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Some answers to practice problems for Midterm I
Math 126, Section A
January, 2007

(a) Find the quadratic approximation for the function f(z) = In(x) based at e.
Answer. Ty(x) =14 2= — (z—e)?

2e2
(b) Use the polynomial from (a) to estimate In(3). Compute the error bound for your
approximation. Give your answers in both exact and decimal forms.

Answer. Tp(3) = 14 3¢ — G9° — 1 098,

For Taylor’s inequality we can take M = 2/e® which is the maximum of (In(z))"”
on the interval [e, 3]. Hence, |In(3) — T3(3)] < %(3 —e)? = G —0.15

3e3

2. Let f(z) = €%, and let T, (x) be the n'® Taylor polynomial for f(x) based at a = 0.

Find n such that the error |T,,(xz) — e*| < 0.001 on the interval I = [—1,1].
Answer. T, (z) =1+z+ % + %3 + % +...+ %1 We also have the Taylor’s inequality

|Tn _ ea:| S |:E|n+1

(n+1)!

where | f""!(x)| < M on the interval I. Since f"*!(z) = €%, and the interval is [—1, 1],

we can take M = e. Hence, the error for |T,,(z) — €*| is bounded by ﬁm” On
the interval [—1, 1] we have |z"| < 1, and hence the error is further bounded by i

n+1)!"
Thus, we need to find n such that

e
—— < 0.001.
(n+1)! = 0.00

Using “trial-and-error” method (i.e. plugging in n = 1,2,... into the formula for the
error) we find that n > 6 works.

3. Find Taylor series and the interval of convergence for the following functions

(a) f(r)=+Lt5atb=0

(1—z)3

Answer. ( —195)3 — (2( 1 ))// _ %(%: :Bk)// _ %(Z k(k . 1)27k_2) _

1 11—z 5

% (k+1)2(k:+2) $k

22 —3z—

Answer. Using partial fractions, we get

. Converges when |z| < 1.

x?—3x—4 T 1

(20 —3)(22+4) 2244 2z—3
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Now we compute the Taylor series for each summand separately:

T x 1 _z = ka2t = k a2ktl
244 Z(l—(—%)) - ZZ(_l) 4k %(_1) 4k+1 ) |ZL‘| <2

1 1 _
C 20-3  3(1-2z) 3k+1’ ‘ ’ < 3/2
z2—3zx—4 _ ka2ktl = 2kghk . 3 3
Hence, o5tz = %:(—1) Tt 20: writ, interval of convergence (—3,3)

flx)=e*2atb=2

3r—2 __ X et3k(z—2)F
Answer. e =) —— , converges everywhere.
5 !

f(x)=1—6x+22'" — 2% at b= 0.

Answer. 1 — 6z + 2z'7 — 2%

f(x) = cos?*(z) at b= 0

Answer. Use double angle formula: cos?(z) = H%S(m We get

cos’ (@) = §(1+(1— CF + B - GR 4 )) = j- B+ GF B+ ) =

I+ Z( )“% ,:) | converges everywhere.

f(x) = cos(x?)

at b=10
Answer. cos(z?) = (- 1)’“%, converges everywhere.
: I

f(z) =xe” at a =2
Answer. First, make substitution u = x — 2. Hence, x = u + 2, and we have

flu) = (u+ 2)€u+2 = wett? 4 242 = yete? + 2e%e? = cPuet + 2¢%e

Now, e? and 2¢? are constants. We can apply the series for e* to both summands:

—euz +2@2Z ZQ

Plugging in u = x — 2, we get the series in terms of x — 2:

o.9]
:Ze
0

) ZL’ - 2)n+1 00 )n

+Z26

The series converges everywhere.

Although this is not required here is the answer written with only one summation
sign:

x) = 2€2+§:62<<ni1)! + 3')(95 —2)"



() f(x) =] “Frdi

Solutlon. et :1+t+§+§+%+...,hence
et—1:t+%+§+%+...,hen0e

et —1 t ot >t
=1 —
t +2+3+4'+ Z(n—{—l)!’
converges everywhere. Integrating, we get
et — 1 2 x? 3 xt "
= dt = / 1 Lt = L
J(2) = 0/ +2+3'+4'+ ”2 MR TY AT
Alternatively, switching to the summation notation right away, we have
€ -1 oo xn+1 00 n
dt = / / = =
fl) = 0/ Z +1 Z Z(n+1)(n+1)! len(n'

4. Let f(z) = 22In(1 + 23).
(a) Find the Taylor series for f(x) based at b = 0.

x 1 3k+2
Answer. f(z) = 21:(—1)k te——

(b) Explicitly compute the coefficient by x!'7 in the Taylor expansion from (a).
Answer. To get the coefficient by z'7 in the series above, we use k = 5 since
3% 5+ 2= 17. Computing the coefficient for k = 5, we get (—1)*/5.

(c) Find f17(0).
Answer. By the Taylor formula, the coefficient by x!7 in the series above equals
f17(0)/17!. Hence, we have the equation f17(0)/17! = 1/5. We obtain f'7(0) =
171/5.

5. Find the fourth Taylor polynomial based at b = 0 of the function f(z) = 5—
differentiating.

Answer. Ty(z) = —(1 + 22% + 2z*)

2
6. Approximate the integral [ sin(z?)dz using the first three non-zero terms of the Taylor
0
series.

Answer. First, we write the first 3 non-zero terms of the Taylor series for sin(z?):

6 10
g T T

ST

and now integrate
11

2 9 210 3 7 2 128 2048
Of(x _§+ Sr)de = (5 — 25 + 10|, = ~1.17

B T 1320 —

8 _
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8. Let u = (3,2,—1), v = (2,—2,2). Find a unit vector w perpendicular to both % and .

9.

10.

Answer. (=, - ——2 ) or (—

(a)

(b)

(a)

1 4 5
VB VB TV 7B V5 Vi)

Check if the points A = (5,1,3), B = (7,9,—1), C = (1,—15,11) are colinear in

TWO different ways.

Answer. Yes.

Now let A = (1,2, -3), B = (3,4,—-2), C' = (3, —2,1). Check whether the triangle

ABC has an obtuse angle. Find the area of the triangle.

Answer. This is a right triangle, the area is 9.

Show that the equation
P4y =4+
represents a sphere, and find its center and radius.

Answer. Completing squares, we get 2% +y? + 2% —dr — 2z = (x — 2)? + > + (2 —
1/2)?> — 4 — 1/4. Hence, the equation of the sphere is

(x—22+y*+(z—1/2)*=17/4

Center: (2,0,1/2), radius R = v/17/2.
Check that the point A = (4,0,1) is on the sphere from (a). Then show that the
point B = (3,2,5) belongs to the plane tangent to the sphere at the point A.

Hint: Tangent plane to the sphere at the point A is perpendicular to the radius
connecting the center to the point A.



