. For the ones that you crossed out, show which of
L. e . dy 2
the conditions it fails to satisfy: — =¢*, f(1) = 2, or both.

v

Moo [0 g emer: dte? lrlorors

x x*
_\':[f’"d!—l—Z %: -e/
J1 $4

%;-:/{ ddt %&L: e ex £ e ,}m-o

2
4 y= f"€1 Hiz=o0+2%2 /
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8. (10 points) Evaluate the following integral. Show all steps and use the methods of this class. Credit will depend
on clarity and completeness of the solution steps shown.

/arcscc ( v a? +4_r+5) dx

Xz+¢1)<+ s
= (x+2)5# |

J arcsee \ xHt axas o
= fo.rc&cc ((xe2V 41 %
- J arcsec| (taudet!

- f@ ¢lo Jde

—Odou® - /ZA lSecel‘l’C/

l
= afcfon (x42)- (x+2) - I (Renas+ ¢

fmmhu (es7) —Au (Fraxas + Q7
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9. (10 points) Consider the graphs below, depicting four positive, continuous, and decreasing functions.
The functions cross only at at the point (1, 1).

Use the graph and the Comparison Test to determine whether the following improper integrals converge or
diverge. Circle the appropriate answer. If there is not enough information to determine convergence or
divergence, circle “not enough information”. Justify your answers.

(a) /Im g(x)dx

DIVERGES NOT ENOUGH INFORMATION
(3]
%Qg I ‘XL O.MA f ‘%_ OlX COV\\FO\'XU)
\

= ]
(b)/l m([.\

CONVERGES DIVERGES NOT ENOUGH INFORMATION

P 00
= L 2ok =
4od ¢ 4o =S 5};)> NN J| 3‘*\Ax >j( Xdx= po

© /I'm VFdx

CONVERGES @ NOT ENOUGH INFORMATION

> e ~
( _L(xD) —\—Cm\‘——‘—‘:\ m&\_o(xcﬁ%,!ng‘\—é—ik

Ik

E’LLs'("\<X = X %
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10. (10 points) In a 2-second laboratory experiment, a particle moves in a straight line, while its acceleration is
manipulated by a force field. The resulting acceleration function (in m/s%) is a multi-part function, whose
expression and graph are shown below.

Graph of aft)
(1) = 60(1—r) 0<1<l
A= 60(-2) 1<r<2

gh-éof octe)
6ot - 120 let ez

Assume that the particle begins at rest at t = 0 seconds.

(a) Compute the expression in terms of ¢ for the velocity of the particle from r = 0 tot = 1 seconds.

3 - et
\l\(t\'; géo ot dt = 6ot -30t°+ C = [Veey= Go'(:*?o‘fz

NTI =S O
4 ¢ ou (o 1)
(b) Compute the expression in terms of ¢ for the velocity of the particle from t = | to = 2 seconds.
2
()= J@O% -‘ZO) dt = sot-1zot+d =y 30 -(204D= 30

- D=
\}7,((\): \)l(l\: 6o—30= 30 - pye)

\)2(&): (&){'2"10{ TlZB’ on r'(zj

(c) Compute the average velocity at which the particle was moving from t = 0 to t = 2 seconds. Show work.

o1 F\”ao&; i [Xl(éof%o‘fz)o(f +fz-sa7‘z-:2oi 4!?070({]
Tz Jo e ° ‘

K4
LGt ot ot st |

=1 [Bo-r0) @o-l}o/ﬂ‘%?\-—( to—é”l?ﬂj

4 L+ Pl [ire]

Voe
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