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LOG CANONICAL SINGULARITIES ARE DU BOIS

JANOS KOLLAR AND SANDOR J KOVACS

1. INTRODUCTION

A recurring difficulty in the Minimal Model Program (MMP) is that while log
terminal singularities are quite well behaved (for instance, they are rational), log
canonical singularities are much more complicated; they need not even be Cohen-
Macaulay. The aim of this paper is to prove that, as conjectured in [Kol92, 1.13],
log canonical singularities are Du Bois. The concept of Du Bois singularities, abbre-
viated as DB, was introduced by Steenbrink in [Ste83] as a weakening of rationality.
It is not clear how to define Du Bois singularities in positive characteristic, so we
work over a field of characteristic 0 throughout the paper. The precise definition
is rather involved, see (LI0)), but our main applications rely only on the following
consequence:

Corollary 1.1. Let X be a proper scheme of finite type over C. If (X,A) is log
canonical for some Q-divisor A, then the natural map

H{(X™ C) = HY(X™ Oxan) = H(X, Ox)
is surjective for all i.
Using [DJ74, Lemme 1], this implies the following:

Corollary 1.2. Let ¢ : X — B be a proper, flat morphism of complex varieties
with B connected. Assume that for all b € B there exists a Q-divisor Dy on X,
such that (Xy, Dy) is log canonical. Then h'(X,, Ox,) is independent of b € B for
all 1.

Notice that we do not require that the divisors D, form a family.

We also prove flatness of the cohomology sheaves of the relative dualizing com-
plex of a projective family of log canonical varieties (LE). Combining this result
with a Serre duality type criterion ([.I1]) gives another invariance property:

Corollary 1.3. Let ¢ : X — B be a flat, projective morphism, with B connected.
Assume that for all b € B there exists a Q-divisor Dy on X such that (Xp, Dy) is
log canonical.

Then, if one fiber of ¢ is Cohen-Macaulay (resp. Sy for some k), then all fibers
are Cohen-Macaulay (resp. Sk).
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792 JANOS KOLLAR AND SANDOR J KOVACS

Remark 1.3.1. The Sy, case of this result answers a question posed to us by Valery
Alexeev and Christopher Hacon.

For arbitrary flat, proper morphisms, the set of fibers that are Cohen-Macaulay
(resp. Si) is open, but not necessarily closed. Thus the key point of (3] is to show
that this set is also closed.

The generalization of these results to the semi-log canonical case turns out to be
not hard, but it needs some foundational work which will be presented elsewhere.
The general case then implies that each connected component of the moduli space
of stable log varieties parametrizes either only Cohen-Macaulay or only non-Cohen-
Macaulay objects.

Let us first state a simplified version of our main theorem:

Theorem 1.4. Let (X, A) be an lc pair. Then X is DB. More generally, let W C X
be a reduced, closed subscheme that is a union of log canonical centers of (X, A).
Then W is DB.

This settles the above mentioned conjecture [Kol92, 1.13]. For earlier results
related to this conjecture, see [Kol95l §12], [Kov99l [Kov00b, Ish85| Tsh&7al Tsh&7,
Sch07, [KSS08| [Sch0§].

Actually, we prove a more general statement, which is better suited to working
with log canonical centers and allows for more general applications, but it might
seem a little technical for the first reading:

Theorem 1.5. Let f : Y — X be a proper surjective morphism with connected
fibers between normal varieties. Assume that there exists an effective Q-divisor on
Y such that (Y,A) is lc and Ky + A ~g s 0. Then X is DB.

More generally, let W C'Y be a reduced, closed subscheme that is a union of log
canonical centers of (Y,A). Then f(W) C X is DB.

There are three, more technical results that should be of independent interest.
The first is a quite flexible criterion for Du Bois singularities.

Theorem 1.6. Let f : Y — X be a proper morphism between reduced schemes of
finite type over C. Let W C X and F:= f~Y(W) C Y be closed reduced subschemes
with ideal sheaves Swcx and Ipcy. Assume that the natural map o,

’
4
- ~

o
jWQX —Q>Rf*ﬂF§Y

admits a left inverse ¢'; that is, 0’0 0 = id.sy, . Then if Y, F', and W all have DB
singularities, then so does X.

Remark 1.6.1. Notice that we do not require f to be birational. On the other
hand the assumptions of the theorem and [Kov00a, Thm 1] imply that if Y\ F has
rational singularities, e.g., if Y is smooth, then X \ W has rational singularities as
well.

The second is a variant of the connectedness theorem [Kol92), 17.4] for not nec-
essarily birational morphisms.

Theorem 1.7. Let f : Y — X be a proper morphism with connected fibers between
normal varieties. Assume that (Y,A) is lc and Ky + A ~gq s 0. Let Z1,Z, CY
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LOG CANONICAL SINGULARITIES ARE DU BOIS 793

be lc centers of (Y,A). Then, for every irreducible component T C f(Z1) N f(Z2)
there is an lc center Zp of (Y, A) such that Zy C Zy and f(Z7)=T.

More precisely, let g: Zy N f~1(T) — S and w: S — T be the Stein factorization
of Zy N f~Y(T) — T. Then, for every irreducible component S; C S there is an lc
center Zg, of (Y,A) such that g(Zs,) = S;.

The third is the flatness of the cohomology sheaves of the relative dualizing
complex of a DB morphism:

Theorem 1.8. Let ¢ : X — B be a flat projective morphism such that all fibers are
Du Bois. Then the cohomology sheaves h' (w¢) are flat over B, where w,, denotes
the relative dualizing complex of ¢.

Definitions and Notation 1.9. Let K be an algebraically closed field of char-
acteristic 0. Unless otherwise stated, all objects are assumed to be defined over
K, all schemes are assumed to be of finite type over K and a morphism means a
morphism between schemes of finite type over K.

If  : Y — Z is a birational morphism, then Ex(¢) will denote the exceptional
set of . For a closed subscheme W C X, the ideal sheaf of W is denoted by
Hwcx or, if no confusion is likely, then simply by #y . For a point z € X, k(x)
denotes the residue field of Ox 5.

A pair (X, A) consists of a variety X and an effective Q-divisor A on X. If
(X,A) is a pair, then A is called a boundary if [(1 —¢)A] =0 for all 0 < e < 1,
i.e., the coefficients of all irreducible components of A are in the interval [0, 1].
For the definition of klt, dit, and lc pairs, see [KMO98], and for the definition of
the different, Diff, see [Kol92| 16.5]. Let (X,A) be a pair and f™ : X™ — X a
proper birational morphism such that Ex(f™) is a divisor. Let F = > a; F; be the
discrepancy divisor, i.e., a linear combination of exceptional divisors such that

Kxm + (") A g (f) (Kn +A) + B

and let A™:= (f™) 1A + > a,<—1 Fi- Then (X™, A™) is a minimal dlt model of
(X,A) if it is a dlt pair, and the discrepancy of every f™-exceptional divisor is
at most —1. Note that if (X, A) is lc with a minimal dlt model (X™, A™), then
Kxm +A™ ~g (fm)*(KX + A)

For morphisms ¢ : X — B and ¥ : T — B, the symbol X will denote X x5 T
and ¢p : Xp — T the induced morphism. In particular, for b € B we write X3, =
#~1(b). Of course, by symmetry, we also have the notation 9y : Tx ~ X7 — X,
and if .# is an Ox-module, then .#p will denote the Ox,.-module V% .Z.

For a morphism ¢ : X — B, the relative dualizing complex of ¢ (if it exists) will
be denoted by w;,. Recall that if ¢ is a projective morphism, then wj = #0p. In
particular, for a (quasi-projective) scheme X, the dualizing complex of X will be
denoted by wk.

The symbol ~ will mean isomorphism in the appropriate category. In particular,
between complexes considered as objects in a derived category, it stands for a quasi-
isomorphism.

We will use the following notation: For a functor ®, R® denotes its derived
functor on the (appropriate) derived category and K'® := h' o R®, where h*(C"*)
is the cohomology of the complex C* at the i*® term. Similarly, H%, := h%o Rz,
where I'; is the functor of cohomology with supports along a subscheme Z. Finally,
Hom stands for the sheaf-Hom functor, and Ext’ := h' o RHom.
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794 JANOS KOLLAR AND SANDOR J KOVACS

1.10. DB singularities. Consider a complex algebraic variety X. If X is smooth
and projective, its De Rham complex plays a fundamental role in understanding
the geometry of X. When X is singular, an analog of the De Rham complex,
introduced by Du Bois, plays a similar role.

Let X be a complex scheme of finite type. Based on Deligne’s theory of mixed
Hodge structures, Du Bois defined a filtered complex of &'x-modules, denoted by
QY%, that agrees with the algebraic De Rham complex in a neighborhood of each
smooth point, and, like the De Rham complex on smooth varieties, its analytization
provides a resolution of the sheaf of locally constant functions on X [Du81]. Fol-
lowing Hélene Esnault’s suggestion we will call Q% the Deligne-Du Bois complex.

Du Bois observed that an important class of singularities are those for which
Qg(, the zeroth graded piece of the filtered complex 2%, takes a particularly simple
form. He pointed out that singularities satisfying this condition enjoy some of the
nice Hodge-theoretic properties of smooth varieties; cf. (Z.8). These singularities
were christened Du Bois singularities by Steenbrink [Ste83]. We will refer to them
as DB singularities, and a variety with only DB singularities will be called DB.

The construction of the Deligne-Du Bois complex Q5 is highly non-trivial, so
we will not include it here. For a thorough treatment the interested reader should
consult [PS08, 11.7.3]. For alternative definitions, sufficient and equivalent criteria
for DB singularities, see [Ish85, [sh87, Kov99, [Kov00bl [Sch07, [KSS0S].

Remark 1.11. Recall that the seminormalization of @y is h%(Q%), the 0" cohomol-
ogy sheaf of the complex Q%, and so X is seminormal if and only if Ox ~ h°(Q%)
by [Sai00l 5.2] (cf. [Sch06l, 5.4.17], [Sch07, 4.8], and [Sch09, 5.6]). In particular, this
implies that DB singularities are seminormal.

2. A CRITERION FOR Du BoOIS SINGULARITIES

In order to prove (LO) we first need the following abstract derived category
statement.

Lemma 2.1. Let A,B,C,A’,B’, C’ be objects in a derived category and assume that
there exists a commutative diagram in which the rows form exact triangles:

(2.1.1) A—>B—sc—> Al
l Bl l Jou
! / ! A1
N B = O Al
Then there exist an object D, an exact triangle,
(2.1.2) D—>Ba&C—>C —,

and a map § : B — D, such that if A denotes the composition

A:D——>Bac 2

then Ao d =1 and
(2.1.3) « admits a left inverse if and only if & admits one, §' : D — B such that
Yod =N and
(2.1.4) « is an isomorphism if and only if 6 is an isomorphism.
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LOG CANONICAL SINGULARITIES ARE DU BOIS 795

Proof. Let n: B’ @ C — C’ be the natural map induced by —1’ on B’ and « on C,
and let D be the object that completes 1 to an exact triangle as in (2.1.2).
Next consider the following diagram:

w/ @®idc 4»1/
C/
w/
(—idgs,0) n

B ¢ C

B/

The bottom triangle (B’,C’, B’ & C) is commutative with the maps indicated. The
triangles with one edge common with the bottom triangle are exact triangles with
the obvious maps. Then by the octahedral axiom, the maps in the top triangle,
denoted by the broken arrows, exist and form an exact triangle.

Observe that it follows that the induced map 9 : C — A’[1] agrees with C’o(n}c) =
¢’ o, which in turn equals a[1] o ¢ by @2I.1]).

Therefore, one has the following commutative diagram where the rows form exact

triangles:
A B—>C——A[l]
« 36: ‘?I idc a[l]l >
o v / EfY idc a’[1]
/
A’ D 3 C m A'll

and as ¥ = «a[1] o ¢ it follows that a ¢ exists that makes the diagram commutative.
Now, if o admits a left inverse o’ : A’ — A, then o/[1]od = o/[1]oa[1]o¢ = ¢ = (oidc,
and hence § admits a left inverse, ¢’ : D — B and clearly 1) o 8’ = A. The converse
is even simpler: If 1 0o §' = ), then o' exists and it must be a left inverse. Finally,
it is obvious from the diagram that « is an isomorphism if and only if § is an
isomorphism. O

We are now ready to prove our DB criterion.

2.2. Proof of (L0). Consider the following commutative diagram with exact rows:

+1

Iwex Ox Ow

e )

RfsIrcy —> Rf Oy —— Rf.Op ——
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796 JANOS KOLLAR AND SANDOR J KOVACS

It follows by Lemma 2] that there exists an object Q, an exact triangle in the
derived category of &x-modules,

(2.2.1) Q——> ROy & O —> Rf.Op —> |

and a map 9 : Ox — Q that admits a left inverse, ¥ : Q — Ox.
Now consider a similar commutative diagram with exact rows:

+1

J % Q)

|
wl Ml Vl
v +1

Rf K — Rf.Q) — Rf.Q) ——

Here J and K represent the appropriate objects in the appropriate derived categories
that make the rows exact triangles. The vertical maps p and v exist and form a
commutative square because of the basic properties of the Deligne-Du Bois complex,
and their existence and compatibility imply the existence of the map ¥ by the basic
properties of derived categories.

It follows, again by Lemma [Z1] that there exists an object D, an exact triangle
in the derived category of &x-modules,

+1
(2.2.2) D —— Rf.Q) @ Q% — Rf.Q% —— |

and a map 6 : Q% — D.

By the basic properties of exact triangles, the natural transformation = : & — Q°
induces compatible maps between the exact triangles of (Z2.I)) and [222)). We
would also like to show that these maps are compatible with the maps ¥, and ¢
obtained from Lemma 2Tt

Ox &
N
9
% Q— Rm.Oy @ Oy — Rr.Op ——>
|
6\\5 nl Cl
\4 +1
D—— RJT*QQ/ @D ng - KW*Q% -

Claim 2.2.3. Under the assumptions of the theorem the above diagram is commu-
tative.

Proof. First observe that if Y, F', and W are all DB, then 7 and { are isomorphisms.
Then it follows that £ is an isomorphism as well. Next consider the 0" cohomology
sheaves of all the complexes in the diagram. From the long exact sequence of
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LOG CANONICAL SINGULARITIES ARE DU BOIS 797

cohomology induced by exact triangles we obtain the following diagram:

ﬁX ho(ﬂ/)
0
o) N

ho(Q%) h(Q)—> hO(Rr. Oy @ Ow) ~ 1.0y ® Ow

m:lh‘)(f) zlh%)

hO(D) = h(Rr. QY ® Q) ~ 1.0y & Ow
From the commutativity of the exact triangles we obtain that
ho(n)ov = o h°(§).
Furthermore, the functoriality of the maps h°(\) and h°(n) (they are induced by
=) implies that we also have
R°(n) o v o h2(9) = o h%(8) o KO (N).
Then it follows that
o h®(€) o h®(9) = o h%(8) o hO(N).
Observe that y is injective since h~(Rr.Q%) = 0, and hence
hO(€) o hO(9) = hO(8) o KO (N).
Finally observe that h%(\) determines the entire map A : Ox — Q% by @2.2.4), and
so we obtain that £ o1 = § o A, as desired. O

Claim 2.2.4. Let A, B be objects in a derived category such that hi(A) = 0 for i # 0
and h/(B) = 0 for j < 0. Then any morphism « : A — B is uniquely determined by
hO(a).

Proof. By the assumption, the morphism o : A — B can be represented by a
morphism of complexes a : A — B, where A ~ A such that A® = h°(A) and A’ =0

for all ¢ # 0, and B ~ B such that hO(B) C BO. However, & has only one non-zero
term, h®(a). This proves the claim. O

As £ is an isomorphism, we obtain a map,
N=19o0e106:0% = Ox.
By 223) £o09 = do A so it follows that
Nod=1v ot lodod=0 o0& tolod =00 =idg, .

The last equality follows from the choice of ©'. Therefore ) is a left inverse to A,
and so the statement follows from [Kov99, Thm. 2.3]. O

We have a similar statement for seminormality. The proof is, however, much
more elementary.

Proposition 2.3. Let f:Y — X be a proper morphism between reduced schemes
of finite type over C, W C X a closed reduced subscheme, and F: = f~1(W),
equipped with the induced reduced subscheme structure. Assume that the natural
map Swex — f«Frcy s an isomorphism. Then if Y and W are seminormal, X
is as well.
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798 JANOS KOLLAR AND SANDOR J KOVACS

Proof. First, not yet assuming that W or Y are seminormal, let &3} be the semi-
normalization of Oy in f,0F and let 0% be the seminormalization of Ox in f,Oy.
It follows from the assumption S cx ~ fi.fpcy that O ~ ﬁg(n/fwcx' Now
if W is seminormal (in fact it is enough if Oy is seminormal in f.0F), then this
implies that ﬁx/«ﬂwcx ~ Oy ~ O ~ ﬁg(n/jWCX, and hence Ox ~ O%.
Finally, if Y is seminormal, then this implies that X is as well. O

Corollary 2.4. Let g : X' — X be a finite surjective morphism between normal
varieties. Let Z C X be a reduced (not necessarily normal) subscheme and assume
that Z' := g~ (Z)seq is DB. Then Z is as well.

Remark 2.5. The special case of this statement when Z = X was proved in [Kol95),
12.8.2] for X projective and in [Kov99l 2.5] in general.

Proof of 24). Let 7: g.0x, — Ox denote the normalized trace map of X' — X

and let ¢ = \/Izcx - g+Ox:. Then it follows from [AM69, 5.14, 5.15] and the
fact that Z is reduced, that

(7)) C\/Izcx = Fzcx.

Therefore, T gives a splitting of &z — f.Oz. The rest follows from (L6 applied
to Z with W = or directly by [Kov99l 2.4]. O

3. DLT MODELS AND TWISTED HIGHER DIRECT IMAGES
OF DUALIZING SHEAVES

We will frequently use the following statement in order to pass from an lc pair
to its dlt model. Please recall the definition of a boundary and a minimal dit model

from (L9).

Theorem 3.1 (Hacon). Let (X,A) be a pair such that X is quasi-projective, A 1is
a boundary, and Kx + A is a Q-Cartier divisor. Then (X, A) admits a Q-factorial
minimal dlt model f™ : (X™, A™) — (X, A).

Proof. Let f : X' — (X,A) be a log resolution that is a composite of blow-ups
of centers of codimension at least 2. Note that then there exists an effective f-
exceptional divisor C such that —C is f-ample. Let A’ be a divisor such that
A’ — f~1A'is f-exceptional and that

Kx: + A" ~q f*(Kx + A).

Let Acy = A — |A] denote the part of A with coefficients strictly less than 1, and
write

A'=f'Aq+E"+F-B,

where Et denotes the sum of all (not necessarily exceptional) divisors with discrep-
ancy < —1, F' the sum of all f-exceptional divisors with discrepancy > —1 and < 0,
and B the sum of all f-exceptional divisors with discrepancy > 0. Let E:=red ET,
and notice that all of E, F, and B are effective and that all of E* — E, F, and B
are f-exceptional, while f; 1A + E + F contains f *A.

Let H be sufficiently ample on X. Then for all €, u, v € Q,

(31.1) E+(1+v)F+u(-C+f*H) =1—ep)E+(1+v)F+pleE-C+ f*H).

Licensed to Univ of Washington. Prepared on Mon Mar 11 20:39:51 EDT 2013 for download from IP 128.95.224.121.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



LOG CANONICAL SINGULARITIES ARE DU BOIS 799

If 0 < e <« 1, then both —C' 4 f*H and e — C' + f*H are ample, hence Q-linearly
equivalent to divisors H; and H, such that A’ + H; + H, has snc support. If
0 < p<1land 0 < v <1, then, by the definition of E and F,

(X' [T A+ (L—ep)E+ (1+v)F + pHy)
is klt, and hence by [BCHMO06] it has a (Q-factorial) minimal model f™:(X™, A® )

£,14,V
— X. By @BII) this is also a minimal model of the pair (X', f7'A; + E +
(1 +v)F + pHy), which is therefore dlt. Let A™ denote the birational transform
of f/1A1 + E+ F on X™. Then we obtain that (X™, A™) is dlt.
For a divisor G C X' (e.g., E, F,C, H;) appearing above (other than A), let G™
denote its birational transform on X™. By construction
N:=Kxm + A" + vF™ 4+ uH ~g Kxm + A2

SR
is f™-nef and
T:=Kxm+ A"+ (ET - E)™ = B™ ~g (f™)"(Kx + A)
is Q-linearly f™-trivial. Let
D™ :=uC™ + (E* — E)™ —vF™ — B™.

Then —D™ is Q-linearly f™-equivalent to the difference N — T, hence it is f™-
nef. Since D™ is f-exceptional, f*(D™) = 0, so D™ is effective by [KM98, 3.39).
Choosing 0 < u <« v < 1 shows that both F' and B disappear on X™, so every f™-
exceptional divisor has discrepancy < —1 and hence (X™, A™) is indeed a minimal
dlt model of (X, A) as defined in (L9)). O

Theorem 3.2. Let X be a smooth variety over C and D = a;D; be an effective,
integral snc divisor. Let £ be a line bundle on X such that ™ ~ Ox (D) for
some m > max{a;}. Let f : X — S be a projective morphism. Then the sheaves
R f, (wX ® ,,5,”) are torsion-free for all i and

Rf(wx ® &) ~ Z R fo(wx ® Z)[~i].

Proof. It D = 0, this is [Kol86al, 2.1] and [Kol86bl 3.1]. The general case can be
reduced to this as follows. The isomorphism £ ~ Ox (D) determines a degree
m-cyclic cover 7 : Y — X with a y,,-action, and wy ® .Z is a u,,-eigensubsheaf of
m«wy. In general Y has rational singularities. Let h: Y’ — Y be a p,-equivariant
resolution and g : Y’ — S, the composition f oo h. Then Rh.wys ~ wy; thus

Rf (W*WY)E Rf*R?T*WY o Kfﬂiﬂ*f](h Wy
~ Rg.wy = Zi’{’g*ww Zﬂifm*h wy[- Z R f. (muwy) [i]

by [Kol86bh, 3.1] and because 7 is finite. As all of these isomorphisms are fi,,-
equivariant, taking p,,-eigensubsheaves on both sides, we obtain the desired state-
ment. Notice that in particular we have proven that K f, (wX ®Z ) is a subsheaf
of Rig.wy which is torsion-free by [Kol86al, 2.1]. O
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800 JANOS KOLLAR AND SANDOR J KOVACS

4. SPLITTING OVER THE NON-KLT LOCUS

In the following theorem we show that the DB criterion (L€) holds in an impor-
tant situation.

Theorem 4.1. Let f : Y — X be a proper morphism with connected fibers be-
tween normal varieties. Assume that (Y,A) is lc and Ky + A ~g ¢ 0. Set

W = f(nklt(Y;A)) and assume that W # X. Let m : Y — Y be a proper bi-
rational morphism and F:= f~1(W).eq, where f:= f on. Then the natural map

0: Sw = [.O3(—F) = Rf.Op(—F)
has a left inverse.
Proof. First, observe that if 7 : Y >Yisa log resolution of (?,F) that factors

through 7, then it is enough to prove the statement for ¢ = m o 7 instead of .
Indeed, let F' = 7~ 'F, an snc divisor, and f = foo. Suppose that the natural map

0: Sw ~ [.Oy(—F) = Rf.Op(—F)
has a left inverse,  : Rﬁﬁf/(—ﬁ) — ]?*ﬁ{,(—ﬁ) such that 6 0 g = id g, . Then, as
]?: fo 7, one has that ﬂ{f*ﬁ{,(—ﬁ) ~ Q{ﬁﬂnﬁ?(—ﬁ), and applying the functor
Rf.« to the natural map 9 : Op(—F) ~ T*ﬁf/(—ﬁ) — Knﬁ},(—ﬁ) shows that
o=Rf(@)oe:

0 Rf+ (0)

0: Iw =~ [.Oy(—F)

Rf. O3 (~F) Rf.Op (= F).

Therefore, § = 5o Rﬂ(@) is a left inverse to o, showing that it is indeed enough

to prove the statement for o. In particular, we may replace m with its composition

with any further blow up. We will use this observation throughout the proof.
Next write

™ (Ky +A) ~qg Ky + E+ A - B,
where F is the sum of all (not necessarily exceptional) divisors with discrepancy

—1, B is an effective exceptional integral divisor, and Lﬁj = 0. We may assume
that f~!f(E) is an snc divisor. Since B — E > —F, we have natural maps

foO3(~F) = Rf.Op(~F) — Rf.03(B - E).
Note that B — E ~q 7 Ky + A; hence by [B2)

RF.04(B ~ B) = Y R[.05(B - E)[-i]

Thus we get a morphism
f.04(~F) = Rf.0y(~F) — Rf.03(B - E) - f.0y(B - E),

Note that 7,05 (B — E) = Hyuy(y,a). Furthermore, for any U C X open subset
with preimage Uy := f~1(U), a global section of &, vanishes along a fiber of f if
and only if it vanishes at one point of that fiber. Thus

[:O03(=F) = feFuauy,a) = [ Oy (B — E). 0
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5. LOG CANONICAL CENTERS

We need the following higher dimensional version of a result of Shokurov [Kol92|
12.3.1]; cf. [Fuj00].

Proposition 5.1. Let f : Y — X be a proper morphism with connected fibers
between normal varieties. Assume that (Y,A) is dit and Ky + A ~qgy 0. For
an arbitrary x € X let U denote an étale local neighbourhood of x € X. Then
F7HU) Nnklt(Y, A) is either
(5.1.1) connected, or
(5.1.2) has 2 connected components, both of which dominate U, and (Y,A) is plt
near f~1(x).

Proof. We may assume that X = U and then we may also assume that nklt(Y, A)
and f~!(z) N nklt(Y, A) have the same number of connected components.

Write A = E+A/, where E = nklt(Y, A) = [A] and (Y, A') isklt. Let E = > E;
be the decomposition to a sum of the connected components. Pushing forward

O%ﬁy(—E)—)ﬁy%ﬁE—)O,

we obtain
0= fu0y(—E) = Ox = > _ f.0p, — R f.Oy(-E).
Note that —F ~q, ¢ Ky + A’. Hence KR! f.0y(—E) is torsion free by (82) and by
applying [Fuj08], 2.54] (cf. [Amb03] 3.2]) to a resolution of the dlt pair (Y, A).
Suppose E; does not dominate X. Then f.0g, is a non-zero torsion sheaf; hence
the induced map f.0p, — R!f.Oy(—FE) must be zero. This implies that

fo0p, Cim[Ox = > f.08,].

Since we are working locally near € X, we may assume that (f«0g, ), # 0. Ob-
serve that the natural projection map ), f«Op, — f.Og, gives a splitting of the
above embedding. Further observe that im[0x — >, f+OF,| has only one gener-
ator near x. This implies that we must have that f,0p, = im[0x — >, f.OR,]
locally near x. In particular, there is at most one E; that does not dominate X.
Furthermore, if F; does dominate X, then Ox — f.0g, is non-zero. This again
would contradict f,0p, = im[0x — >, f.Og,]. Therefore, if E has more than
one component, then they all dominate X.

Until now the statement and the proof could have been done birationally, but
for the rest we use the MMP repeatedly. Note that the proof is a bit messier than
[Kol92] 12.3.1], since we do not have the full termination of MMP.

First we run the (Y, (1 —e)E + A")-MMP; cf. [BCHMOG| 1.3.2]. Every step is
numerically Ky + A-trivial; hence, by the usual connectedness (cf. [KM98, 5.48])
the FE; stay disjoint. At some point, we must encounter a Fano-contraction = :
(Y*,(1—e)E*+A*) — S, where E* is ample on the general fiber. As we established
above, every connected component of £* dominates S. We may assume that E* is
disconnected, as otherwise we are done.

Since the relative Picard number of Y is 1, every connected component of E*
is relatively ample. As E* is disconnected, all fibers are 1 dimensional. As v is a
Fano-contraction, the generic fiber is P!, and so E* can have at most, and hence
exactly, two connected components, £} and E3. Since the fibration is numerically
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Ky« + A*-trivial, it follows that the intersection product of either E} with any
fiber is 1. In other words, the E are sections of v. Since they are also relatively
ample, it follows that every fiber is irreducible, and so outside a codimension 2 set
on the base, v : Y* — S is a P!-bundle with two disjoint sections. It also follows
that A* does not intersect the general fiber; hence A* = v*Ag for some Ag C S.
Then since the E} are sections, we have that (E}, A* E) ~ (5, Ag).

We need to prove that (Y*, Ef + E5 + A*) is plt,land for that it is enough
to show that (EZ*,A*|E) is klt for ¢ = 1,2. By the above observation, all we

need to prove then is that (S, Ag) is klt. Since 7 is a P!-bundle (in codimension
1) with 2 disjoint sections, we have that Ky« + Ef + E ~ 7*Kg and then that
Ky« + Ef + E5 + A* ~g v*(Kg + Ag). Now we may apply [Kol92, 20.3.3] to a
general section of Y* mapping to S to get that (S, Ag) is klt. O

We are now ready to prove our main connectivity theorem.

5.2. Proof of (7). We may assume that f is surjective, and we replace (Y, A)
by a Q-factorial dlt model by (3.1). If Z; =Y, then Zy C Z;, and if f(Z3) = X,
then Z; C Z; satisfies the requirement. Hence we may assume that (Y, A) is
dlt, Z1,Z> C |A] are divisors, and Z, is disjoint from the generic fiber of f.
Then, by localizing at a generic point of f(Z1) N f(Z2) we reduce to the case when
x:= f(Z1) N f(Z2) is a closed point.

By working in a suitable étale neighborhood of x, we may also assume that
ZiNf~1(x) is geometrically connected. Thus it is sufficient to prove that Z;Nf~1(x)
contains an lc center.

Since we are now assuming that Z5 does not dominate X, it follows from (5.1)
that f=*(z) N [A] is connected, and hence there are irreducible divisors

V1= Z27‘/27 e -va—lan = Z; with ViC LAJ

such that f~Y(z)NV;NVigq # 0 for i = 1,...,m — 1. By working in the étale
topology on X, we may also assume that each f~!(z)NV; is connected.
Next, we prove by induction on ¢ that

(5.2.1) Wi=Vin [ f(£(V))
j<i
contains an lc center of (Y, A).

For ¢ = 1 the statement of (21 follows from the fact that V4 = Z5 is an lc
center of (Y, A). Next we go from i to i + 1. Consider (V;,Diffy, (A —V;)). Note
that every irreducible component of V; NV, is an lc center of (Vi7 Diffy, (A — Vz))
and by induction and adjunction W; contains an lc center of (V;, Diffy, (A — V;)).
Thus, by induction on the dimension, replacing Y by V;, Z; by V; N V41, and Zs
by the lc center contained in W;, we conclude that f=1(f(W;))NV; NV, contains
an lc center U; of (V;, Diffy, (A — V;)). By inversion of adjunction, U; is also an lc
center of (Y, A), and it is contained in W 1.

At the end we obtain that

(5.2.2) Wi = Z 0 fH(f(22) 0 (V) N0 7 (F (Vi)

contains an lc center of (Y,;A). Observe that W,, contains Z; N f~!(z) and is
contained in Z; N f~1 (f(Zg)) These two are the same; hence we are done.
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Remark 5.2.3. The statement of (7)) is stronger than that which has been previ-
ously known [Kaw97, 1.5], [Amb03| 4.8], [Fuj08], 3.45]. The usual claim in a similar
situation has been that every irreducible component of f(Z1) N f(Zz) is dominated
by an lc center, whose precise location was not known.

It would also be interesting to find a proof of (7)) without using the MMP.

Definition 5.3. Let X be a normal scheme. A minimal quasi-log canonical struc-
ture, or simply a minimal glc structure, on X is a proper surjective morphism
f:(Y,A) = X where

(5.3.1) (Y,A) is a log canonical pair,

(5.3.2) A is effective,

(5.3.3) Ox ~ f.Oy, and

(5.3.4) Ky +A ~r00.

Remark 5.3.5. This definition is similar to Ambro’s definition of a quasi-log variety
[Amb03, 4.1], [Fuj08] 3.29]. The main difference here, underscored by the word
“minimal” in the definition, is the additional assumption (G31E]).

One should also note that what Fujino calls a quasi-log variety is essentially X
together with a qlc stratification which we define next.

Definition 5.4. Let X be a normal scheme and assume that it admits a minimal
qle structure f : (Y,;A) — X. We define the glc stratification of X with respect
to f or simply the f-glc stratification in the following way: Let Hy denote the set
containing all the lc centers of (Y, A), including the components of A and Y itself.
For each Z € Hy let

Wz:= f(Z)\ U 1.
A= .7‘[y
f(2) & f(Z')
Further, let
}[X,f = {W2|Z € }[y}

Notice that it is possible that W, = Wy for some Z # Z’, but in Hx s they are
only counted once. Then
x= I w

WeHx ¢

will be called the qlc stratification of X with respect to f, and the strata will be
called the f-qlc strata. Note that by construction each f-qlc stratum is reduced.

Definition 5.5. Let X; be varieties that admit minimal glc structures, f; : (Yi, A;)
— X;, and let W; = U§;1 W;,; be unions of some f-qlc strata on X; for i = 1,2.
Assume that there exists a morphism « : Wi — Ws. Then we will say that « is
a qle stratified morphism if for every f-qlc stratum Ws ;, its preimage a~'Wa ; is
equal to a disjoint union of f-qlc strata J, W1 ;, for an appropriate set of a’s.

Using our new terminology we have the following important consequence of (7).

Corollary 5.6. Let X be a mormal variety with a minimal qlc structure, f :
(Y,A) — X. Then the closure of any union of some f-qlc strata is also a union of
some f-qlc strata.
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Proof. Tt is enough to prove this for the closure of a single f-qlc stratum. By
definition, the difference between the closure and the f-qlc stratum is a union of
intersections of that single stratum with the images of lc centers. By (7)) this is
covered by a union of f-glc strata. O

In (LII)) we observed that DB singularities are seminormal, so it follows from
Theorem that the closure of any union of f-qlc strata is seminormal. On the
other hand it also follows from the somewhat simpler (5.6) and similar results from
[Fuj08].

Proposition 5.7 ([Amb03|, [Fuj08| §3]). Let X be a normal variety that admits
a minimal qglc structure, f: (Y,A) = X. Then each f-qlc stratum is normal, and
the closure of any union of f-qlc strata is seminormal.

Proof. Let T be the closure of a union of some f-qlc strata. Then by Corollary
and [Fujo8] 3.39(i)] (cf. [Amb03, 4.4]) the qlc centers of T are exactly the f-qlc
strata (of X') that lie inside T'. Tt follows by [Fuj08| 3.33] that T is seminormal and
by [Fuj08, 3.44] (cf. [Amb03] 4.7]) that each f-qlc stratum is normal. O

Corollary 5.8. Let X be a mormal variety with a minimal qlc structure, [ :
(Y,A) — X. Then the support of the conductor subscheme of the closure of any
union of f-qlc strata is contained in a smaller dimensional union of f-qlc strata.

Proof. As individual f-qlc strata are normal, it follows that the conductor sub-
scheme is contained in the part of the closure that was subtracted in (&.4]).

(L) this is a union of f-glc strata, and as it does not contain any (maximal) com-
ponent of the original union, the dimension of each contributing strata has to be
strictly smaller. (Il

6. LOG CANONICAL SINGULARITIES ARE DU Bois

Lemma 6.1. Let X be a normal variety and f : (Y, A) — X a minimal qlc structure
on X. Let W € Hx 5 be a gl stratum of X and W its closure in X. Then there
ezist a normal vamety W with a minimal qle structure g : (Z, E) — W such that
g(nklt(Z, %)) # W and a finite surjective glc stratified morphism W — W.

Proof. We will repeat the following procedure until all the desired conditions are
satisfied.

ITERATION: Note that we may replace (Y, A) by a Q-factorial dlt model by (B1]).
Recall that in that case W is the union of some f-qlc strata by (5.6)). If W X and
f(klt(Y, A)) # X = W, then by choosing (Z,%) = (Y, A), g = f, and W= X, the
desired conditions are satisfied. Otherwise, there exists an irreducible component
E C |A] such that W C f(FE). Consider the Stein factorization of f‘E :

flg B g2 y(B).

Observe that then fg : (F,Diffg A) — G is a minimal qglc structure, G is normal,
and o is finite. Let Wy = o~1(W) denote the preimage of W, and W its closure
in G. By ([L7) the fg-qlc stratification of G is just the preimage of the restriction
of the f-qlc stratification of X to f(E), so the induced morphism W; — W is a qlc
stratified morphism. As long as W # f(FE) or f(nklt(E,Diffg A)) = f(E), we may
go back to the beginning and repeat our procedure with X replaced with G and
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W replaced with o~!(W) without changing the induced glc structure on W. By
noetherian induction this process must end, and then we will have W = f(E) and
F(nklt(E, Diff g A)) # f(E). Then fg : (E,DiffgA) > Gando: W =G —» W
satisfy the desired conditions. (Il

Theorem is implied by the following.

Theorem 6.2. If X admits a minimal glc structure, f : (Y,A) — X, then the
closure of any union of f-qlc strata is DB.

Proof. Let T C X be a union of f-glc strata. By (5.6) we know that T, the closure
of T'in X, is also a union of f-qlc strata, so by replacing 7" with 7" we may assume
that T is closed. Let T denote the normalization of T. We have that T = U W

wejg
for some J C Hx f, so T is seminormal by (5.7). For W € 7, we will denote the

closure of W in X by W. Note that by definition W is contained in 7. In order to
prove that T is DB, we will apply a double induction the following manner:

e induction on dim X : Assume that the statement holds if X is replaced
with a smaller dimensional variety admitting a minimal glc structure.

e induction on dimT: Assume that the statement holds if X is fixed
and T is replaced with a smaller dimensional subvariety of X which is
also a union of f-glc strata.

First assume that X # 7. Then W must also be a proper subvariety of X for
any W € 4. Then by (G for each W € 7 there exists a normal variety W with a
minimal glc structure and a finite surjective glc stratified morphism o : W — W.
By induction on dim X we obtain that W is DB. Then by 4] it follows that the
normalization of W is DB as well. Note that W is normal, but may not be the
normalization of W, however o factors through the normalization morphism.

Let 7' C 7 be a subset such that T = U W and W ¢ W' for any W, W' € 7.

weg’
Then let 7' = H W and let 7: T — T be the natural morphism. Observe that
wey’
as the W have DB singularities, so does f, and then by ([Z4)) it follows that for the
normalization of T, 7 : T — T, T is DB as well. Next let Z C T be the conductor
subscheme of T and let Z be its preimage in T. Then since T is seminormal, both
Z and Z are reduced and

(6.2.1) Izt = oI 5 i

Claim 6.22. Let I' C T be a reduced subscheme that contains the conductor Z
and let I" be its preimage in 7. Then Srcr C Or C 7,04 is also a 7,0 ideal, i.e.,
ngT = fr‘gT ©Tx ﬁf In particular,

(623) jFQT = T*ffgf.

Proof. If ¢ = Srcr is a 7,05 ideal, then ([6.2.3) follows, so it is enough to prove
the first statement. Let & = Szcp. Clearly, ¢ - ’T*ﬁf Cc 7. T*ﬁf = 97 C Or.

Then ¢ -7.05 C OrN .,/ ¢ - 1.0z, which is equal to /_¢ by [AM69, 5.14]. In
turn, /_# = _# by assumption, so we have that ¢ - 7.0 C #. O
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By (G.8)) Z is contained in a union of f-qlc strata whose dimension is smaller
then dim 7. Replace Z by this union and Z by its reduced preimage on T. Then Z
is DB by induction on dim T'. In the sequel we are only going to use one property of
Z that followed from being the conductor, namely the equality in (62.1]). However,
by ([6-Z2) this remains true for the new choice of Z. Next let Z = (71 Z)eq C T
be the reduced preimage of Z (as well as of Z ) in T. The following diagram shows
the connections between the various objects we have defined so far:

normal, admits e - - .
minimal qlc structure H W = T D) Z e preimage of Z
FIDEE <o eeevee e > 3 T D e preimage of Z

.
/ ----- normalization of T

X B UW -7 5 Z I the smaller dimensional union of f-qlc

strata containing the conductor of T

As we replaced the conductor with a union of f-qlc strata it was contained in
and as each W admits a minimal qlc structure compatible with the part of the
minimal qlc structureof X that hes in T, it follows that 7 is also a union of qlc
strata on T and the morphism Z — Z is a qlc strat1ﬁed morphism. Then since
dim7 < dim X, by replacing X with T shows that Z is DB by induction on dim X.
In turn this implies that Z is DB by 2.

Therefore, by now we have proved that T, Z, and 7 all have DB singularities,
so by using (622) and (L8) we conclude that T is DB as well.

Now assume that X = T and hence X = T = T. Let f : (Y,A) — X be
a minimal glc structure and W = f(nklt(Y,A)). By (GI) we may assume that
W # X by replacing X by a finite cover. Note that by (Z4)) it is enough to prove
that this finite cover is DB.

Then let m: Y — Y be a log resolution and F:= (f o)1 (W), an snc divisor.
By (@) the natural map ¢ : S = f.O0y(—F) — Rf.Oy(—F) has a left inverse.
Finally, () implies that T'= X is DB. O

Definition 6.3. Let ¢ : X — B be a flat morphism. We say that ¢ is a DB family
if X3 is DB for all b € B.

Definition 6.4. Let ¢ : X — B be a flat morphism. We say that ¢ is a family with
potentially lc fibers if for all closed points b € B there exists an effective Q-divisor
Dy, C Xj such that (X,, Dy) is log canonical.

Definition 6.5 ([KM98| 7.1]). Let X be a normal variety, D C X an effective Q-
divisor such that Kx + D is Q-Cartier, and ¢ : X — B a non-constant morphism to
a smooth curve B. We say that ¢ is a log canonical morphism, or an lc morphism,
if (X,D + X3) is lc for all closed points b € B.

Remark 6.6. Notice that for a family with potentially lc fibers it is not required
that the divisors Dy, also form a family over B. On the other hand, if ¢ : X — B is
a family with potentially lc fibers, B is a smooth curve and there exists an effective
Q-divisor such that Kx + D is Q-Cartier and D|Xb = Dy, then ¢ is an lc morphism

by inversion of adjunction [Kaw(7].
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Further, observe that if ¢ : (X, D) — B is an lc morphism, then for any b € B,
choosing (Y, A) = (X, D+ X,) and f: (Y,A) — X, the identity of X gives an f-qlc
stratification of X such that X} is a union of f-qlc strata. In particular, it follows
by ([62) that X, is DB. Note that if X, is reducible, then (L) would not suffice
here.

Corollary 6.7. Let ¢ : X — B be either a family with potentially lc fibers or an
lc morphism. Then ¢ is a DB family.

Proof. Follows directly from (G.2]). O

7. INVARIANCE OF COHOMOLOGY FOR DB MORPHISMS

The following notation will be used throughout this section.

Notation 7.1. Let 7 : Pg — B be a projective N-space over B, ¢t : X — Pg a closed
embedding, and ¢: = 7 o ¢. Further, let &,(1) be a relatively ample line bundle
on P&, and denote by wj the relative dualizing complex #'Op and by h*i(w(;)

its —i*" cohomology sheaf. We will also use the notation wy: = h*”(w(;), where

n = dim(X/B). Naturally, these definitions automatically apply for 7 in place of
¢ by choosing ¢ = idpg.
Lemma 7.2. Let b€ B. Then
hii(wq;) ~ f?(tg;i(ﬁx,wﬂ) and  h7'(wk,) ~ Z}(“t[g{i(ﬁxb,wpév).
B b

In particular, h’i(w(;) =0 and h™"(wy,) =0 ifi <0 ori> N.
Proof. By Grothendieck duality ([Har66, VII.3.3]; cf. [Har77, II1.7.5]),
™ (wy) :h_i(ﬂ(}[ompg (Ox,w.)) zh_i(ﬂ.’]{ompg (Ox,wz)|[N]) =~ f?(t]gg—i(ﬁx, Wr)-
The same argument obviously implies the equivalent statement for h_i(w;(b).

Furthermore, clearly Z?(%N(ﬁx,wﬂ) =0 and Z?(t%,N(ﬁXb,wpiv) =0if j <0 and

B b
hence h™(w}) = 0 and h™*(w,) = 0 if i > N. Since P}’ is smooth and thus all
the local rings are regular, it also follows that E %N(ﬁxb,wpg) =0if j > N and
. b

hence h™*(w%,) = 0 if i <0.

Next, consider the restriction map [AKS0, 1.8],

g;i : Z;(tggi(ﬁx,wﬁ

)|Xb - th[JpYé\’ii(ﬁvaw]P‘bN)'

We have just observed that the target of the map is 0 if ¢ < 0. In particular, g;i is
surjective in that range. Then by [AK80, 1.9] ¢, is an isomorphism, and therefore
h_i(wq;)zoifi<0. O

Lemma 7.3. Let  be a coherent sheaf on X, i € N, and assume that Rim.(F (—q))
is locally free for ¢ > 0. Then

Ty Z;(tgg_i(ﬂ, wr(q)) ~ Homp (R, (F(—q)), Op) for g > 0.

Proof. Let ¢ > 0 and U C B be an affine open set such that Qfﬂ*(f(—q))’[] is
free. Then by [Har77, I11.6.7] and [Har66l I11.5.2],

HO(r (), ey (% 00(0))) = Bt (P (=), tom,)
~ HomU(Q{iw*ﬂ\(—q)‘U, Oy) ~ HO(U, Homp(Riw,.F (—q), Op)). O
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The following statement and its consequences will be needed in the proof of (7.3]).
It is likely known to experts, but we could not find an appropriate reference.

Lemma 7.4. Let Z be a complex scheme of finite type and ¢. : Z. — Z be a
hyperresolution. Let m: W — Z be a morphism such that . : W, : =W xz Z. —
W is also a hyperresolution. Let w; : W; — Z; be the morphisms induced by 7,
and assume that the natural transformation Ln*Rp., — Rip.  Lrs induces an
isomorphism

Lﬂ*ﬂfﬁ' *ﬁZ- =~ K:(/)‘ *Lﬂ-f ﬁZ. .
Then
L QY ~ QY.
In particular, if Z has only DB singularities, then W has only DB singularities.
Remark 7.4.1. See [Du81l [GNPPS88| [PS08|, [KS09| for details on hyperresolutions.

Corollary 7.5. Let Z be a complex scheme ofﬁnite type with only DB singularities
and let Z — Z be a smooth morphism. Then Z has DB singularities. O

Corollary 7.6. Let Z be a complex scheme of finite type with only DB singularities
and let H C Z be a general member of a basepoint free linear system. Then H has
DB singularities. ([

Corollary 7.7. Let Z be a complex scheme of finite type with only DB singularities
and A be a semi-ample line bundle on Z. Let m : W — Z be the cyclic cover
associated to a general section of M™ for some m > 0; cf. [KM98| 2.50]. Then W
has only DB singularities.

Proof. One can easily prove that 7 satisfies the conditions of (4] or argue as
follows: By (ZH) the total space M of .# has DB singularities, and then the
statement follows by ([Z4]) applied to the embedding W C M [Kol95] 9.4]. O

Proof of ([T4). The hyperresolutions ¢. and . fit into the commutative diagram

Z. < W.

¢.l lw.

Z <~ w
We also obtain the following representations of the Deligne-Du Bois complexes of
Z and W:
Q% = R¢' *ﬁZo and Q?/V = R¢- *ﬁW. .
Then by assumption

Lr*Qy ~ Lr*Rp. Oz, ~ Rp. Li Oz, ~ R, Ow. ~ QY.

O

We will also need the base-change theorem of Du Bois and Jarraud [DJ74]
Théoreme]| (cf. [Du8ll, 4.6]):

Theorem 7.8. Let ¢ : X — B be a projective DB family. Then Rié.Ox is locally
free of finite rank and compatible with arbitrary base change for all i. O

The next theorem is our main flatness and base change result.
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Theorem 7.9. Let ¢ : X — B be a projective DB family and £ be a relatively
ample line bundle on X. Then

(7.9.1) the sheaves h_i(w{;) are flat over B for all i,

7.9.2) the sheaves ¢, (h™ " (w} )®.L7) are locally free and compatible with arbitrary
¢
base change for all i and for all ¢ > 0, and
(7.9.83) for any base change morphism ¢ : T — B and for all i,

(h_i(w(; ))T ~ h_i(w(;T).

Remark 7.9.4. For a coherent sheaf .# on X, the pushforward ¢..%# being compat-
ible with arbitrary base change means that for any morphism ¢ : T — B,

(6.%)y = (61). Fr.
In particular, (Z9I2]) implies that for any 9 : T — B,

(007" (03) 0 27), = (o). (B (w3) 027 ).
Combined with (CIB)), this means that for any ¥ : T'— B,

(7.9.5) (qb*(h’i(w(;) ® fq))T ~ (qu)*(h’i(w(;T) ®ZLh.

Proof of (9). We may asssume that B = Spec R is affine. By definition, £™ is
relatively generated by global sections for all m > 0. For a given m € N, choose a
general section ¥ € H(X,.#™) and consider the Ox-algebra

m—1 oo
=P 27 ~ @g—jtﬂ'/(tm =)
§=0 §=0

as in [KMO98| 2.50]. Let Y™: = Specy %, and let 0 : Y — X be the induced
finite morphism. Then

m—1

j=0
for all 4 and all b € B. Note that by construction, this direct sum decomposition
is compatible with arbitrary base change. By (1), ¢ o o is again a DB family and
hence R (¢ o 0).Oym is locally free and compatible with arbitrary base change by
(TR). Since ¢ is flat and .Z is locally free, it follows that then R!¢..Z 7 is locally

free and compatible with arbitrary base change for all ¢ and for all j > 0. Then
taking .# = Ox and applying [Har77, 111.6.7], (Z2), and ([Z3), we obtain that

(7.9.6) P (h ™ (wy) ® L) ~ Homp(R' ¢ L~ Op)  for ¢>> 0.

This proves ([I2]), and then ([ZI]) follows easily by an argument similar to the
one used to prove the equivalence of (i) and (i%) in the proof of [Har77) 111.9.9).

To prove ([CAB) we will use induction on i. Notice that it follows trivially for
i < 0 (and i > N, but we will not use that fact) by (ZZ), so the start of the
induction is covered. Consider the pull back map,

o'+ (Extpy (Ox,wn)) = Extpn ' (Oxprwpy) -

(hi@2)), ")
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By the inductive hypothesis g;j is an isomorphism, and Z?(té,YN_j(ﬁ X,Wr) = h™J (wg)
B

is flat over B by (ZZ9]). Then by [AKS0, 1.9], Q;(j 1 s also an isomorphism. This
proves ([CIB). O

Lemma 7.10. Let X be a subscheme of PV, F a coherent sheaf on X and N a
fized line bundle on PN . Then F is Sy at = if and only if Extyn (F, N )z =0 for
allj > N — k.

Proof. Since Opn , is a regular local ring,

d:= depthﬁxym Gy = depthﬁw\,ym Fy = N — proj dimﬁw\,ym G
Therefore, d > k if and only if EX‘C% (Fpy Ny)=0forall j >N —k. O
]F’N,ac

Using our results in this section we obtain a criterion for Serre’s Sy condition,
analogous to [KM98|, 5.72], in the relative setting.

Theorem 7.11. Let ¢ : X — B be a projective DB family, x € X and b = ¢(x).
Then Xy is Sk at x if and only if

W' (wh)e=0  fori<k.
Proof. Let # = Ox,, j = N —iand ./ = wpy. Then (Z3) and (ZI0) imply that

X, is Sy at x if and only if hil(w)'(b)z = 0 for ¢ < k. Then the statement follows
from (Z98]) and Nakayama’s lemma. O

The following result asserts the invariance of the S property in DB families:

Theorem 7.12. Let ¢ : X — B be a projective DB family and U C X be an open
subset. Assume that B is connected and the general fiber Uy, of ¢‘U 15 Sk. Then

all fibers Uy of ¢|U are Sy,.

Proof. Suppose that the fiber U, of ¢‘U is not Sk. Then by ([ZII)) there exists an
i < k such that h™"(w;, ), # 0 for some z € Up. Let Z be an irreducible component
of supp h™*(w;, ) such that ZNUy # 0. Tt follows that ZNU is dense in Z. By (Z9)
h_i(qu)) is flat over B, and thus Z and then also Z N U dominate B. However,
that implies that ZNUs,,, # (), contradicting the assumption that Ub,en 18 Sk, and
hence the proof is complete. (I

As mentioned in the Introduction, our main application is the following.

Corollary 7.13. Let ¢ : X — B be a projective family with potentially lc fibers
or a projective lc morphism and let U C X be an open subset. Assume that B is

connected and the general fiber Uy, of ¢|U is Sk (resp. CM). Then all fibers Uy, of
QS}U are Sy (resp. CM).

Proof. Follows directly from (€2) and (Z12). O

The following example shows that the equivalent statement does not hold in
mixed characteristic.

Example 7.14 (Schréer). Let S be an ordinary Enriques surface in characteristic 2
(see [CD8Y, p. 77] for the definition of ordinary). Then S is liftable to characteristic
0 by [CD89, 1.4.1]. Let n: Y — Spec R be a family of Enriques surfaces such that
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the special fiber is isomorphic to S and the general fiber is an Enriques surface of
characteristic 0.

Let ¢ : Z — Spec R be the family of the projectivized cones over the members
of the family n. Ie., for any ¢t € Spec R, Z, is the projectivized cone over Y;.
Since Ky, =0 for all ¢t € Spec R, we obtain that ¢ is both a projective family with
potentially lc fibers and a projective lc morphism. By the choice of 7, the dimension
of the cohomology group H! (Y}, Oy,) jumps: it is 0 on the general fiber and 1 on
the special fiber. Consequently, by (.I3)), the general fiber of ¢ is CM, but the
special fiber is not.

Recall the following CM condition used in the above example:

Lemma 7.15. Let E be a smooth projective variety over a field of arbitrary charac-
teristic and let Z be the cone over E. Then Z is CM if and only if h'(E, Og(m)) = 0
for0<i<dimFE and m € Z.

Proof. See [Kol08, Ex. 71] and [Kov99, 3.3]. O

The most natural statement along these lines would be if we did not have to
assume the existence of the projective compactification of the family U — B. This
is related to the following conjecture, which is an interesting and natural problem
on its own:

Conjecture 7.16. Let v : U — B be an affine, finite type lc morphism. Then there
exists a base change morphism ¥ : T — B and a projective lc morphism ¢ : X — T
such that Up C X and tp = ¢|UT.

We expect that ([I6) should follow from an argument using MMP techniques,
but it might require parts that are at this time still open, such as the abundance
conjecture. On the other hand, (CI6]) would clearly imply the following strength-

ening of (ZI3):

Conjecture-Corollary 7.17. Let vy : U — B be a finite type lc morphism. Assume
that B is connected and the general fiber of v is Sy (resp. CM). Then all fibers are
Sk (resp. CM).
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