Math 548 Geometric Structures Winter 1997 Supplementary Assignment

1. Let E → M be a k-dimensional real vector bundle with a fiber metric, and let SO(E) → M denote the corresponding principal SO(k) bundle. Let U = {U_α} be a trivializing cover for SO(E), such that all the sets U_α are convex. On each nonempty intersection U_α ∩ U_β , let τ_{αβ} : U_α ∩ U_β → SO(k) denote the transition function, and choose a lift τ̃_{αβ} : U_α ∩ U_β → Spin(k). (a) On each nonempty triple intersection U_α ∩ U_β ∩ U_γ , define ω_{αβγ} (x) = τ̃_{αβ} (x)τ̃_{βγ}(x)τ̃_{γα}(x). Show that ω ∈ Č^2(U; Z_2) and δω = 0.

(b) Show that the cohomology class w_2(E) = [ω] ∈ Ȟ^2(M; Z_2) is independent of choices (of cover, local trivializations, lifts, or fiber metric).

(c) Show that w_2 is natural, and is therefore a characteristic class. It is called the

second Stiefel-Whitney class of E.

(d) Show that M admits a spin structure if and only if w_2(T M) = 0.