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1. Introduction

This article gives a brief survey of a class of dynamical systems which contains shifts
of finite type (both one- and multi-dimensional), as well as actions of one or more
commuting automorphisms of a compact Abelian group. Here we use the term “dimension”
to refer to the rank of the parameter group for the action, not to the space itself. The
connection between classical (one-dimensional) shifts of finite type and automorphisms of
compact Abelian groups via Markov partitions is classical and well understood (cf. [2,5,
61], and [40, Chapter 6]). A perhaps less classical connection between the two was pointed
out in [33] and [57], where expansive automorphisms of compact Abelian groups (and,
more generally, expansive Z<-actions by such automorphisms) are written as shifts of finite
type whose alphabet is a finite-dimensional torus. This point of view, combined with tools
from commutative algebra, allows a systematic treatment of Z?-actions by automorphisms
of compact Abelian groups and leads to a fairly comprehensive theory of such actions. The
wealth of interesting and unexpected properties exhibited by such “algebraic” Z“-actions
shows that multi-parameter ergodic theory (i.e., the study of 74 - and RY-actions) is much
more than an elementary extension of the classical theory of Z-actions and flows.

Although this connection between algebraic Z“-actions and d-dimensional shifts of
finite type with possibly infinite alphabet has benefited the study of algebraic Z-actions,
its impact on the theory of higher-dimensional shifts of finite type has been restricted
to a few intriguing examples, suggestions and conjectures. Nevertheless the insight into
Z! -actions gained in the algebraic context has helped to stimulate a number of recent
publications on higher-dimensional shifts of finite type (cf. [45-49,64]).

1.1. Notation

Throughout this article the term compact space will mean a compact metrizable space. Any
metric on a such compact space will be assumed to be compatible with its topology. If X is
a compact space we write Bx for the Borel sigma-algebra of X. A probability measure
on By will simply be called a probability measure on X.

A Borel space (Y, 77) is standard if it is Borel isomorphic to (X, By) for some compact
space X. A measure space (Y, T, n) is standard if (Y, T) is a standard Borel space and u
is a sigma-finite measure on 7.

As usual we write Z for the integers, N = {0, 1, ...} for the natural numbers, Q for the
rationals, R for the reals, C for the complex numbers and set T = R/Z. Although the
multiplicative group

S={ceC: |c|=1}

of complex numbers of absolute value 1 is isomorphic to T it will be convenient to
distinguish notationally between these groups.

For any set S we write | S| for the cardinality of S. If S C S is a subset, then 1g: § — R
denotes the indicator function of S’
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1.2. Dynamical properties of Z -actions

Let X be a compact space, § a metricon X, d > 1 and T :n+— T" a continuous action
of Z¢ on X. A probability measure 4 on X is (T-)invariant if uT" = p for every n € Z¢.

If T’ is a second continuous Z“-action on a compact space X’ then 7 and T’ are
topologically conjugate if there exists a homeomorphism ¢ : X — X’ with

¢-T"=T""-¢ (I.1)

for every n € Z< and x € X. If the map ¢: X — X’ in (1.1) is only surjective then 7’ is a
topological factor of T.

Other notions of conjugacy will appear later in this article.

The following dynamical properties of a continuous Z¢-action T on a compact space X
are obviously preserved under topological conjugacy.

DEFINITION 1.1. (1) A point x € X is periodic if its orbit {T"x: n € Z¢} is finite. For
every subgroup of finite index A C Z¢ we denote by

FixA(T):{xeX: T"x:xforeveryneA} (1.2)

the set of points in X with period A. The action T has dense periodic points if

Per(T) = U Fix A(T)

Acz!
124 ] A)<oo

is dense in X. The action T has finitely many periodic points of any period if |Fix,(T)| <
oo for every subgroup of finite index A C Z4.

(2) A point x is transitive if {T"x: n € Z‘[} is dense in X, and totally transitive if
ﬂk;(){Tk“"“ k > K} is dense in X for every nonzeron € Z.

The action T is (totally) transitive if it has a (totally) transitive point. The action T is
topologically mixing if, for any pair O, Oz of nonempty open sets in X, O| NT"(O) # ¢}
for all but finitely many n € Z¢. An elementary argument shows at, for any topologically
mixing action T on X, the set of totally transitive points is a dense G5 in X.

DEFINITION 1.2. The action T is expansive if there exists a constant ¢ > 0 such that

sup §(T™x, T"My) > ¢ (1.3)

meZd

for all pairs of points x # y in X. Any ¢ > 0 satisfying (1.3) is called an expansive constant
of T.If T is expansive it obviously has finitely many periodic points of any given period.
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DEFINITION 1.3. (1) The action T has weak specification if there exists, for every ¢ > 0,
an integer p(e) > 1 with the following property: for every finite collection Qj, ..., Q, of

rectangles Q; = ;l:l {ai, ..., b} C Z with

dist(Q;, Q)= min_[m—n| > p(e) forl<;j<k<t, (1.4)
meQ ;. neQ

and for every collection of points x'", ... x) in X, there exists a point y € X with
8(T"y, T"x) <& forallme Q;, 1< j<r. (1.5)

(2) The Z<-action T has strong specification if there exists, for every ¢ > 0, an integer
p(e) = 1 with the following property: for every collection of rectangles Q, ..., Q; in Z¢
satisfying (1.4) and every subgroup A C Z¢ with

dist(Q; +4q, Ox) = min lm —nl = p(e) (1.6)
meQ;+q.neQ;

whenever | < j,k <t and q € A ~ {0}, and for every collection of points x", ... x®
in X, there exists a point y € X satisfying (1.5) and with

T"y=y
for everym € A.
Our next task is the definition of topological entropy. If E C Z¢ is a nonempty finite
set and € > 0 we call a set Y C X (E, €)-spanning if there exists, for every x € X, an
element y € Y with §(T"x, T"y) < ¢ foreveryn e E. The set Y C X is (E, ¢)-separated

if sup,c - 8(T™y, T™y') > ¢ for all pairs of points y # y" in Y. We set
Pnek P p

re(e) = min{lYl: YCXis(FE, 8)-spanning},
se(e) = mux{|Y|: YCXis(E, 5)-separated},

and observe that rg(¢) < s (¢) < oo by compactness. Finally, if U, V are covers of X by
open sets we put

N :min{'L{'|: L{/CUisacoverofX},
UvV={UNnV:Uel, VeV

DEFINITION 1.4. Forevery M > 0 we set

Cy=1{0,....M—1}cz‘. (1.7)
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Let

hpan(T) = sup lim sup

logrc,, (€),
e>0 Mooc [Cuml

hsep(ox) = suplimsup

logsc,, (&)
M ’
>0 M—o0 |CM|

logN( \/ T‘"L{).

neCy

hiop(T) = sup lim sup
U M- Cuml

Then hpan(T) = hyep(T) = hiop(T), and this common value is the topological entropy
of T, denoted by h(T).

DEFINITION 1.5. A T-invariant probability measure p on X is ergodic under T (or T
is ergodic on (X, By, n)) if whenever E € By satisfies T"E = E for all n € 74 then
w(E)=0or 1.If r > 2 is an integer, we say that u is mixing of order r if

lim (B0 T (By)N---NTY% (B)) = u(By) - u(B)) (1.8)
(—> 00
tor every choice of Borel sets By, ..., B, in X and every sequence ((0 = n,(\,l), e n,(\,’.)),

k> 1) in (Z4)" with limoon!’’ — 0\ = 0o for I <i < j < r. For r =2 we obtain the
usual definition of mixing.

DEFINITION 1.6. Let u be a T-invariant probability measure on X. The metric entropy
h,(T) is defined by

|
h,,(T)—suph,,(T.P):suplimsup—H,,( \/ T_"P>, (1.9)
P P M—ooc ICml neCyy

where the supremum is taken over all finite Borel partitions P of X, and where H,(Q) =
- ZQGQ w(Q)logu(Q) is the p-entropy of a finite partition @ C Bx. The measure p
has completely positive entropy if h, (T, P) > 0 for every nontrivial finite partition P of X
(nontrivial means that u(P) < | forevery P € P).

The variational principle states that

h(T)=maxh,(T), (1.10)
i

where the maximum is taken over all T-invariant probability measures 4 on X (the
existence of this maximum is part of the variational principle — cf., e.g., [44]). A T -invariant
probability measure p on X has maximal entropy if h, (T) = h(T).

DEFINITION 1.7. Two measure-preserving Z¢-actions T and T’ on standard probability
spaces (X, 4,u) and (X', 4’, u') are measurably conjugate if there exists a measure
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space isomorphism ¢: (X, §, u) — (X', 8, 1) satisfying (1.1) p-a.e. for every n € Z<.
A measure-preserving Z<-action T on a probability spaces (X, &, ) is Bernoulli if it is
measurably conjugate to a Z-action T’ on a probability space (X', 8', ') of the following
form: there exists a standard probability space (Y, 7, v) such that X' = YZ‘[, 8 = TZ{/ is
the product Borel field on X', v = /LZ‘I is the product measure, and T’ is the shift-action
on Z4 on X’ given by

(T/"X)“

h — Xm+n

for every n € Z4 and x = (xm) € X’ (cf. (2.1)).

1.3. Expansive subdynamics

Recently a framework for understanding expansive Z<-actions T has been developed
called “expansive subdynamics” [10]. Roughly speaking, a given subspace V of RY the
action T may remain “expansive” when restricting to iterates in Z¢ that lie within a
bounded distance of V. The set of such expansive subspaces with a fixed dimension forms
an open set. Within a connected component of this set the dynamical properties of T
remain fixed or vary nicely, while they generally change rather abruptly when passing
from one component to anther, analogous to a “phase transition”. Hence one approach
to understanding expansive Z<-actions is to identify the expansive components, and then
describe the dynamics within each component.

To make these notions precise, let G4 denote the compact Grassmann manifold of k-
dimensional subspaces (or k-spaces) of RY. Say that V € Gy is expansive for T if there are
¢ > 0and r > 0 such that if x £ y then sup{8(7T"x, T"y): dist(n, V) < r} > c. Let Ex(T)
denote the set of expansive k-spaces for T', and Ny (T) = Gy \ Ex(T).

EXAMPLES 1.8. (1) Let
X = {x € (Z/ZZ)Z_: X+ Xm+t.n+ Xman+1 =0forallm,n e Z}

and T be the Z> action on X generated by the horizontal and vertical shifts (see also
Example 2.4(1)). Then N, (T) consists of the three lines parallel to the faces of the unit
simplex in R [10, Example 2.8].

(2) Consider the 3-dimensional version of (1). Let e; denote the standard unit vectors
in R3, put

X = {x € (Z/22)%": Xn+ Xnse, + Xntes + Xnte; = 0 for all n € 73},

and let T be the Z3-action generated by the shifts in each of the coordinate directions. Then
N2(T) is topologically the union of six arcs [ 10, Example 2.9].
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(3) Let
L1 0 0 20 1 0
21 0 0 020 |
A=lg o0 1 1| ™ B=l3 4,5 9
00 2 1 03 0 2

Then A and B are commuting automorphisms of X = T* inducing a Z’-action T. Here
N (T) consists of exactly two lines, both irrational [10, Example 2.10]. This example
emphasises the necessity of considering irrational subspaces of RY, a point made explicitly
by Katok and Spatzier [26] in their work on Weyl chambers and invariant measures for
smooth hyperbolic Z¢-actions.

Except for the trivial case when X is finite (where all subspaces are expansive), the
expansive subdynamics of any action is nontrivial [10, Theorem 3.6].

THEOREM 1.9. Let X be an infinite compact metric space and T be a Z¢-action on X.
Then Ny_(T) is a nonempty compact subset of Gy—|. A k-space is in Ny (T) if and only
if it is a subspace of some (d — 1)-space in Ny_(T).

Thus the entire set of nonexpansive subspaces is completely determined by those of
co-dimension one.

Which nonempty compact sets of G,—| can arise as some Ny_|(T)? Although the
answer for general d is not known, when d = 2 there is almost a complete answer [10,
Proposition 4.1].

PROPOSITION 1.10. Let d =2 and K be a nonempty compact subset of G| that is not
a singleton set consisting of one irrational line. Then there is a Z*-action T for which

Ni(T)=K.
The following question remains open.

PROBLEM 1.11. Let L be an irrational line in R2. Does there exist a Z2-action T such
that N\(T) ={L}?

A k-frame is an ordered k-tuple of linearly independent vectors in R?. Let F; denote the
set of all k-frames, equipped with the topology inherited from (R?)*. Define s; : Fy — Gy
by sending a k-frame to the k-space it spans. An expansive component for T is a connected
component of the open set s,\,“l (Ex(T)). Within an expansive component dynamical
properties of T such an entropy (both topological and measure-theoretic), zeta function,
and being Markov are constant or vary nicely. For example, measure-theoretic entropy is
given by a k-form within an expansive component of k-frames. However, abrupt changes
in such properties typically occur at the boundaries of expansive components. For further
examples and problems see [10]. If T is a Z?-action defined by commuting automorphisms
of a finite-dimensional torus, the connected components of s{,‘l,(E,/_] (T)) are precisely
the Weyl chambers of T considered in [26].
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2. Multi-dimensional Markov systems

In this section we introduce a general class of Z“-actions which contains the majority of
examples of such actions in the literature.

2.1. Markov systems and shifts of finite type

Let + be a compact set, the alphabet, and let A%’ be the space of all maps x:Z¢ — A.
For every FE C 74 we denote by mp: EA,ZII — AL the projection x — g (x) = x|, where
x| is the restriction to E of the map x : 74 > A Ifx € CA)Z'/ then x, is the n-th coordinate
of x, i.e., the value of x at n. The space AL i compact in the product topology and we
define, for every m € Z¢, a homeomorphism o™ of AL by setting

(Umx)n = Xm+n (2.1)

for all x € AZ' and n € Z¢. The Z/-action m — o™ is the shift-action on AZ'. A subset
X C AL s shift-invariant if o™(X) = X for every m € Z‘. A closed, shift-invariant
subset X C AZ' is called a subshift of AZ'The restriction of o to a subshift X c A2
will be denoted by oy .

If A and A" are compact sets and X C AZ‘/, X' c A’Zd are subshifts then X and X’
are topologically conjugate (or X' is a factor of X) if the shift-actions ox and oy are
topologically conjugate (or oy’ is a topological factor of ay). Topologically conjugate
subshifts will be regarded as essentially the same throughout this article.

DEFINITION 2.1. A subshift X C AZ‘I is Markov if there exist a nonempty finite subset
F C Z¢ and a closed subset P C A’ such that

X=Xrp=ixe AL, 7r-o™x € P foreverym e Z“}. (2.2)
(F.P) y

The set P in (2.2) is the collection of permissible (or allowed) words. More generally, we
denote by

Il py(E) = {X e AL T(E—mnF(X) € Tg_mynr(P) foreverym e Zd}
(2.3)

the set of allowed configurations on an arbitrary subset E C Z“. In this notation we have
that X ¢, py = Ip.p)(Z4).

Note that a closed shift-invariant subset X C A4Z" is Markov if and only if there exists a
finite set F C Z¢ such that

X=x"= {x € AL mr(x) € mp(X) forevery n € Z"}. 2.4)
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In order to verify the equivalencq of the definitions (2.2) and (2.4) it suffices to set
P = 77 (X) and to observe that X/ = X (r.py in the sense of (2.2).
If the alphabet #4 is finite then a Markov shift X C AZ' s called a shift of finite type.

Finally, if » is finite and X C AL 2 subshift, then X is a sofic shift if it is a factor of a
shift of finite type.

By using topological conjugacy we can simplify the definition of a Markov system
slightly.

LEMMA 2.2. Let A be a finite alphabet, F C Z¢ a finite set, P C A", X = X (. p) the
shift of finite type defined by (2.2), and let

F'=1{0,1}¢ cz. (2.5)

Then there exist a finite alphabet A’ and a subset P’ C AT such that the shifts of finite
¢ o
type X (r.py C AL and X py C AL are topologically conjugate.

PROOF. There exist an integer M > | and an element n € 74 with F +n C {o,..., M}‘[‘
; i
Put A" = 7y p—1p(X) and define a continuous injective map ¢’:,AZ/ — AL by

setting

¢/(X)n =T M,”‘/(x)

for every n € 74 . Then ¢’ satisfies (1.1), and
X' =¢'(X) =X c A
with F' given by (2.5). O

Note that every continuous Z“-action T on a compact space X is trivially conjugate to
the shift-action of Z¢ on the Markov system X s p), where 4 = X, F' C Z¢ is defined
by (2.5)and P = (T"x, x € X, n € F). However, if we impose certain restrictions on the
alphabet -, such as finiteness or finite-dimensionality, then Definition 2.1 becomes much
more useful: one important class of examples — the shifts of finite type — arises when 4 is
finite. In Section 5 we shall be interested in the case where + is a finite-dimensional torus
and P C A’ aclosed subgroup.

The general philosophy behind the definition of Markov systems is the following:
whereas there are many examples of smooth or “geometric” Z-actions on “small” spaces
(such as finite-dimensional manifolds), every such action of 74, d > 1, on a finite-
dimensional manifold must have zero entropy, since the individual elements of Z¢ all have
finite entropy. It follows that all sufficiently “chaotic” actions of Z¢ with d > 1 must either
live on very large spaces or lack smoothness.

The definition of a Markov system can help to overcome this problem to some extent:
if A and P C A" are, for example, finite-dimensional manifolds, then the Markov system
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X(F.p) is in a sense given by smooth data, but the shift-action of Z? on X p, can have
positive entropy.

However, there is a price to pay: it is usually quite difficult (and, in general, undecidable)
to determine even the most elementary properties of Xy p) from these initial data, even
in the case where the alphabet #4 is finite. The most notorious of these difficulties is the
following: there is no algorithm which determines, given a finite alphabet »4, a nonempty
finite set F C Z¢ and a nonempty set P C ', whether the space X(r.py in (2.2) is
nonempty or not [4,50,67].

This undecidability problem is closely related to the existence of nonempty shifts of
finite type X (r, p) without periodic points (cf. Definition 1.1 and Example 2.6(2)). Suppose
for simplicity that d = 2, F = {0,1}> € Z? and P C A" If every nonempty shift of
finite type contained a periodic point, we would have the following algorithm for deciding
whether X (r p) is nonempty: for every n > 1, consider the set of allowed configurations

r py(QY) C A" (cf. (1.7)). Then we can find an n > 1 for which exactly one of the
following possibilities holds: either there exists an allowed configuration y € IT - p)(Q")
which is periodic (in the sense that the restrictions of y to the left and right (resp. top and
bottom) edges of Q" match), or [T py(Q") = @. In the former case X . p) # ¥, and in
the latter case X(r p) = 0.

For concrete examples of higher-dimensional shifts of finite type (e.g., for those arising
in statistical mechanics) it is usually easy to check that the space is nonempty. However,
the undecidability problem mentioned above is an indication of the difficulty of obtaining
general mathematical statements about higher-dimensional Markov systems and shifts of
finite type.

We conclude this section with a list of examples which will serve both as an illustration
of the concept of a Markov system and as an introduction to the topics of the following
sections.

2.2. Examples
We begin with some examples of Markov systems.

EXAMPLES 2.3 (One-dimensional Markov systems). (1) Let 4 be a compactset, f: A —
A a continuous map, F = {0,1} and P = {(a, f(a)): x € A} C A x A = A the
graph of f. The shift o on X(r p) is topologically conjugate to the restriction of f to
Y= ﬂn>, f"(A). For example, let A=T, F ={0, 1} and P = {(3r,2¢t): t € T}. Then

Xrpy=|{xe T%: 3x, = 2x,4 forevery n € 7},
and the shift ¢ on X(r p) corresponds to “multiplication by ; on T, made into a
group automorphism. In Section 5 we shall see that o on Xf, p_) is expansive, mixing,
and that h(0) = h;(0) = log3, where A is the normalized Haar measure of X5 p) (cf.
Definitions 1.4 and 1.6). Further examples of this kind and their dynamical properties will
be investigated in Section 5.
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(2) Let A be a compact manifold, F = {0,1}, P C A% a submanifold, and let
7T A2 — A, i = 1,2, bethe projection onto the i-th coordinate. Even under the additional
hypothesis that the maps 7; : P — » are surjective and bounded-to-one there appears to
be no systematic analysis of the shift o on the space X (r p) in the literature.

EXAMPLES 2.4 (Two-dimensional Markov systems). (1)Let A=T, F ={(0,0), (1,0),
(0, 1)} € Z* and

F.
P ={(10.0, t1.00- t0.1)) € T": 10,0y + 1.0y + H0.1) = 0}.
Then

77 .
X([v',P) = {x eT™: X(my.m>) F X+t T Xy ams+1) =0

for every (m,my) € Zz}. (2.6)

The shift-action o of Z> on X(r.p, will be discussed in Section 5.

If one replaces A = T in (2.6) by the group A = Z/27Z one obtains Ledrappier’s
example of a mixing shift of finite type which is not 3-mixing (cf. [37]). Again we refer to
Section 5 for details.

(2) One can generalize example (1) further and set A = SU(2), the group of unitary
2 x 2-matrices, F = {(0, 0), (1, 0), (0, 1)} and

P ={(g0.0), 81.0) &0.1) € SUR)": g0.0)-80.0) - 80.1) = 1},

where | denotes the identity element in SU(2). Very little appears to be known about the
shift-action on Xy py (cf. [57], p. xi).

More generally, let A be a compact manifold, F = {(0, 0), (1,0), (0, 1)} and P C AL
a submanifold such that the restrictions to P of the three coordinate projections
AT —> A, ne F, are surjective and bounded-to-one. What can be said about the
resulting shift-action o of Z* on X (F.py?

We next turn to some examples of shifts of finite type.

EXAMPLE 2.5 (One-dimensional shifts of finite type). Letd =1 and A ={1,...,r} for
some r > 2. If X = X(r p, C A% is a shift of finite type then Lemma 2.2 allows us to
assume without loss in generality that F = {0, 1}. In this case P C A’ may be written as
an r x r matrix P = (P (i, j)) of 0’s and 1’s, with P(i, j) = 1 if and only if (i, j) € P. For
reasons of economy we assume that »4 is as small as possible, i.e., that P has no zero rows
or columns.

An elementary classical argument shows that X is transitive if and only if there exists,
for every (i, j) € A2, a nonzero integer m = m(i, j) with P" (i, j) > 0, where P" is the
m-th matrix power of P. The shift of finite type X is totally transitive if we can choose
m(i, j) > 0 for every (i, j) € AZ. The shift of finite type X is mixing if there exists an
integer m > 0 with P" (i, j) > O for every (i, j) € A2
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For k = 2 the matrix P = ((l) :) determines a transitive shift of finite type, P = ((l) (I))
determines a totally transitive, but not mixing, shift of finite type, and P = (: é) yields a

mixing shift of finite type.
For a detailed discussion of one-dimensional shifts of finite type we refer to Section 3.

EXAMPLES 2.6 (Higher-dimensional shifts of finite type). (1) (Wang tilings.) Let 7 be a
finite nonempty set of distinct, closed 1 x 1 squares (tiles) with coloured edges such that no
horizontal edge has the same colour as a vertical edge: such a set 7 is called a collection of
Wang tiles (cf. [50,67]). For each T € 7 we denote by r(7), t(t), I(t), b(t) the colours of the
right, top, left and bottom edges of t, and we write C(77) = {r(z), t(t), I(t),b(z): T € T}
for the set of colours occurring on the tiles in 7. A Wang tiling w by 7~ is a covering of R?
by such that
(i) every corner of every tile in w lies in 72 CcR?,
(ii) two tiles of w are only allowed to touch along edges of the same colour, i.e.,
r(r) = I(t") whenever 7, t’ are horizontally adjacent tiles with 1 to the left of 7/,
and t(r) =b(z’) if T, t’ are vertically adjacent with t’ above 1.
We identify each such tiling w with the point

w = (wp) € Tﬁ_»

where wy, is the unique element of 7 whose translate covers the square n + [0, 11> c R?,
n € Z°. The set Wy C T2 of all Wang tilings by 7 is obviously a shift of finite type of
the form (2.2)—(2.5), and is called the Wang shift of 7.

This definition has obvious analogues for any d > 1: a collection of d-dimensional Wang
tiles is a finite set 7 of d-dimensional cubes with coloured faces, and the corresponding
Wang shift Wy C T Z* consists of all coverings of R? by translates of copies of elements
of 7 with non-overlapping interiors satisfying (i), (ii) above (mutatis mutandis).

Here is an explicit example of a two-dimensional Wang shift: let 7 be the set of Wang
tiles

AN RN 2.7

with the colours H, h, V, v on the solid horizontal, broken horizontal, solid vertical and
broken vertical edges. The following picture shows a partial Wang tiling of R? by 7 and
explains the name ‘domino tiling’ for such a tiling (cf. [25,65,12,55]): two tiles meeting
along an edge coloured h or v form a single vertical or horizontal “domino”.

!_h i ' ! I__‘ ]
: (2.8)

”Ti i 1—q [ ]

The Wang shift Wp C ’J‘,{' of Tp is called the Domino (or Dimer) Shift, and is one of the
few higher dimensional shifts of finite type for which the dynamics is understood to some
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extent (cf. [12,16,20,21,64] and [56]). The shift-action ow,, of 72 on Wp is topologically
mixing, and its topological entropy h(ow,,) was determined in [25] (cf. also [12] and [64]):

s
h(ow,) = 1 / / (4 —2cos2ms —2cos2mt)dsdr. (2.9)
0J0

For further discussion of Wang tilings we refer to Section 4.1.

(2) (Shifts of finite type without periodic points.) Consider the following set 7’ of six
polygonal tiles, introduced in [50], each of which which should be thought of asa 1 x 1
square with various bumps and dents.

3aa00g -

We denote by 7 the set of all tiles which are obtained from (2.10) by allowing horizontal
and vertical reflections as well as rotations by multiples of % of elements in 7. As in

the preceding example (1) we consider the set Wy C T consisting of all tilings of R?
by translates of elements of 7 aligned to the integer lattice (as much as their bumps and
dents allow). The set Wq is obviously a two-dimensional shift of finite type, and in [50] it
was proved that Wg is uncountable and has no periodic points. If we allow each (or even
only one) of these tiles to occur in two different colours with no restriction on adjacency
of colours then we obtain a two-dimensional shift of finite type with positive entropy, but
still without periodic points.

We remark in passing that the paper [50] also contains an explicit set 7 of Wang tiles for
which the following completion (or extension) problem is undecidable: for a given subset
E C Z? and a given allowed configuration y € 7 £, does there exist a point x € Wy with
mE(x)=y?

An earlier construction of a tiling system without periodic points appeared in [4], but
the number of tiles used there was considerably greater. For a detailed discussion of tilings
and shifts of finite type without periodic points we refer to [47] and [49].

3. One-dimensional shifts of finite type

The classical theory of shifts of finite type with parameter group Z has reached a
mature stage in which most questions have good answers. This is mainly due to our
ability to represent one-dimensional shifts of finite type using matrices whose entries are
nonnegative integers, and then invoke tools from linear algebra. In this section we will
briefly survey the most important results and techniques, relying on references to [40] for
more detailed motivation, proofs, many examples, and a comprehensive bibliography.
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3.1. Graph shifts

We consider one-dimensional shifts of finite type with alphabet A = {1, 2, ..., r}. Asnoted
in Lemma 2.2, by possibly modifying the alphabet we may assume that F = {0, 1} C Z,
i.e., the permitted patterns have length two. Hence they can be described by an r x r
matrix P of 0’s and I’s, where P(i, j) = | if and only if (i, j) is permitted. The vertex
shift X (r py is defined as

Xrpy={x=(...x_1,x0,x1,...) € A% P(x;,x;41) = 1 foralli € Z}.

The terminology arises from considering the directed graph G p with vertex set A and
one edge from vertex i to vertex j if and only if P(i, j) = I. Then points in Xz p) are
described as the sequence of vertices traversed by bi-infinite paths on G p.

It turns out to be more useful, as well as mathematically convenient, to use sequences
of edges rather than sequences of vertices. For example, this allows graphs with multiple
edges between a given pair of vertices. This is the graphical representation of shifts of finite
type that we will use here.

DEFINITION 3.1. Let G be a directed graph with edge set &. The graph shift determined
by G is

Xo={x=(C...x_1,x0,x1,...) € €%: edge x; 4 follows edge x; in G}.

If A is the adjacency matrix of G, we will also use X 4 for the same graph shift, and also
o¢ or o4 for the corresponding shift-maps.

EXAMPLE 3.2 (Golden Mean shift). Let A ={0,1}, P =[], and F = {0, 1}. Then
X (r. p) is the collection of all bi-infinite strings of 0’s and 1’s with no two 1’s adjacent. The

graph G = G p is shown below.
b

’ ‘o.a

c

The graph shift X has alphabet & = {a,b,c} and permitted set of blocks P =
{aa,ab, bc, ca, cb).

We will be working with matrices whose entries are contained in the set N = {0, 1,2, .. .}
of nonnegative integers. For brevity, we will refer to such matrices as simply N-matrices.

The properties of topological transitivity and topological mixing for shifts of finite type
can be characterized in terms of their defining N-matrices.

DEFINITION 3.3. An N-matrix A is irreducible if for every i and j there is an n > 1 such
that (A");; > 0. An N-matrix A is primitive if there is an n > 1 such that A” > 0.
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LEMMA 3.4. Let A be an N-matrix and o4 be the corresponding shift of finite type.
(1) o4 is topologically transitive if and only if A is irreducible.
(2) o4 is topologically mixing if and only if A is primitive.

To a large extent the theory of one-dimensional shifts of finite type can be reduced to that
of topologically transitive, or even mixing, shifts of finite type. To describe this reduction,
let A be a general r x r N-matrix. Say that i and j communicate if there are paths from i
to j and from j to i in the directed graph with adjacency matrix A. This is an equivalence
relation, and the resulting directed graph of equivalence classes cannot contain any loops.
This allow the renumbering of states so that A acquires the block triangular form

A 0 ... O
* Ay ... O

A= . . . 3.1
* * ... A

Here the A; are irreducible square N-matrices and the *’s represent possibly nonzero
rectangular matrices. Then the dynamics of o4 is largely determined by those of the o 4,.

Suppose now that A is irreducible. The greatest common divisor p of all of the periods
of periodic points of o4 is called the period of A. It is elementary to show that A” has the
block diagonal form

A, 0 ... O
47 0 A ... 0
0 0 ... A,

where each of the A; is a square, primitive matrix. This allows an analysis of irreducible
matrices in terms of primitive matrices (see [40, Section 4.4] for further details).

3.2. Codes and conjugacy

One reason for the exceptionally explicit and combinatorial character of dynamics on shift
spaces is the observation that continuous shift-commuting maps have finite descriptions.

DEFINITION 3.5. Let X and Y be subshifts over finite alphabets 4 and B, respectively.
A sliding block code ¢ from X to Y is a mapping ¢ : X — Y of the form

Q(X)i = P(Xi—is Xi—mt1s ooy Xidn),

where @ : A" 5 B is a fixed function.

Clearly a sliding block code ¢: X — Y is continuous, and also shift-commuting in the
sense that ¢ - oy = oy - ¢. The converse is also true (cf. Theorem 6.2.9 of [40]).

THEOREM 3.6. Let (X,o0x) and (Y, oy) be subshifts over finite alphabets, and ¢ : X — Y
be continuous with ¢ - ox = ay - ¢. Then ¢ is given by a sliding block code.
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Thus we may use the combinatorially defined sliding block codes when describing
conjugacy between shifts of finite type.
EXAMPLE 3.7. Consider the two shifts of finite type Xy py and X from Example 3.2,
with alphabets # = {0, 1} and 8 = {a, b, ¢}, respectively. Let @ : A> — B be defined by
®(0,0)=a,®(0,1)=>b,and @(1,0) = c, yielding a sliding block code ¢ : X (r p) = X¢
(here m =0 and n = 1). Also, let ¥: B — A by ¥(a) =0, ¥(b) =0, and ¥(c) = 1,
yielding a sliding block code ¥ : X — Xz, p) (here m = n = 0). Note that both ¥ - ¢ and
¢ - are the identity maps, so that the shifts on Xy p) and X are topologically conjugate.

A fundamental question is when two shifts of finite type are topologically conjugate.

PROBLEM 3.8 (Conjugacy Problem). Given two N-matrices A and B, determine whether
o4 is topologically conjugate to op.

R. Williams found one answer to the Conjugacy Problem, which we now describe (see
[40, Chapter 7] for a complete account).

DEFINITION 3.9. Let A and B be N-matrices. An elementary equivalence from A to B is
a pair (R, S) of rectangular N-matrices satisfying A = RS and B = SR. We say that A is
strong shift equivalent to B if there is a finite chain of elementary equivalences from A to

B of the form

A=Ao=R|SI, SIRI=A=R5, SR =A>=R3S3, ...,
Se—2Ri—2=Ar 1 =Ry—1S¢—1, Sc-1Re—1 =A¢=B.

THEOREM 3.10. Let A and B be N-matrices. Then o4 is topologically conjugate to op
if and only if A is strong shift equivalent to B.

EXAMPLES 3.11. (1) In Example 3.7 we showed that if

11 I 1 0
A:|:l 0} and B:[O 0 1:|,
1 1 0

then 04 and op are topologically conjugate. Here the pair (R, S), where

1 0
=[5 0] S:[o 1]
1 0
gives an elementary equivalence from A to B.
(2) Let

1 1 0
Az[O 0 lj| and B =][2].

1 1 1
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Then
Lo o ol Y (001 1
A=|0 1 0 O =RS, SIR = =Ay,
00 1 1 1 1 0 1 1 0 0
0 0 1 LO 0 1 1
rl1 0
O 1{[1 1 00 (1
Ar=11 o b 0 1 J‘RﬁL &M:_ }:M,
| 0 |
Ar = ii|[l 1]=R3S3, S3R3; =[2]=B.

Hence o4 and o are topologically conjugate.

(3)Let A = [é ?] and B = [: ?] It was not known for a long time whether A and B are
strong shift equivalent. K. Baker used a computer search to find a chain of length seven of
elementary equivalences from A to B, with some intermediary matrices of size 4 x 4 (cf.
Example 7.3.12 of [40]).

Example 3.11 points up two serious shortcomings of Theorem 3.10: there is no a priori
bound on the length of the chain of elementary equivalences, nor on the sizes of the
intermediate matrices. There are still some simple examples of pairs of 2 x 2 matrices
where strong shift equivalence is not yet decided.

We turn to a weaker form of equivalence for N-matrices.

DEFINITION 3.12. Let A and B be N-matrices and € > 1. A shift equivalence of lag ¢
from A to B is a pair (R, S) of rectangular N-matrices such that

(i) AR =RB,
(i1) SA=BS,
(iii) RS = AY, and
(iv) SR=B".

We say A and B are shift equivalent if there is a shift equivalence of some lag from one to
the other.

You can visualize these conditions (i)—(iv) for, say, £ = 2 in the following commutative
diagram.

A A A A A
. . . . . * —>
N S N S N N
R R R R
. . . . . * —>
B B B B B

REMARKS 3.13. (1) If A is strong shift equivalent to B with a chain of £ elementary
equivalences, then there is a shift equivalence from A to B of lag €.
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(2) There is a general algorithm that will decide whether pair of N-matrices is shift
equivalent or not.

For many years it was conjectured that shift equivalence implies strong shift equivalence.
However, using some newly discovered invariants of subtle power, Kim and Roush [31],
building on joint work with Wagoner [32] have recently shown this conjecture to be false.

An automorphism of a shift of finite type o4 is a conjugacy of o4 to itself, i.e., a shift
commuting homeomorphism ¢ : X4 — X 4. The set of all automorphisms of o4 forms a
group under composition, called the automorphism group of o4 and denoted by aut(oy4).
Since sliding block codes are given in finite terms, aut(o4) is at most countable. However,
if o4 is mixing then marker constructions can be used to embed every finite group into
aut(o4). For more information about aut(c4) see [11]. There are still some open problems
about automorphism groups. For example, are the automorphism groups of the full 2-shift
and full 3-shift isomorphic as groups?

Let Q,(ca) denote the set of points in X4 with least period n under o4. Each
automorphism of o4 restricts to a bijection of Q,(04) that commutes with the shift.
Does every such bijection of Q,,(54) come from some automorphism of o4 ? Surprisingly,
the answer is no! For example, Kim, Roush, and Wagoner [32] found a mixing shift
of finite type with exactly two fixed points that they proved cannot be switched by an
automorphism. Further work on the action of automorphisms on periodic points, initiated
by Boyle and Krieger [9], eventually led Kim and Roush to their counterexample to the
Shift Equivalence Conjecture referred to above.

3.3. Invariants

Suppose we can attach to each shift of finite type an “object”, which could be a real
number, or function, or group, or other mathematical object, so that topologically conjugate
shifts are assigned the same value of the object. Such an assignment is called a conjugacy
invariant, or simply invariant. If two shifts are assigned different values of the invariant,
then we know for sure that they are not conjugate (although of course the converse may
fail). For example, the number of fixed points is an invariant that distinguishes between the
full 2-shift and the Golden Mean shift.

The topological entropy /(o 4) of a shift of finite type o4 is the growth rate as n — oo
of the number of allowed blocks of length n with appear in points in X. We may assume
without loss that A has no zero rows or zero columns. Then the number of n-blocks in X 4 is
ZU (A");;. The Perron-Frobenius theory of nonnegative matrices implies that the spectral
radius A4 of A is an eigenvalue of A, that 14 > |u| for all other eigenvalues u of A, and
that the growth rate of terms in A" is logA 4.

THEOREM 3.14. h(oa) =logia.

EXAMPLE 3.15. If A =[] (], then A4 = (I + +/5)/2, the Golden Mean. This explains
the terminology in Example 3.2.
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Let pu(ca) denote the number of points in X4 of period n (i.e., fixed by o). Clearly
this number is a conjugacy invariant foreach n = 1, 2, .... Note that p, (c4) = tr A”. Artin
and Masur assembled all of these invariants into a single function, which is analogous to
the Riemann zeta function from classical number theory.

DEFINITION 3.16. The Artin—-Masur zeta function of a shift of finite type o4 is defined as

{UA(I):GXPI:ZPI—I(’?—A—)T”}.

n=lI

The reason for using this form rather than a more traditional generating function is that
it has a product formula over all “prime” orbits analogous to the Euler product formula for
the classical zeta function.

EXAMPLE 3.17. Let A = [: (l,], with eigenvalues A = (1 ++/5)/2 and = (1 — +/5)/2.
Then p, (c4) =tr A” = A" + u". Hence

00 AT 4t , o (A" St (;,LI)”
P N Sy

n=| n=| n=I

1 1
(1= —pt)  1—1—12

= exp[— log(1 — At) —log(l — /u)] =

This calculation generalizes to shifts of finite type.

THEOREM 3.18. Let A be an N-matrix with eigenvalues Ay, A2, ..., . Then

| I
Lon(D) = I1,(=x0) " det(I —tA)’

Which numbers can arise as entropies of shifts of finite type, and which functions arise
as zeta functions? To answer the first question define a Perron number to be an algebraic
integer greater than or equal to | that is strictly larger than the absolute values of its
algebraic conjugates (the other roots of its minimal polynomial).

THEOREM 3.19. A real number X > 1 is the spectral radius of a primitive N-matrix if and
only if it is a Perron number. Furthermore, X is the spectral radius of a (not necessarily
primitive) N-matrix if and only if some power )" is a Perron number.

The characterization of zeta functions is much more difficult and has just recently been
achieved. We will describe the result for primitive matrices only, but the irreducible and
general cases can be deduced from it. First, note that ¢, ,(t)~' = ﬂ')—:l (1 — Ajt) depends
only on the nonzero eigenvaluesof A. Let A = {A,, ..., A;} be a candidate list of k nonzero
complex numbers, with repetitions possible. If A is the list of nonzero eigenvalues of a
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primitive matrix, then it must satisfy three conditions. First, the polynomial ﬂ‘};. (1—=2x;1)
must have integer coefficients. Second, the Perron—Frobenius theory says that there must
be one entry A; > 1 such that A; > |A;| for all j # i. To describe the third condition,
let u denote the Mobius function defined to be (—1)” for a product of r distinct primes
and 0 otherwise. The number of orbits of least period n for o4 is then given by
Zl”” u(n/d)py(ca), where the sum is over all divisors d of n. Thus if tr(A”) = Zﬁ-,_, k’;,
then we must have the “net trace” condition that Zdln un/d) tr(A9) >0 for all n > 1.
Boyle and Handelman [8] conjectured that these three conditions were also sufficient, and
proved an analogue of this for nonnegative real matrices using techniques from symbolic
dynamics. Very recently Kim, Ormes, and Roush [29] have established this conjecture,
using techniques from formal power series.

THEOREM 3.20. Let A = {Ay,..., ¢} be a list of nonzero complex numbers. Then a
necessary and sufficient condition for A to be the list of nonzero eigenvalues of a primitive
N-matrix are that A satisfy the following:

(1) TT5= (1 =10 € ZIr].

(2) Thereisa A; =1 such that \; > |Aj| forall j #1i.

3) leln wn/d)t(AY) =0 foralln > 1.

This characterizes the possible zeta functions of mixing shifts of finite type, and there are
consequent characterizations of the zeta functions of irreducible and general shifts of finite
type as well (cf. [29]). Note that because of the dominant entry in A, the last condition in
the theorem can be checked computationally very efficiently.

One of the most sophisticated invariants for shifts of finite type is the dimension group,
which was originally motivated from the theory of C*-algebras.

DEFINITION 3.21. Let A be an r x r N-matrix. The eventual range R 5 of A is A" (Q").
The dimension group A4 of A is

Ap = {v e Ry Afv e 7 for some k > 0}.
The dimension semigroup AX of Ais
AX = {VERA: A*v € N’ for some k 20}.

The dimension group automorphism 64 of A is the restriction of A to A 4. The dimension
triple of A is (Ay, AZ, 8a).

Note that A:‘L gives A, an ordering that is preserved by 84. There is an intrinsic
topological description of the dimension triple which shows that it is a conjugacy invariant
[40, Theorem 7.5.13]. In fact, this invariant turns out to be shift equivalence (see [40,
Theorem 7.5.8]).

THEOREM 3.22. Two N-matrices are shift equivalent if and only if they have isomorphic
dimension triples.
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3.4. Embeddings and factors

Consider continuous, shift-commuting maps ¢: X4 — Xp. If ¢ is one-to-one it is called
an embedding of X 4 into X g, while if it is onto it is called a factor map of X 4 onto Xp.
This section describes conditions under which such maps exist.

First note that if there is an embedding of X4 into Xp, then the growth rate of
words in X4 cannot be greater than that for Xz, so that h(o4) < h(op). In addition,
pn(oa) < p,(op) since an embedding must in particular be one-to-one on periodic points.
When the entropy inequality is strict, Krieger proved these necessary conditions are also
sufficient.

THEOREM 3.23. Let A and B be irreducible N-matrices such that h(ca) < h(og) and
pn(oa) < pu(op) forall n = 1. There there is an embedding of X 4 into X p.

Note that since p, (64) = tr A", the entropy inequality shows that for all large enough n
we have that p, (d4) < p,(op). Hence the periodic point condition is really only in doubt
for a finite number of low periods, which can be easily checked.

The proof of this theorem makes use of the fundamental notion of a marker set, which is
a finite union M of cylinder sets such that M moves disjointly from itself under “moderate”
powers of the shift, and a point whose orbit misses M for a “long” amount of time looks
very much like a periodic point of “low” period. The embedding is constructed between
markers that are not too far apart using the entropy condition, while for markers very far
apart the periodic point condition is used. These very different coding schemes can be
stitched together into a seamless sliding block code (see Section 10.1 of [40] for complete
details).

There is an analogous result for factor maps ¢ : X4 — X due to Boyle. Here the words
appearing in X g must come from words in X 4, so that h(c4) = h(op). Furthermore, any
point of period n in X 4 must map to a point whose period divides n, and it must have a
place to go. Again, assuming strict inequality in entropy, the periodic point condition is
also sufficient.

THEOREM 3.24. Let A and B be irreducible N-matrices with h(c4) > h(og) and such
that if p,(oa) > 0 then there is a divisor d of n such that py(op) > 0. Then there is a
factor map from X 4 onto X p.

The equal entropy situation is much more delicate, and is not completely solved. See
Chapter 12 of [40] for an account of what is known.

Although conjugacy between shifts of finite type of equal entropy is delicate, there is a
weaker notion of equivalence for which there is a complete answer.

DEFINITION 3.25. Two subshifts (X, ox) and (Y, oy) are finitely equivalent is there is a
shift of finite type W together with finite-to-one factorcodes ¢y : W — X and ¢y : W — Y.

Transitivity of this relation depends on the fiber product construction (see [40,
Definition 8.3.2]. Since finite-to-one factor codes preserve entropy, finitely equivalent
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shifts of finite type much have equal entropy. For irreducible shifts of finite type the
converse is also true (see [40, Theorem 8.3.7]).

THEOREM 3.26. Two irreducible shifts of finite type are finitely equivalent if and only if
they have the same entropy.

The image of a shift of finite type under a factor code need not have finite type, as the
following example shows.

EXAMPLE 3.27. Let A ={0, 1} and Y be the collection of all bi-infinite sequences of 0’s
and I’s such that between successive 1’s there are an even number of 0’s. We call Y the
even shift.

Let X¢ be the graph shift from Example 3.2. Define @ (a) =1, ®(b) = 0,and @ (c) =0,
and let ¢: X — Y be the corresponding sliding block code. It is easy to check that ¢ is
onto, so provides a factor code with domain a shift of finite type. However, Y is nor a
shift of finite type. For if it were, it would be determined by a finite number of permitted
blocks. Since both 102"+ = 1000...000 and 0*"*' I are permitted, for sufficiently large n
so would 102"+11, contradicting the definition of the even shift.

This example points out the difference in defining subshifts using memory of finite
length versus memory with a finite amount (e.g., keeping track of whether one has seen
an even or an odd number of 0’s). The latter notion leads to the idea of sofic shifts.

DEFINITION 3.28. A labeled graph § = (G, L) consists of a directed graph G with edge
set &, and a labeling L : & — A of the edges with labels from some finite alphabet +. The
sofic shift determined by § is

Xg = {...UC(X_lx‘()X] . € A L XXX ...EX(;}.

For instance, the even shift in Example 3.27 is sofic by suing the labeling £(a) = 1,
L(b) =0, and L(c) = 0 of the Golden Mean shift. The term “sofic” is adapted from the
Hebrew works for finite.

The importance of the class of sofic shifts is that it is the “closure” of the collection of
shifts of finite type under the operation of factor codes.

THEOREM 3.29. A subshift with finite alphabet is conjugate to a sofic shift if and only if
it is the image of a shift of finite type under a factor code.

4. Multi-dimensional shifts of finite type

As mentioned in Section 2, a general theory of multi-dimensional shifts of finite type is
in some sense impossible. Even the less ambitious project of finding a reasonably general
class of multi-dimensional shifts of finite type which is amenable to systematic analysis
has not met with much success. Even the simplest and most natural examples (such as
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some of the those arising from lattice systems in statistical mechanics) lead to problems
of remarkable and unexpected difficulty. Out of necessity this section will therefore be
restricted to a somewhat idiosyncratic collection of examples, partial results and problems.

We begin our discussion with an easy, but perhaps not completely trivial observation. Let
A and A’ be finite alphabets, and let X C 4% be a shift of finite type (i.e., X = X(r.p)
for some finite subsets F C Z¢ and P C A"). If X' C A'Z" is a subshift which is
topologically conjugate to X, then X’ is again a shift of finite type (this follows from
the characterization (2.4) of Markov systems, taking into account the finiteness of the
alphabets). This shows that the definition of a shift of finite type is intrinsic and not tied to
a particular representation of the shift.

4.1. Wang tilings and cohomology of shifts of finite type

For the definition of a set 7~ of d-dimensional Wang tiles we refer to Example 2.6(1). There

. o . . . .
we saw that the Wang shift Wy C 7% is a shift of finite type. The following elementary
proposition establishes the converse of this observation.

PROPOSITION 4.1. Let A, F C Z! and P C A" be nonempty finite sets, and let

X=Xr.p C AL be the corresponding shift of finite type defined in (2.2). Then there
exists a collection T of Wang tiles such that the subshifts X g py and Wy are conjugate.

PROOF. For simplicity we restrict ourselves to dimension d = 2. Lemma 2.2 allows us to
assume that F = {0, 112 C Z2. We set T = (X py) C A and consider each

X X -
= ‘(().l) .<|‘|) e 4.1
X0.00  X(1.0)

as a unit square with the “colours” [x(.0) x(1.0)] and [x(0.1) X(1.1)] along its bottom and top
horizontal edges, and [:::i(‘ll] and [::_::‘(]):] along its left and right vertical edges. With this
interpretation we obtain a one-to-one correspondence between the points x = (x,;) € X and

the Wang tilings w = (wy) = (rp - o"(x)) € T, O

This correspondence allows us to regard each shift of finite type as a Wang shift and
vice versa. However, the correspondence is a bijection only up to topological conjugacy:
if we start with a shift of finite type X C AL of the form (2.2)—(2.5), view it as the Wang
Wqg C TZ: with 7 = - (X), and then interpret Wy as a shift of finite type as above, we
do not end up with X, but with the 2-block representation of X. We simplify terminology
by introducing the following definition.

DEFINITION 4.2. Let s be a finite set and X C A% a shift of finite type, 7 a set of
Wang tiles and Wy the associated Wang shift. We say that Wq represents X if Wy is
topologically conjugate to X. Two Wang shifts Wy and Wy are equivalent if they are
topologically conjugate as shift of finite type.
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Since any given infinite shift of finite type X has many different — and quite dissimilar
- representations by Wang shifts one may ask whether these different representations of X
have anything in common. The answer to this question turns out to be related to a measure
of the “complexity” of the shift of finite type X. In order to continue we need the notion of
a continuous 1-cocycle on a shift of finite type X C AZJ, where »# is a finite alphabet.

DEFINITION 4.3. Let G be a discrete group with identity element 1. A map c¢:Z9¢ x
X — G is a continuous cocycle for the shift-action o of 74 on X defined in (2.1) if
c(n, -): X — G is continuous for every n € Z< and

cm+n,x)=c(m,o"(x))c(n, x) 4.2)

forall x € X and m,n € Z“. The cocycle ¢ is a homomorphism if c¢(n, -) is constant for
every n € Z¢, and ¢ is a coboundary if there exists a Borel map b: X — G such that

c(n, x) :b((r"(.\‘))iib(,\') (4.3)
for all x € X and n € Z¢. The map b in (4.3) is the cobounding function of ¢. Two

continuous cocycles c,c’:Z‘/ x X — G are continuously cohomologous, with transfer
functionb: X — G, if

c(n, x) = b((r"(x))“ ! ' (m, x)b(x)

for all n € Z¢ and x € X. A continuous cocycle ¢:Z¢ x X — G is trivial if it is
continuously cohomologous to a homomorphism.

For the remainder of this section we again restrict ourselves to the case d = 2.
Let 7 be a collection of (2-dimensional) Wang tiles, and let Wg C T be the Wang shift
of 7. Following [66] we write

L(T)=(C(T) [(D)(r) =r(T)b(1), T€T) (4.4)
for the free group generated by the colours occurring on the edges of elements in 77,
together with the relations t(t)I(t) = r(t)b(t), v € 7. The countable, discrete group I' (7")
is called the tiling group of 7 (or of the Wang shift Ws). From the definition of I"'(77) it
is clear that the map 6 : I'(7") — Z7, given by

6(b(1)) =0(t(x)) = (1,0), 6(1(x)) =6(r(z)) = (0, 1), (4.5)

for every t € 77, is a group homomorphism whose kernel is denoted by

I (7)) =ker(9). (4.6)
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If W7 is a Wang shift we obtain not only the corresponding tiling group I'h(7) C I'(T),
but also a riling cocycle c5 : 7> x Wy — I'(T) of Wy by setting

cr ((1,0), w) = b(wy), cr ((0, 1), w) = I(wy) 4.7)

for every w € Wy C T‘Zl, and by using (4.2) to extend c¢7 to a map from 72 x Wy to
I’(7) (the relations t(t)l(r) = r(t)b(r), T € T, in (4.4) are precisely what is needed to
allow such an extension).

Any representation of a shift of finite type X by a Wang shift Wy clearly induces a
continuous cocycle ¢:Z> x X — I'(T): if ¢: X — Wq is a topological conjugacy, then
we set

c(n, x) = cy (m, p(x)) (4.8)

for every n € Z? and x € X. The next result shows that every continuous cocycle on X
with values in a discrete group G arises essentially in this manner.

THEOREM 4.4. Let A be a finite set, X C AL g shift of finite type, G a discrete group and
c:7Z? x X — G a continuous cocycle. Then there exist a Wang shift Wy representing X
and a group homomorphism ¢ from the tiling group I'(T) of T to G such that

c(m, lp(w)) =¢-cy(m,w) (4.9)
for every w € Wy and m € 7.2,

Different Wang shifts representing the same shift of finite type X may lead to wildly
different tiling cocycles. For certain shifts of finite type X, however, there exists a single
Wang shift Wy representing X whose tiling cocycle determines every continuous cocycle
c:Z? x X — G with values in a discrete Group G.

DEFINITION 4.5. Let 4 be a finite alphabet, d > 1 and X C AZ‘I a shift of finite
type. A continuous cocycle ¢*:Z¢ x X — G* is fundamental if there exists, for every
countable group G and every continuous cocycle ¢ : Z¢ x X — G, a group homomorphism

n:G* — G such that the cocycle n - ¢* : Z! x X — G is continuously cohomologous to c.

If X has such a fundamental cocycle then Theorem 4.4 allows us to assume without loss
in generality that ¢* = c5 for some Wang shift Wy representing X. What is surprising
is that some shifts of finite type have fundamental cocycles; the extent of this rigidity
phenomenon is not understood at this stage.

We conclude this section with a few examples.

EXAMPLE 4.6. Let 4 be a finite alphabet and X C AZ a mixing shift of finite type (cf.
Example 2.5). Then X does not possess a fundamental cocycle (cf. [56]).
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EXAMPLE 4.7 (Full shifts). Letd 22 and X = AL the full shift with a finite alphabet
. Then the cocycle ¢*: Z¢ x X — Z¢ given by

c*(n,x)=n

for every n € Z¢ and x € X is fundamental. This statement is equivalent to saying that
every continuous cocycle on X with values in a discrete group G is trivial.

The full shifts are not the only ones with this property. For example, the d-dimensional
hard sphere model

d
X =1x¢€{0, I}le: Z.x‘.l.x',,+e(f» =0 forevery n e Z (4.10)

i=l

has no nontrivial continuous cocycles (here e'") is the i-th unit vectorin Z9, i = 1, ..., d).
The shift of finite type X in (4.10) can be described more informally as the set of points in
the d-dimensional 2-shifts in which every 1 is surrounded by 0’s.

A more general sufficient condition for the absence of nontrivial continuous cocycles
can be expressed in terms of a specification property (cf. [56]).

EXAMPLE 4.8 (Domino tilings). Let k, k', I, I’ be positive integers and let

2

R=[0,k+1)x[0,/+ D CR*® R =[0,k+1)x[0,//+1)CR>.

We interpret R and R’ as rectangular “dominoes” and write X = X 4 /). («.;7) for the set of
all tilings of R” by integer translates of R and R’. In order to see that X is (topologically
conjugate to) a Wang system we introduce a set
T={1ij: 0<i<k, 0<j <1}U{t/</-: 0<i<k,0<)<l'}

of Wang tiles with the colours b(-), r(-), t(-), I(-) on the bottom, right, top and left edges.
These colours are chosen as follows:

i) I(ti0) = I(ri’,‘()) =r(ti/—1)= r(r,./,.l,_l) =VforO0<i<kand 0<i’ <k,

(i) r(z;.j) =1(7j j41) = V41 and r(r’./,‘j,) = |(T’,/,.j,+]) =V for0<i <k, 0<i’ <

K,0<j<l—1land0<j <l'—1,

(iii) b(tj) = Wzi;) =b(r; ;) =7, ) =Hfor 0 <i<k—1,0<i" <K —~1,

0<j<l—land0O<j <!'—1,

(iv) b(to./-1) =b(to—1) =tTh—1 =) =tWrp— 1 —1) =H,

(V) Wtiy—1) =b(tip1—1)=a; for0<i <k —1,and t(r;' y_) = b(tirg1—y) = b
forO<i' <k’ — 1.

Any tile T € 7 occurring in a Wang tiling of R? must be contained in an integer translate
of one the rectangles R or R" with the colours H and V on the horizontal and vertical
edges, respectively. This shows that the Wang shift W7 is topologically conjugate to X and
that X is therefore a shift of finite type. For the remainder of this discussion we identify
X =Xw.n. .y with We.
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In [18] the following result was proved: X = Wy is topologically mixing if and only
ged(k, k') = ged(,!’) = 1; furthermore, if X is mixing then the tiling cocycle ¢* =
cr 72 x X — (7)) is fundamental.

In order to describe this cocycle a little more explicitly we write Z;,, = Z/mZ for the
cyclic group of order m > | and denote by Z,,, * Z,, the free product of two such groups.
For every m,n 2> 1 there exists a group homomorphism i,y : Zsy * Zyy — Ly X Lyy
which consists of making the elements of Z,,, and Z/,, commute with each other. Put

F=Tunwi =2 x Ly x L) x Ly % Zy1),
and let A = A ). «.;y C I' be the subgroup
A={((m,n).y.y") €T ke p(y) = (m(modk),n(modl")),
ki1 (v") = (m(modk’), n(mod1))}. (4.11)
Then there exists a unique group isomorphism n: " (7)) — A with
n(H) = ((l,()), 10,1 *0), n\Vv) = ((0, 1),0%1,0x% 1),

where | x 0 and O % 1 are the images of 1 under the obvious embeddings Zx, Z;;r —
Ly *Zyp and Zyyr, Zy1 — Zyy * Zyy, respectively (the uniqueness of 1 follows from the
fact that I"(7") is generated by H and V, since all the other colours v, a; and b;s can be
expressed recursively in terms of H and V).

In this notation the fundamental cocycle ¢* = i - c7 : Z> x X — A of X is given by

c*((1,0), x) =n(b(xe)).  *((0, 1), x) =n(l(xy)), (4.12)
forevery x € X = Wq C TZ:.
The domino shift Wy, appearing in (2.7) corresponds to the choice k =2,/ =1,k" =1,
I’ = 2. In this case ' (Tp) is isomorphic to the subgroup

A0 CZ x CrxCa
consisting of all ((m,n),y) € Z> x Cy x C> with
K2.2(y) = (m(mod2), n(mod2))

(cf. (4.11)). From this one concludes easily that every continuous cocycle ¢:Z> x W,
— A with values in a discrete Abelian group A must be trivial (cf. [56]).

Further examples of shifts of finite type possessing a fundamental cocycle can be found
in [18] and [55,56]. We note in passing that it is not known whether Ledrappier’s example
has a fundamental cocycle (cf. [56] and Example 2.4(1)).

Fundamental cocycles are not only an expression of cohomological rigidity, but also
have a geometrical interpretation. Let Wy be a two-dimensional Wang shift, and let E C Z>
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be a finite set. Suppose that we have an allowed element y € ’J"Z:\E; how can one tell
whether y has an allowed extension to all of 72, i.e., whether there exists an element
x € Wy with sz p(x) = y? Since this is a finite problem it is obviously decidable.
However, if we ask whether there exists a finite set £/ D E and an element x € W with
wza pr(X) = w2 pr(¥), 1e., whether y can be extended after possibly “correcting” finitely
many coordinates, then the problem becomes much more complicated. Let us call y weakly
extensible if it admits such an extension after a finite correction.

If we are interested in weak extensibility we may assume for simplicity the the bounded
set ECZ%is a rectangle of the form {0, ...,m — 1} x {0,...,n — 1}. For any allowed
element y of T2°\F
product

we consider the word w(E. y) in the tiling group formed by the

r(}’(—l.m)" te r(,\’(—l.u—l))_I : b(Y(O.n))il ce b(yuu—l.n))_l
A =1 A Yun0) tum—1.-1) - t(y0.-1)) (4.13)

of the colours on the edges of the tiles touching E in anti-clockwise direction, starting
from the bottom left hand corner of E (written from right to left, and with the colours
along the top and left edges of E inverted). From the relations in the tiling group it is
clear that, if E’ D E is another rectangle, then w(E’, y) = w(E, y). Similarly, if E” C E
is a rectangle and y’ € TLNE" s an allowed element with nZ;\,;()f’) = nzz\E(y), then
w(E,y) = w(E,y) = w(E”,y"). It follows that w(E, y) = | (the identity element in
(7)) if y is weakly extensible. On the other hand, if w(E, y) # I, then y is obviously
not weakly extensible. This obstruction to weak extensibility was the motivation for
introducing the tiling group I"(7) in [17] and [66].

If A is a finite alphabet, X C AL a shift of finite type and Wg is a Wang shift
representing X, then this observation yields a potential obstruction to weak extensibility
of allowed elements v € AZSE where E C Z? s a finite set. However, as different
representations of X by Wang shifts may lead to different answers (cf. [56]), the search
for obstructions to weak extensibility might conceivably involve infinitely many different
representation of X by Wang shifts. It can be shown that any fundamental cocycle ¢* of X
expresses the total information about the patching of holes that can be extracted from all
Wang shifts representing a shift of finite type X: if Wy is a Wang shift representing X
such that ¢* is a homomorphic image of the tiling cocycle ¢+ in the sense of Theorem 4.4
then every tiling cocycle of a Wang shift representing X is continuously cohomologous
to a homomorphic image of ¢, and no representation of X by a Wang system can yield
obstructions to weak extensibility beyond those arising from Wy . However, even if there
exists such a fundamental cocycle then the resulting information may may not provide
complete information about weak extensibility (cf. [18] and [56]). For example, the tiling
cocycle of the domino shift Wy, arising from the tiles (2.7) does not detect all allowed
points w € ’J",;L_\Q3 which are not weakly extensible (cf. (1.7)).

For a connection between fundamental cocycles and the fundamental group of a two-
dimensional shift of finite type introduced in [23] we refer to [56].
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4.2, Miscellaneous results and problents

4.2.1. Topological conjugacy, embeddings and factor maps. While there exists a very
detailed theory of topological conjugacy and factor maps of one-dimensional shifts of finite
type (cf. Section 3), almost nothing is known about this topic for higher-dimensional shifts
of finite type. For example, it X = {0, I}Zz, there exist many uncountable-to-one factor
maps ¢: X — X (such as the map given by ¢ (x)n = xn + xn4(1.0) (mod2) forevery x € X
and n € Z?). The triviality of the fundamental cocycle of X mentioned in 4.7 can be used to
show that there exist no bounded-to-one factor maps ¢ : X — X which are open; are there
bounded-to-one factor maps ¢ : X — X which are not open? This question was raised, for
example, in [23].

Another open question is when a d-dimensional shift of finite type X can be embedded
in another d-dimensional shift of finite type Y. Partial results concerning an extension of
Krieger’s embedding Theorem 3.23 to d-dimensional shifts of finite type can be found
in [38].

4.2.2. Measures of maximal entropy. Let M be a positive integel A={-M,...,—1,

1,...,M},andlet X C ,AU be the set of all points x = (xp) € AZ such that xpxp4(1.0) >
—1 and XnXnx0.1) > —1 forallme 72 (i.e., no positive coordinate of x can sit next to a
negative one unless they are both equal to £1). The shift X was introduced in [13] under
the name Iceberg Model. 1t is clear that X is a mixing shift of finite type with positive
topological entropy. In [13] it was also shown that, if M = I, then X has a unique measure
of maximal entropy which is Bernoulli by [15]. For M sufficiently large, X has exactly two
distinct ergodic shift-invariant measures of maximal entropy, both of which are Bernoulli
(cf. [14]). A variation of the definition of the iceberg model in [14] yields, for any k > 1
and d > 2, a mixing d-dimensional shift of finite type with exactly k ergodic measures of
maximal entropy. The paper [14] also contains examples of 3-dimensional shifts of finite
type with uncountably many distinct ergodic shift-invariant measures of maximal entropy.

4.2.3. Gibbs relations and equilibrium states. Let 4 be a finite alphabet and X C AL
a d-dimensional shift of finite type. The Gibbs (or homoclinic) equivalence relation is
defined by

Ax = {(x, y) € X x X: xn 7 yn for only finitely many n € Z‘[}. (4.14)

For every x € X, the equivalence class Ayx(x) = {y € X: (x,y) € Ax} is countable.
From [22] it follows that the saturation

Ax(B) = ax)
veB

of every Borel set B C X is again Borel.

For example, if X = ,A,Z'I is the full shift with alphabet 4, the Gibbs relation Ay is
minimal, i.e., the equivalence class Ay (x) of every x € X is dense in X. The same is
obviously true for the Iceberg Models in Subsection 4.2.2. For the Domino Shift Wy in
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Example 2.6(1), the Gibbs relation Ay,, is not minimal, but still ropologically transitive:
there exists an x € W whose equivalence class Aw,, (x) is dense in W,. For Ledrappier’s
example X C (Z/2Z)Zl described in Example 2.4(1) the Gibbs relation Ay is trivial, i.e.,
Ax(x) ={x}forevery x € X.

A probability measure p on a shift of finite type X C AL s quasi-invariant under Ay if
u(Ax)(B) =0 forevery Borel set B C X with u(B) = 0. If u is quasi-invariantunder A x
we say that two Borel maps ¥, ¥2: Ax — R coincide modulo p if there exists a u-null
Borel set N C X with ¢y =y»>on Ax \ ((X x N)U (N x X)).

Any probability measure p on X which is quasi-invariant under A x has a well-defined
Radon—Nikodym derivative on Ax: there exists a Borel map p, : Ax — R such that

d
log %”(,\' )= o ($().x)  p-ae.. (4.15)

for every homeomorphism ¢: X — X with (¢(x),x) € Ay for every x € X (such a
homeomorphism of X is called a finite coordinate change, and the quasi-invariance of
wu under Ax guarantees that p is also quasi-invariant under every such ¢). This Radon-
Nikodym derivative is well-defined in the sense that any two Borel maps p,, pl/l Ay —- R
satisfying (4.15) for every finite coordinate change ¢ coincide modulo u.

Conversely, let f:X — R be a continuous map which decays sufficiently fast; for
the following discussion we assume for simplicity that f depends only on finitely many
coordinates, i.e., that there exists a finite set E C 74 with f(x)= f(y) forall x,ye X
which coincide on E. Then the map ¢ : Ax — R with

crlx,y)= Z (f(e"x)f(a"™y)) (4.16)

neZzd

for every (x, ¥) € Ay is well-defined and satisfies that
crx, M +cep(yv,2)=cylx,z

for all (x, y), (x,z) € Ax. A probability measure u on X is a Gibbs measure of f if p is
quasi-invariant under Ay and p;, = ¢, (mod u). For background we refer to {52,53].

From the definition of a measure of maximal entropy it is clear that any such measure
must be a Gibbs state of the function 0 on Ax. However, even if a shift of finite type X has
a unique measure of maximal entropy, the function 0 may have many different equilibrium
states. In [12] it was shown that the Domino Shift has a unique shift-invariant measure
of maximal entropy; however, the function 0 has uncountably many shift-invariant and
ergodic equilibrium states with different entropies (cf. [16] and [20,21]).

5. Algebraic Z!-actions

In this section we discuss dynamical properties of Z<-actions by automorphisms of
compact Abelian groups. Although this class of actions is obviously very special, it is
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diverse enough to exhibit many of the new phenomena encountered in the transition from
Z to Z! while nevertheless lending itself to systematic study. The key to the study of
these actions is their connection with commutative algebra and arithmetical algebraic
geometry. By exploiting this algebraic setting one can construct a rich supply of examples
with specified dynamical properties, and by combining algebraic and dynamical tools one
obtains a sufficiently detailed understanding of this class of Z“-actions to glimpse at least
the beginnings of a general theory of Z!-actions.

5.1. The structure of algebraic 7" -actions

An algebraic 74 -action is an action :n > o™ of Z¢ by continuous automorphisms of a
compact Abelian group X. If ¢ = 1 we will not distinguish notationally between a single
automorphism « of a compact Abelian group X and the Z-action n +— " defined by «.

As was shown in [33,54] and [57], commutative algebra provides a natural and effective
formalism for algebraic Z“-actions. In particular, any such action is Markov under a mild
finiteness condition (such as expansiveness).

Let us begin with a few elementary dynamical facts about algebraic Z“-actions. If « is
an algebraic Z-action on a compact Abelian group X, then the normalized Haar measure
Ax of X is obviously invariant under «. Two algebraic Z¢-actions & and o’ on compact
Abelian groups X and X' are algebraically conjugate if there exists a continuous group
isomorphism ¢ : X — X’ with

p-a"=a"-¢ (5.1)

for every n € Z“. Topological conjugacy of & and o’ was defined in Section 1.2. Finally
we call o and ' measurably conjugate if there exists a measure space isomorphism
¢:(X,Bx, x)— (X', By, Ly) satisfying (5.1) Ax-a.e. for every n € 74,

Properties of « like ergodicity, (r-)mixing, completely positive entropy or Bernoullicity
are always understood with reference to the measure A y.

Let d > 1, and let Ry = Z[u]i', . .‘,uf,t'] be the ring of Laurent polynomials with
integral coefficients in the commuting variables u, ..., u . We write a typical element
f € Ry as

f= Z ¢ (myu™ (5.2)
meZ4
with u™ = u"' -4} and cy(m) € Z for every m = (m,...,my) € 74, where
¢ £(m) = 0 for all but finitely many m.
Let o be an algebraic Z“-action on a compact Abelian group X. The additively-written
dual group M = X is a module over the ring R, with operation

fra= )" c/ma™(a) (5.3)

meZ4
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for f € Ry anda € M, where a™ is the automorphism of M = X dual to ™. In particular,
u™ - a =am(a) (5.4)

form € Z¢ and a € M. The module M is called the dual module of the Z¢-action «.
Conversely, any Ry-module M determines an algebraic z4- actlon oy on the compact
Abelian group Xy = M with oy dual to multiplication by u™ on M for every m € zd
(cf. (5.4)). Note that X is metnzable if and only if M is countable.
The simplest examples of R,-modules are those of the form M = R, /I, where I C R,
is an ideal (such modules are called cyclic). A module M is Noetherian if every strictly
increasing sequence of submodules

MCM CMC

is finite. Since the ring Ry itself is Noetherian (as a module over itself), the module M
is Noetherian if and only if it is finitely generated, i.e., if and only if there exist elements
ar,...,am € M with M =Ry -a;+---+ Ry -a,. In particular, every cyclic Ry-module is
Noetherian.

EXAMPLES 5.1. Letd > |

(1)Let M = R,. Since Ry is isomorphic to the direct sum sz Z of copies of Z, indexed
by Z?, the dual group X = Ry is isomorphic to the Cartesian product TZ' of copies of
T = R/Z. We write a typical element x € T2 as x = (xn) = (xn, n € Z) with x, €T
for evely n € Z and choose the following identification of X ¢ = Ry and TZ': for every
X ETZ and f € Ry,

(X, f) — eZni ZHEZ’/ cy (“)«\'n7 (55)

where f is given by (5.2). Under this identification the Z¢-action «® on Xgr, = T2
becomes the shift-action (2.1).

(2) Let I C R,/ be an ideal, and let M = R;/I. Since M is a quotient of the dddmve
group Ry by an g, -invariant subgroup (i.e., by a submodule), the dual group X, = M is
the g, -invariant subgroup

Xr,/1={x€eXgp :']I‘Zd: (x, fy=1forevery f el
al d

= {X € TZI/Z Z C./'(n)xm+n =0 (mod 1)

neZd

forevery f € I andme Z? }, (5.6)

and ag,/; is the restriction of the shift-action «ag, to the shift-invariant subgroup
7d
Xum C TZ.
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Conversely, let X C T2 = Ry be a closed subgroup. and let
t={feRy (x,f)=1forevery x € X}

be the annihilator of X in 7?7 Then X is shift-invariant if and only if X+ is anideal in Ry.

It is sometimes useful to write Equation (5.6) is a slightly different form. Let « be an
algebraic Z¢-action on a compact Abelian group X with dual module M = X given by
(5.3),(5.4). For every f € R; we denote by

fly= )" cpmpa™: X > X (5.7)

meZd

the group homomorphism dual to multiplication by f on M (cf. (5.3)). In this notation

Xgs =) ker(f(ar,). (5.8)
Jel

Conversely, if S C Ry is any subset, then

Xrys)= m ker(f(ole,)), (5.9)
fes

where (S) = S - Ry is the ideal in R, generated by S.

(3) Let M be a Noetherian R;-module, and let {ay,...,ai} be a set of generators
for M,i.e., M = Ry -a| + --- + Ry - a. The surjective homomorphism (fi, ..., fi)—
f ay+---+ fr - a; from R) to M induces a dual injective homomorphism ¢ : Xy —

(']I"‘)Z =Y such that ¢ - o}, = ", - ¢ for every n € Z“ . In particular, ¢ embeds

RA
XM as a closed, shift-invariant subgloup of (’]I")Z Conversely, if X C (T* )/L is a closed,
shift-invariant subgloup, then X = R",/XL, and X+ is a submodule of RA

We identify (']I"‘)Z with ('JI‘Z )" in the obvious manner and set, for every a =
@h,..,a® eRhand y =", ...,y e (TZ' )k,

k

(v,a)= H()J(‘/),am) (5.10)

(cf. (5.5)). Equation (5.10) allows us to view Rf, as the dual group of (']1"")2‘1. As R(’} is a
Noetherian module over Ry, it has a finite generator ay. ..., a;, and

rd
d(Xy)= {y € (Tk)z : (u'“ -, y) =1 foreveryi=1,...,landm ¢ Z’l}.
In particular, ¢ (X ) C (T* )Z'/ is Markov.

For further examples, background and details we refer to [33,54] and [57].



Symbolic and algebraic dynamical systems 799

5.2. Dynamical properties of algebraic 74 -actions

A prime ideal p C Ry is associated with an Ry-module M if

p={f€eRy f-a=0n}

for some a € M. The set of (distinct) prime ideals associated with a Noetherian Ry-
module M is finite. For details we refer to [36].

Since an algebraic Z/-action « is completely determined by its dual module M, one
can in principle express all dynamical properties of « by properties of M. The following
results establish a partial correspondence between algebraic properties of M and dynamical
properties of ap and show that the prime ideals associated with an R;-module M contain
much of the dynamical information about the Z¢-action « determined by this module. For
convenience we summarise these results in Figure 1.

If I C Ry is an ideal we denote by

Vel ={c=(ci,...,cq) € (C*)": f(e)=0forevery f e} (5.11)
the variety of I, where C* = C \ {0}.

THEOREM 5.2 ([54] and Theorem 6.5 in [57]). Let p C Ry be a prime ideal and
o =aR,/p the algebraic 74 -action on X = XRry/p = m defined by (5.3), (5.4).
(1) Foreveryn € Z¢ the following conditions are equivalent.
(a) oM is ergodic,
d) pN{u™—1:1>1)=0n.
(2) The following conditions are equivalent.
(a) « is ergodic,
(b) ™ is ergodic for some n € 79,
(¢) {u™—1: ne '} ¢ p for every subgroup of finite index I' C Z¢.
(3) The following conditions are equivalent.
(a) « is mixing (either topologically or with respect to Ax),
(b) for every nonzeron € Z<, a" is ergodic,
(c) for every nonzeron € Z¢, o™ is mixing,
(d) pN{u"—1: neZ!} = {0}
(4) Let A C Z be a subgroup of finite index. Then the following conditions are
equivalent.
(a) |Fixa ()| < o0,
(a) Ve(p) Nf{c e C4: " =1 for every n € A} =@, where ¢ = (c1,...,¢cq), n =
(ni,....,ng)and " =c\" ).
(5) The following conditions are equivalent.
(a) « is expansive,

(b) Vep)ns! =p.
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An algebraic Z¢-action & on a compact Abelian group X satisfies the descending chain
condition if every strictly decreasing sequence

X2X12X2---

of closed, «-invariant subgroups is finite. Elementary duality considerations show that «
satisfies the descending chain condition if and only if the dual module M = X is Noetherian
(cf. Proposition 5.4 in [57]). We can now state our next result.

THEOREM 5.3 ([54] and Theorem 6.5, Proposition 6.6 in [57]) Let M be a countable
Ry-module and o = apy the algebraic Z4 -actionon X = Xy = M determined by M.

(1) For everyn € Z! the following conditions are equivalent.
(a) a is ergodic,
(b) oz',:,d /p is ergodic for every prime ideal p associated with M

(2) The following conditions are equivalent.
(a) « is ergodic,
(b) ag,/p is ergodic for every prime ideal p associated with M

(3) The following conditions are equivalent.
(a) o is mixing,
(b) agr,/p is mixing for every prime ideal p associated with M

(4) The following conditions are equivalent.
(a) « is expansive,
(b) M is Noetherian and ap,/p is expansive for every prime ideal p C Ry

associated with M

(5) If M is Noetherian (or, equivalently, if a satisfies the descending chain condition)
the following conditions are equivalent for every subgroup A C Z¢ of finite index.
(a) |Fixp(a)| < oo,
(b) |Fix (g, p)l < 00 for every prime ideal p associated with M

(6) If M is Noetherian then a has dense periodic points.

COROLLARY 5.4 ([35], Corollaries 3.10 and 3.11 in [54], Corollaries 6.14 and 6.15
n [57]). Let X be a compact group (not necessarily Abelian) and o an expansive 7 -
action by automorphisms of X. If Y C X is a closed normal a-invariant subgroup then the
Z4 -actions ay and ax /v induced by @ on Y and X /Y are both expansive. Furthermore,
if X is connected, then it is Abelian.

EXAMPLES 5.5. Although for d = | there is no real need for all the algebraic machinery
appearing above, it is still instructive to understand single automorphisms of compact
Abelian groups in this setting.

(1) Let « be the automorphism of T? determined by the matrix A = [ |] € GL(2,Z)
with irreducible characteristic polynomial f(u) = u”? — u — 1. Example 5.1(2) shows that

XRri)p = {x =(x,) € T%: Xy +Xp41 — Xp42 =0 (mod 1) forevery n € Z},
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where (f) = fRi C Ry is the principal prime ideal generated by f, and ag,,(s) is the
shift (2.1) on X. The coordinate map myo_ }: X — T? establishes an algebraic conjugacy
between « and ag, /() (cf. (5.1)). Theorem 5.2 implies that « is mixing and expansive.

If we start with a matrix A € GL(2, Z) which is not conjugate to its companion matrix
with GL(2, Z), such as A = (; ?) the R;-module M = T? = Z? associated with this
automorphism is slightly more complicated. The characteristic polynomial of A is given
by f(u) = u? —4u — 1 and is again irreducible, but M % R|/(f): in this case M has a
submodule N C M with [M/N| =2 and N = R|/(f). However, (f) is the only prime
ideal associated with M, so that the dynamical properties of A are again determined by f
(cf. Examples 5.3 (1) and (2) in [57]).

(2) Let « be the automorphism of T”, n > 2, determined by a matrix A € GL(n, Z), and
let f € R| be the characteristic polynomial of A. Then the associated prime ideals of the
module T are precisely the principal prime ideals arising from the irreducible divisors
of f. In conjunction with Theorems 5.2 and 5.3 this yields the classical assertions that A
is ergodic (and hence mixing) if and only if f has no roots which are roots of unity, and
that A is expansive if and only if f has no roots of absolute value 1.

If A is equal to the companion matrix of f,i.e., if

0 1 0 ... 0 0
0 0 1 ... 0 0

A= C : 0 ,
o 0 0 .. 0 1
_C() —C| ”‘('2 ase —‘('”72 ‘C,,7|

where f =co+ -+ c—1 u"~" + 4", then the map ¢ : Xg, /sy — T", defined by

X0
¢(x)=

Xn—1

for every x € Xpg,/(s) C TZ, is an algebraic conjugacy between agr, /() and a. In general
the matrix A is conjugate to the companion matrix of f over @, but not over Z, and the
dual module M = T" of « has a submodule of finite index N C M which is isomorphic
(as a module) to Ry/(f). From this one obtains easily that there exist continuous
surjective finite-to-one group homomorphisms ¢ :T" — Xg, /sy and ¢2: Xp, /) — T"
with | - =ag, ;)¢ and o - g2 = @2 - ag, () (cf. Section 9 in [57]).

(3) Consider the irreducible polynomials

fi=2, Hh=u—-2, f3=3—-2u,
in R;. Then «; = R, /(f) is the shifton X; = XR]/(f,-) with

X = {x =(x,) € T%: 2x, =0 (mod 1) forevery n € Z},

X> = {x =(x,) € T%: 2x, = x4+ (mod 1) for every n € Z},
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X3 = {x =(x,) € T%: 3x,;, =2x,42 (mod 1) forevery n € Z},

respectively. From Theorem 5.2 it is clear that «; is ergodic and expansive in each case.
Clearly, «; is the full two-shift. We define surjective group homomorphisms ¢; : X; — T,
i=2,3,by ¢i(x) =x¢ forevery x = (x,) € X;. Then ¢ - « = M - ¢, where Mrx = 2x
for every x € T. In other words, « is multiplication by 2 on T, made invertible. Similarly
we see that o3 corresponds to “multiplication by 3/2” on T.

EXAMPLES 5.6. We use results in this section to determine the dynamics of the systems
in Example 2.4.

(I)Let f=14u; +u» € Ry. As f is irreducible, the principal ideal (f) = fR> is
prime, and Theorem 5.2 shows that & = ag, () is mixing. If w is a primitive third root
of unity, then (0, w?) € Ve(f) N S2. According to Theorem 5.2 this implies that « is
nonexpansive, and that there are uncountably many periodic points with period A = 3Z°.

(2yLetp =(2,1 +u; +u2) C Ry be the prime ideal generated by 2 and 1 + u| + us.
As Ve (f) =0, o =ag,/p is expansive, and « is mixing (cf. Theorem 5.2 (3) and (5)).

5.3. Mahler measure and entropy of algebraic 79 -actions

Although the calculation of entropy of Z?-actions with d > 1 tends to be quite difficult,
there exists a precise entropy formula for algebraic Z¢-actions.
The Mahler measure of a polynomial f € R, is defined as

_ [exp(falog|f(s)ds) if f#0,
M(f)_{o ’ if =0, (5.12)

where ds denotes integration with respect to the normalized Haar measure on the
multiplicative group SY € C?, and where f is regarded as a function on C. The Mahler
measure of a polynomial is its geometric mean over the multiplicative torus S¢. Note that
M(f) = M(u" f) forevery f € Ry and n € Z¢.

LEMMA 5.7 (Theorem 3.1 in [42] and Proposition 16.1 in [57]). Let f =co+ciu+---+
csu® € Ry with cocg # 0. Then

S
logM(f) =log|cy| + Z:log+ 1€l
j=1

where &, ..., & are the roots of f and log™t t = max{0, log t} for every t > 0.

An element g € Ry is a generalized cyclotomic polynomial if it is of the form
gluy, ..., ug) =u"c(u™), where m,n € 74, n # 0, and c is a cyclotomic polynomial in a
single variable. From Lemma 5.7 it is clear that, for any f € Ry, M(f) = 1 if and only if f
is a finite product of generalized cyclotomic polynomials (cf. Lemma 19.1 in [57]). The
proof of the corresponding assertion for f € Ry is nontrivial:



Symbolic and algebraic dynamical systems 803

LEMMA 5.8 ([6,62] and Theorem 19.5 in [57]). Let f € Ry. Then M(f) = 1 if and only
if f is a product of generalized cyclotomic polynomials.

The following theorem shows that, for any prime ideal p C Ry, the entropy of the Z-
action ag,/p can be expressed as a logarithmic Mahler measure.
If M is an arbitrary R,;-module we call a sequence of submodules

M=My2M 2M2---

a prime filtration if there exists, for every j > 0, a prime ideal p; C Ry with M; /M ;| =
R, /p. If M is Noetherian it has a finite prime filtration (cf. [36] or [57], Corollary 6.2).

THEOREM 5.9 (Theorems 4.1, Lemma 4.3, Theorem 4.4 in [42] and Theorem 18.1 and
Proposition 18.6 in [57]).
(1) Letp C Ry be a prime ideal. Then

h( ) = [logM(f)| ifp=(f) is principal,
%Ri/p) =0 if p is not principal.

(2) Let M be a Noetherian R, -module, M = My 2 My 2 --- 2 M, = {0} a prime
filtration of M, and let vy, ...,p-—1 be a sequence of prime ideals in Ry with
Mi/Mji 1 = Ry/pj forevery j=0,...,r — 1. Then

r—1

h(ay) = Zh(a/q‘,/pi/‘).

J=0

(3) Let M be a countable Ry-module, and let (N, j = 1) be an increasing sequence
of Noetherian submodules of M with M = U/;l N;. Then

h(ay) = lim /1(011\//.).
Jj—oo ‘

Note that, in the last statement of Theorem 5.9, ay; is algebraically conjugate to the
7 -action induced by oy on XM/N/.L forevery j > 1.

The next result shows that zero entropy, positive entropy and completely positive entropy
are again characterized by the prime ideals associated with the dual module of «.

THEOREM 5.10 (Theorem 6.5 in [42] and Proposition 19.4in [S7]). Let o be an algebraic
Z! -action on a compact Abelian group X, and let M = X be its dual module.
(1) h(a) =0 if and only if h(ag,/p) = 0 for every prime ideal p C Ry associated
with M;
(2) h(a) > 0 if and only if h(ag,/p) > 0 for some prime ideal p C Ry associated
with M
(3) o has completely positive entropy if and only if h(ag,/p) > 0 for every prime ideal
p C Ry associated with M.
In general, there exists a closed a-invariant subgroup Y C X such that h(ax,y) =0 and

ay has completely positive entropy, where ay and ay;y are the 74 -actions induced by «
onY and X/Y.
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THEOREM 5.11 (Theorem 1.1 in [51] and Theorem 20. 8 in [S7]). Let o be an algebraic
Z4-action on a compact Abelian group X, and let M = X be its dual module. The following
conditions are equivalent.

(1) o has completely positive entropy;

(2) «a is Bernoulli.

Special cases of Theorem 5.11 appear in [68] and [69]. For d = 1 Theorem 5.11 yields
the classical fact that ergodic automorphisms of compact Abelian groups are Bernoulli
(cf. [3,27,39,43)).

EXAMPLES 5.12. (1) For any irreducible f € R;, Lemma 5.7 and Theorem 5.9(1) show
that

h(atg, ) =logle + ) log™ [&, (5.13)
&

where the sum is taken over the (nonzero) roots of f, and where ¢, is the highest nonzero
coefficient of f.

If f € R, is reducible, Theorem 5.9(2) with an appropriately chosen prime filtration of
M = R, /(f) shows that h(ag,/(r)) is again given by (5.13).

(2) Let o be the toral automorphism determined by a matrix A € GL(n,Z) with
characteristic polynomial f € R|. From Example 5.5(2) it is clear that h (o) = h(ag, /(1))
(cf. (5.13)).

(3) Let « be the Z?-action defined in Example 5.6. Then

33

h(a) =logM(l +uy +u>) = —— L(2, x3),
4

where

0 if m =0 (mod?3),
x3(m) =11 if m=1 (mod3),
—1 iftm =2 (mod3),

for every m € Z and

Lis, =3 2

nt
n=lI

For a proof of this and related results see [7,63] and [57], p. 156ff.
(4)Let f=14u; +uzr~+u3 € R3, and let o = ag,/( s be the Z3-action determined by
the module R3/(f). Then

7
h(a) =logM(f) = ) Z(3),

where ¢(3) = Zﬁo:, n~—3. Fora proof we refer to {7,63] and [57], p. 159f.
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S)Let f =4 —u, —u?l —uj —u;' € Ro, and let @ = ap, /(). Then

I pl
h(x) =logM(f) = / / (4 —2cos2ms —2cos2mt)dsdt.
0Jo

By comparing this with (2.9) we see that « has the same entropy as the even domino-shift
n— Uvzv];y n € Z? in Example 4.8 (cf. also [64]).

(6) Let A, B € GL(n, Z) be commuting automorphisms of T", and let « be the Z2-action
on T" defined by A and B. Then h(«) = 0, as can be seen either from Theorem 5.9, or from
the fact that smooth Z<-actions, d > 1, on a finite-dimensional manifold must have zero
entropy.

5.4. Higher order mixing

Since ergodic automorphisms of compact Abelian groups have completely positive
entropy, they are mixing of every order. For algebraic Z!-actions with > 1 the situation
is far more complex.

THEOREM 5.13 (Theorem 27.2, Corollaries 27.4 and 27.6 in [57]). Letd > 2, and let a
be an algebraic 7 -action on a compact Abelian group X with dual module M = X
(1) The following conditions are equivalent for every integer r > 2.
(a) « is mixing of order r,
(b) ag,/p is r-mixing for every prime ideal p C R, associated with M.
(2) If X is connected then a is mixing of every order if and only if « is mixing.
(3) If X is zero-dimensional (i.e., totally disconnected) then « is mixing of every order
if and only if it has completely positive entropy.

EXAMPLE 5.14. Theorem 5.13 implies that algebraic Z¢-actions on compact Abelian
zero-dimensional groups may be mixing without being mixing of every order. The first
such example appeared in [37]: let M = R>/(2,1 + u; + u?), and let @ = apy be
the Z2-action on X = Xy C TZ defined in Example 5.6(2). Then « is mixing (cf.
Example 5.6(2)), but not three-mixing.

Indeed, (1 4+ u, +M2)2” -a=0foreveryn 20anda e M.Fora=14+Q, l4u;+uz) €
M our identification of M with X in Example 5.1(2) implies that x(,0) + x 270y + X(0.21) =
0 (mod1) forevery x € X and n > 0. For B = {x € X: x(0.0) = 0} it follows that

BN a*(z”.())(B) ma—(().l”)(B) — BN 07(2”.())(3)’
and hence that

—(2"

Ax(Bna™0B)yne™ 02 (B)) =ax(Bna™ 0 (B)) = 1/4
for every n > 0. If « were three-mixing, we would obviously have that

lim Ax(BNa~ " "B)na™ ) (B)) = rx(B)* = 1/8.

n—00
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In Example 5.14 higher order mixing breaks down in a very “regular” way. Let o be an
algebraic Z“-action on a compact Abelian group X. A set S C Z¢ is mixing if

. . —Akn _
kl;rgﬂ(ﬂa (B.n) = [Trx(B) (5.14)

nes nes

for every collection By, n € S, of Borel sets in X, and nonmixing otherwise. As we saw in
Example 5.14, the set S = {(0, 0), (1, 0), (0, 1)} is nonmixing for the 72 -action considered
there.

The collection of all mixing sets is obviously an invariant of measurable conjugacy
(ct. [34] for a systematic discussion of this and related invariants).

We summarize some of the results listed in Sections 5.2-5.4 in the form of a table
(Figure 1). In the second column of Figure 1 we assume that the R;-module M = X
defining « is of the form R, /p, where p C Ry is a prime ideal (cf. Example 5.1(2)), and
describe the algebraic condition on p equivalent to the dynamical condition on o = ag,/p
appearing in the first column. In the third column we consider a Noetherian R;-module M
and state the algebraic property of M corresponding to the dynamical conditionon o = oy
in the first column. The last column gives reference to the relevant results in this text.

5.5. Homoclinic points

Let o be an algebraic Z-action on a compact Abelian group X, and Ox denote the identity
of X. A point x € X is homoclinic under « it

lim «"x =0y. (5.15)
n—oo
The set Ay (X) of a-homoclinic points is a subgroup of X.
For expansive algebraic Z<-actions both the existence and the abundance of homoclinic
points are determined by entropy.

THEOREM 5.15. Let o be an expansive algebraic 7 -action on a compact Abelian
group X.
(1) The following conditions are equivalent.
(a) Aq(X) # {0},
(b) h(a) > 0.
(2) The following conditions are equivalent.
(a) Ay(X) is densein X,
(b) o has completely positive entropy.

By using homoclinic points one can show that algebraic Z¢-actions with completely
positive entropy have an extremely strong form of specification.

DEFINITION 5.16. Let o be an algebraic Z“-action on a compact Abelian group X with
homoclinic group A, (X), and let § be a metric on X. Denote by B(r) the ball in RY of
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descending chain
condition

Property of « a=apR,/p: property of p a=uapy with M Reference
Noetherian: property of M
«a satisfies the Always true Always true Theorem 5.3

o is expansive

vepnsi=n

ap,/p is expansive for every
prime ideal p associated
with M

Theorem 5.3

The set of
«-periodic points
is dense

Always true

Always true

Theorem 5.3

|Fix 4 ()] < oo for
a subgroup A C 74
of finite index

Vep)Nice CT ™ =1 for
everyne Al =4

|FixA(aR‘I/p)| < 00 for
every prime ideal p
associated with M

Theorem 5.3

a" is ergodic or
topologically transi-
tive for some n € Z4

¥ | ¢ p for every
k>1

n HY e £
o Ra /p‘ls ergodic to.r every
prime ideal p associated
with M

Theorem 5.3

topologically or
with respect to Xy

non-zero n € Z4

prime ideal p associated
with M

«a is ergodic or (k" — 1:nezdy ¢ pfor aR,/p is ergodic for every Theorem 5.3
topologically every k > | prime ideal p associated

transitive with M

« is mixing, either u™ — 1 ¢ p for every ag,/p is mixing for every Theorem 5.3

« is mixing of every
order

Either p is equal to pR for
some rational prime p, or
pNZ={0)and ag,/p is
mixing

For every prime ideal p
associated with M, ag 7y is
mixing of every order

Theorem 5.13

for every prime ideal p
associated with M

() >0 p is principal and not h(ag,/p) > 0 for at least Theorem 5.10
generated by a generalized one prime ideal p associated
cyclotomic polynomial with M

h(a) < oo p # {0} If M is Noetherian: p # {0} Theorems 5.9

and 5.10

o has completely
positive entropy

Ry >0

h(ag,/p) > 0 for every
prime ideal p associated
with M

Theorem 5.10

« is Bernoulli

uR‘{/p has completely
positive entropy

oy has completely positive
entropy

Theorem 5.11

« has a unique
measure of (finite)
maximal entropy

0< h(u"’ll/lﬂ) < 00

a g has completely positive
entropy and h(ap) < 00

Theorem 6.14
in [42] or
Theorem 20.15
in [57]

Fig. 1.

radius r. The action « has homoclinic specification if there exists, for every ¢ > 0, an
integer p(e) > 1 with the following property: for every rectangle Q C Z< and every x € X
there exists an «-homoclinic point y € A, (X) with

S(a"x,a"y) <e

8(0x,a"y) <e

foralln e Q,

forallne Z\ (Q + B(p(e))).
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With this terminology we have the following result.

THEOREM 5.17. Let a be an expansive algebraic 74 -action on a compact Abelian group
X #{0}. The following conditions are equivalent.

(1) «a has completely positive entropy;

(2) o has weak specification;

(3) o has strong specification;

(4) « has homoclinic specification.

For d = 1 there is a close connection between expansiveness and the existence of
nontrivial homoclinic points: for example, if « is an irreducible ergodic automorphism of
X =T", then Ay (X) 5# {0} if and only if « is expansive (Example 3.4 in [41]). Ford > 1
the role of expansiveness is much more complex: nonexpansive Z“-actions may have no
nonzero homoclinic points or uncountably many homoclinic points. For examples we refer
to [41].

In addition to specification, homoclinic points also play a role in the construction of
symbolic covers and almost topological conjugacies of algebraic Z¢-actions (cf. [19,58—
60]). Since the results in this direction are very preliminary we restrict ourselves to a brief
outline.

DEFINITION 5.18. Let o be an expansive algebraic Z¢-actions on a compact Abelian
group X. An a-homoclinic point x € X is fundamental if every homoclinic point y € X is
of the form y = f(«)(x) for some f € Ry (cf. (5.7)).

PROPOSITION 5.19. Let a be an expansive algebraic Z“-action on a compact Abelian
group X with completely positive entropy. Then o has a fundamental homoclinic point if
and only if the dual module M = X of a is of the form M = R, /() for some polynomial
f e Ry with Ve(f) NS =0 (cf (5.11)).

Ford = 1, Proposition 5.19 is Proposition 3.2 in [58]. The proot for d > 1 is very similar.

For the remainder of this section we assume that « is an expansive algebraic Z“-action
with completely positive entropy, and with a fundamental homoclinic point x#. Due to
expansiveness, x* decays very rapidly: if we use Proposition 5.19 and (5.6) to view X as
a closed shift-invariant subgroup of ’JI‘Z‘I, and if we write every x € X C TZ' as (xn) with
xn € T for every n € Z¢, then there exist positive constants C > 0 and 5 < 1 with

|x&| < cp™ (5.16)

for every n € 74, where |t| = mingez |t + k| and ||m| = max{|m|, ..., |my|} for every
t €T and m € Z! (cf. Lemma 4.3 in [41]). We write £°(Z¢,Z) C £>°(Z“,R) for the
additive group of all bounded integer-valued maps on Z¢ and obtain a surjective group
homomorphism & :EOO(Z", Z) — X, defined by

E(w) = Z wma™x? (5.17)

meZd
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for every w = (wy) € €>°(Z!,Z). Since the map & is continuous in the topology on
¢(Z!,7Z) induced by the weak*-topology on £>°(Z! R), there exists a bounded subset
W C €z, Z) with E(W) = X.
The construction of a symbolic representation of a aims at a choosing bounded and
shift-invariant subset W C £%°(Z!, Z) with the following properties:
(a) §(W) =X,
(b) £ is almost one-to-one in the sense that |~ ({x}) N W| =1 for all x in a dense
Gs-subset of X,
(c) W is sofic or a shift of finite type in the obvious sense (as W C £2°(Z4,7) is
bounded, it can be viewed as a subshift of ,A,Z‘/ for some finite set A C Z).
For d = 1, the existence such a sofic representation W for every expansive automorphism
« of a compact Abelian group X with a fundamental homoclinic point was shown in [58].
Other results in this direction can be found in [19,28,59] and [60]. For d > 1 only a few
examples are known; here is one of them, taken from [19].

EXAMPLE 5.20. Let f =3 —u| —u> € R>, and let @ = ag,( ) be the Z*-action on X =
X R,/ defined in (5.6). According to Proposition 5.19, a has a fundamental homoclinic
point XA If & 0224, 7) — X is the homomorphism (5.17), then the restriction of &
to W = {0, 1,2}Zz C £°(Z!,7) is surjective and almost one-to-one in the sense of
condition (b) above.

Since the same set W works for the polynomials

=3 —u; —un, T=3—u—u; ', 4:3—tfl—u,—'
I 2 I 2

in R, one obtains the following conclusion (cf. Corollary 5.1 in [19]): Let

fi=3—u; —u, f§:3—tlfl—uz, f3:3—u|—u2_|,

f4:3~ul_l—uz_],

and define X; = Xg,/(/)» @ = &g,/(s) as in (5.6) for i = 1,...,4. Then the Z>-actions
a; and o; are measurably and almost topologically conjugate for I <i < j <4 in the
sense that all these actions are almost one-to-one factors of the full three-shift, as described
above. Note that these actions cannot be topologically conjugate by Theorem 5.9 in [57].

We remark in passing that this is one of currently very few examples of explicit nontrivial
isomorphisms of Z“-actions (cf. Section 4.2.1).
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