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I. Required problems.

1. Let (M, g) be an oriented Riemannian n-manifold.
(a) Define maps a: C*°(M) — A"(M) and §: T(M) — A" Y(M) by

a(f) = fdvy,
B(X) = ixdV,

Show that a and (3 are isomorphisms (considering the domain and range as
real vector spaces in each case).

(b) Define the divergence operator div: T(M) — C*(M) by
div=a"todop,
or equivalently,
d(ixdV,) = (div X)dV,.

Show that the divergence operator satisfies the following product rule for
felC®*M), X € T(M):

div(fX) = fdiv X + (grad f, X).
(¢) On R™ with the Euclidean metric, show that
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2. Let (M,g) be an oriented Riemannian 3-manifold. Define the curl operator
curl: T(M) — T(M) by
curl X = g71d(X"),
or equivalently,
fean xdVy = d(X°).

(a) Show that curlograd = 0 and div o curl = 0.
(b) On R?® with the Euclidean metric, show that
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[The setup of Problems 1 and 2 can be summarized by the following commutative
diagram:

coo(ar) 2% g0y~ g (an) - oo (ar)

w

(M)~ A1 (M) s A2(01) — L A3(M),
in which the composition of any two consecutive horizontal maps is zero.]

3. Let (M, g) be an oriented Riemannian manifold, and let M C M be an immersed
hypersurface. Suppose N is a smooth unit normal vector field along M (that is,
a smooth unit-length vector field along M that is orthogonal to T, M for each
peM ) Let g = g|3; denote the induced metric on M and let dV5 denote the
Riemannian volume form on M with respect to the orientation induced by N.
Show that dV; = iydV,.

4. Let M be a smooth manifold and w a 1-form on M. Show that for any smooth
vector fields X, Y,

do(X,Y) = H(X((Y)) ~ Y (X))~ w[X,Y]).

II. Optional problems.

5. Generalize the result of Problem 4 to a k-form w by showing that
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dw(Xla" Xk+1) k_l_ < Z (_1)Z 1Xi(w(X1a"'7Xia"'7Xk+1))
1<i<k+1

+ Z ’ﬂw XzaX]Xla---aXia---;ij--;Xk-i-l))a

1<i<j<k+1

where the hats indicate omitted arguments.

6. Let M be the open Mobius band, which is the quotient of R x (—1,1) by the
action of the discrete group Z defined by n - (z,y) = (z + 1, —y). Show that M
is not orientable.

7. Show that the projective plane P? (considered as the quotient of S? by the an-
tipodal action of Z/(2)) is not orientable.



