ELEMENTARY SUBALGEBRAS OF LIE ALGEBRAS

JON F. CARLSON*, ERIC M. FRIEDLANDER*, AND JULIA PEVTSOVA*

ABSTRACT. We initiate the investigation of the projective variety E(r,g) of
elementary subalgebras of dimension r of a (p-restricted) Lie algebra g for
some r > 1 and demonstrate that this variety encodes considerable information
about the representations of g. For various choices of g and r, we identify
the geometric structure of E(r, g). We show that special classes of (restricted)
representations of g lead to algebraic vector bundles on E(r, g). For g = Lie(G)
the Lie algebra of an algebraic group G, rational representations of G' enable
us to realize familiar algebraic vector bundles on G-orbits of E(r, g).
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0. INTRODUCTION

We say that a Lie subalgebra ¢ C g of a p-restricted Lie algebra g over a field
k of characteristic p is elementary if it is abelian with trivial p-restriction. Thus,
if € has dimension 7, then € ~ g®" where g, is the one-dimensional Lie algebra
of the additive group G,. This paper is dedicated to the study of the projective
variety E(r, g) of elementary subalgebras of g for some positive integer r and its
relationship to the representation theory of g.

For r = 1, E(1, g) is the projectivization of the p-nilpotent cone N,(g); more
generally, E(r,g) is the orbit space under the evident GL,-action on the variety
of r-tuples of commuting, linearly independent, p-nilpotent elements of g. Our
investigation of E(r, g) and its close connections with the representation theory of
g can be traced back through the work of many authors to the fundamental papers
of Daniel Quillen who established the important geometric role that elementary
abelian p-subgroups play in the cohomology theory of finite groups [Q72].
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We have been led to the investigation of E(r, g) through considerations of co-
homology and modular representations of finite group schemes. Recall that the
structure of a restricted representation of g on a k vector space is equivalent to the
structure of a module for the restricted enveloping algebra u(g) of g (a cocommuta-
tive Hopf algebra over k of dimension pdim(g)). A key precursor of this present work
is the identification of the spectrum of the cohomology algebra H*(u(g), k) with the
p-nilpotent cone N,(g) achieved in [FP83], [Jan86], [AJ84], [SFB2]. It is inter-
esting to observe that the theory of cohomological support varieties for restricted
g-representations (i.e., u(g)-modules) as considered first in [FP86] has evolved into
the more geometric study of m-points as introduced by the second and third au-
thors in [FPO7]. This latter work closed a historical loop, relating cohomological
considerations to earlier work on cyclic shifted subgroups as investigated by Everett
Dade [D78] and the first author [C83].

For r > 1 and g the Lie algebra of an algebraic group G, E(r,g) is closely
related to the spectrum of cohomology of the r-th Frobenius kernel G,y of G (see
[SFB1] for classical simple groups G; [M02], [S12] for more general types). Work of
Alexander Premet concerning the variety of commuting, nilpotent pairs in g [P03]
gives considerable information about E(2,g). Much less is known for larger r’s,
although work in progress indicates the usefulness of considering the representation
theory of g when investigating the topology of E(r, g).

Although we postpone consideration of Lie algebras over fields of characteristic
0, we remark that much of the formalism of Sections 1, 3, 5, and 6 and many of
the examples in Sections 2 and 6 are valid (and often easier) in characteristic 0.
On the other hand, some of our results and examples, particularly in Section 4 and
Section 7, require that k£ be of positive characteristic.

We consider numerous examples of restricted Lie algebras g in Section 1, and
give some explicit computations of E(r, g). Influenced by the role of maximal ele-
mentary abelian p-subgroups in the study of the cohomology of finite groups, we
are especially interested in examples of E(r, g) considered in Section 2 for which r
is maximal among the dimensions of elementary subalgebras of g. For simple Lie
algebras over a field of characteristic 0, Anatoly Malcev determined this maximal
dimension [Mal45] which is itself an interesting invariant of g. Our computations
verify that E(n?, gly,,) is isomorphic to the Grassmann variety of n planes in an 2n-

(n+1)n
2

Grassmannian of isotropic n-planes in a 2n-dimensional symplectic vector space.
More generally, some computations are possible even for “non-classical” restricted
Lie algebras not arising from algebraic groups.

We offer several explicit motivations for considering E(r, g) in addition to the
fact that these projective varieties are of intrinsic interest. These motivations are
pursued in Sections 3 through 7 where (restricted) representations of g come to the
fore.

dimensional k-vector space and E ( ,5p2n) is isomorphic to the Lagrangian

e The varieties E(r, g) are the natural ambient varieties in which to define gen-
eralized support varieties for restricted representations of g (as in [FP10]).

e Coherent sheaves on E(r, g) are naturally associated to arbitrary (restricted)
representations of g.
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e For certain representations of g with “constant properties”, the associated
coherent sheaves are algebraic vector bundles on E(r, g). The classes of such special
representations merit further study. They generalize modules of constant Jordan
type and constant rank introduced in [CFP08], [FP10] and investigated in a recent
series of papers by several authors (see, for example, [Ball], [B10], [Ben2], [BP12],
[CF09], [CFS11], [F09], and others).

e Since E(r,g) is a projective variety with interesting geometry, the explicit
construction of algebraic vector bundles on E(r, g) from representations of g should
offer intriguing new examples.

e Calculations postponed to a forthcoming paper demonstrate how the inves-
tigation of the Zariski topology on E(r, g) can be informed by the representation
theory of g.

The isomorphism type of the restriction e*M of a u(g)-module M to an elemen-
tary subalgebra € of dimension 1 is given by its Jordan type, a partition of the
dimension of M. On the other hand, the classification of indecomposable mod-
ules of an elementary subalgebra of dimension r > 1 is a wild problem (except
in the special case in which » = 2 = p), so that the isomorphism types of ¢*M
for e € E(r,g) do not form convenient invariants of a u(g)-module M. Following
the approach undertaken in [CFP12], we consider the dimensions of the radicals
and socles of such restrictions, dim Rad’(e*M) and dim Soc? (e* M), for € € E(r, g)
and any j with 1 < j < (p — 1)r. As we establish in Section 3, these dimensions
give upper/lower semi-continuous functions on E(r, g). In particular, they lead to
“generalized rank varieties” refining those introduced in [FP10]. We achieve some
computations of these generalized rank varieties E(r, g) as for u(g)-modules M which
are either L modules or induced modules.

One outgrowth of the authors’ interpretation of cohomological support varieties
in terms of m-points (as in [FP07]) is the identification of the interesting classes of
modules of constant Jordan type and constant j-rank for 1 < j < p (see [CFP08]).
As already seen in [CFP12], this has a natural analogue in the context of elementary
subalgebras of dimension r > 1. In Section 4, we give examples of u(g)-modules
of constant (r, j)-radical rank and of constant (r, j)-socle rank, typically adapting
constructions for modules of constant Jordan type. We anticipate that the inves-
tigation of such modules which are not equipped with large groups of symmetries
may provide algebraic vector bundles with interesting properties.

In Section 5, we consider locally closed subvarieties X C E(r,g). We associate
to any u(g)-module M various coherent sheaves on X: for each 1 < j < (p — 1)r,
we construct image and kernel sheaves Zm/X (M) and KerX (M). These coherent
sheaves are presented in terms of local data in Theorem 5.8 and shown in Theorem
5.18 to be equivalent to sheaves arising from equivariant descent. The fibers of
these sheaves are related in Proposition 5.10 to the radicals and socles of ¢*M for
e € E(r,g). We use the notation Zm/ (M) and Ker/ (M) to denote Zm/X (M) and
Ker?X (M) in the special case in which X = E(r, g). If M has constant (r, j)-radical
rank for some 5, then Zm/ (M) is an algebraic vector bundle on E(r, g); similarly, if
M has constant (r, j)-socle rank, then Ker/ (M)) is an algebraic vector bundle.

If X =G-eCE(r,g) is a G-orbit and M a rational G-module, these coherent
sheaves are G-equivariant algebraic vector bundles on X. For such a G-orbit X,
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we identify the vector bundle Zm?X (M) (respectively, Ker»X (M)) in Theorem
6.5 as the vector bundle obtained by inducing to G the representation of H =
Stabg(e) € G on Rad’(e*M) (respectively, Soc? (e*M)). Using this identification
and the examples discussed in earlier sections, we realize many familiar vector
bundles as image and kernel bundles associated to rational G-modules.

The last Section 7 is devoted to the vector bundles which arise from the semi-
direct product of an algebraic group H with a vector group associated to a ra-
tional representation W of H. We consider image and kernel bundles for (non-
rational) representations of gw,y = Lie(W x H). Many of the examples of our
recent paper [CFP12] are reinterpreted and extended using this construction. As
we show in Theorem 7.9 and its corollary, all homogeneous bundles on H-orbits
inside Grass(r, W) C E(r, gw,u) are realized as image bundles in this manner.

Throughout, k is an algebraically closed field of characteristic p > 0. All Lie
algebras g considered in this paper are assumed to be finite dimensional over k and
p-restricted; a Lie subalgebra h C g is assumed to be closed under p-restriction.
Without explicit mention to the contrary, all u(g)-modules are finite dimensional.

We wish to thank Steve Mitchell and Monty McGovern for very useful discussions
pertaining to the material in Section 2, and Burt Totaro for providing a reference
necessary for simplifying our geometric assumptions in Section 6.

1. THE SUBVARIETY E(r,g) C Grass(r,g)

We begin by formulating the definition of E(r,g) of the variety of elementary
subalgebras of g and establishing the existence of a natural closed embedding of
E(r,g) into the projective variety Grass(r,g) of r-planes of the underlying vector
space of g. Once these preliminaries are complete, we introduce various examples
which reappear frequently.

Let V be an n-dimensional vector space and r < n a positive integer. We
consider the projective variety Grass(r,V) of r-planes of V. We choose a basis
for V, {v1,...,v,}; a change of basis has the effect of changing the Pliicker em-
bedding (1.1.2) by a linear automorphism of P(A"(V)). We represent a choice
of basis {uq,...,u,} for an r-plane U C V by an n x r-matrix (a;;), where
u; = 2?21 a; V5. Let M‘,’L’T C M, denote the open subvariety of the affine space
M, >~ A" consisting of those n X r matrices of rank r and set p : My, —
Grass(r, V) equal to the map sending a rank r matrix (a; ;) to the r-plane spanned
by {Z?;l A 1V4y -« vy Z?:l ai)rvi}.

We summarize a few useful, well known facts about Grass(r, V'). Note that there
is a natural (left) action of GL, on M, , via multiplication by the inverse on the
right.

Proposition 1.1. For any subset ¥ C {1,...,n} of cardinality r, set Usx C
Grass(r, V) to be the subset of those r-planes U C V with a representing n X r
matriz Ay whose r X r minor indexed by ¥ (denoted by ps(Ay)) is non-zero.
e p: M2, — Grass(r,V) is a principal GL,-torsor, locally trivial in the
Zariski topology.
e Sending an r-plane U € Usx to the unique n X r-matric AE whose -
submatriz (i.e., the r x r-submatriz whose rows are those of AL indexed
by elements of X) is the identity determines a section of p over Us:

(111) Sy : Ug — ngn
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o The Plicker embedding
(1.1.2) p : Grass(r, V) = P(A"(V)), U+ [ps(Av)]

sending U € Uy, to the (:) -tuple of r x r-minors ofAE is a closed immersion
of algebraic varieties.

e Uy, C Grass(r, V) is a Zariski open subset, the complement of the zero locus
of px, and is isomorphic to ATV,

Elementary subalgebras as defined below play the central role in what follows.

Definition 1.2. An elementary subalgebra € C g of dimension r is a Lie subalgebra
of dimension r which is commutative and has p-restriction equal to 0. We define

E(r,g) = {e Cg: € elementary subalgebra of dimension 7}

We denote by N, (g) C g the closed subvariety of p-nilpotent elements (i.e., z € g
with z[P! = 0), by N;(8) C (Np(g))*" the variety of r-tuples of p-nilpotent, pairwise
commuting elements of g, and by N (g)° C N, (g) the open subvariety of linearly
independent r-tuples of p-nilpotent, pairwise commuting elements of g.

Proposition 1.3. Let g be a Lie algebra of dimension n. Forgetting the Lie algebra
structure of g and viewing g as a vector space, we consider the projective variety
Grass(r,g) of r-planes of g for somer, 1 <r <n. There exists a natural cartesian
square

(1.3.1) N (g)°— M, ,(g)°

! l”

E(r, g)——— Grass(r, g)

whose vertical maps are GL.-torsors locally trivial for the Zariski topology and
whose horizontal maps are closed immersions. In particular, E(r,g) has a natural
structure as a projective algebraic variety.

If G is a linear algebraic group with g = Lie(G), then E(r,g) — Grass(r,g) is
a G-stable embedding.

Proof. The horizontal maps of (1.3.1) are the evident inclusions, the left vertical
map is the restriction of p. Clearly, (1.3.1) is cartesian; in particular, NJ (g)° C M, .
is stable under the action of GL,..

To prove that E(r,g) C Grass,(g) is closed, it suffices to verify for each ¥ that
(E(r,g) " Us) C Usx is a closed embedding. The restriction of (1.3.1) above Us
takes the form

(1.3.2) Ng(g)o ﬂp_l(Uz) 4)])—1((]2) —— Us. x GL,
l Pk
E(’I",g) NUy ——— Uy, ———Us,

Consequently, to prove that E(r,g) C Grass,(g) is closed and that J\/‘Tf(g)o —
E(r,g) is a GL,-torsor which is locally trivial for the Zariski topology it suffices to
prove that NV (g)° C M, ,. is closed.

It is clear that N (g) C M, , is a closed subvariety since it is defined by the

vanishing of the Lie bracket and the p-operator (—) [Pl both of which can be expressed
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as polynomial equations on the matrix coefficients. Hence, N} (g)° = N} (g) "M, .
is closed in My ,.

If g = Lie(G), then the (diagonal) adjoint action of G on n x r-matrices g®" sends
a matrix whose columns pair-wise commute and which satisfies the condition that
(=) vanishes on these columns to another matrix satisfying the same conditions
(since Ad : G — Aut(g) preserves both the Lie bracket and the p*"-power). Thus,
E(r, g) is G-stable. O

Remark 1.4. Let V be a k-vector space of dimension n. Consider V = Spec S*(V#)
GJ™, the vector group on the (based) vector space V. Then Lie(V) ~ g@" and we
have an isomorphism of algebras

uw(LieV) ~ u(g®") ~ kfty,...,t.]/(#, ... 7).

Let E = (Z/p)*™ be an elementary abelian p-group of rank n and choose an em-
bedding of V' into the radical Rad(kE) of the group algebra of E such that the
composition with the projection to Rad(kFE)/Rad?(kE) is an isomorphism. This
choice determines an isomorphism

u(Lie(V)) & kE.

With this identification, the investigations of [CFP12] will be seen to be a special
case of considerations of this paper.

Example 1.5. For any (finite dimensional, p-restricted) Lie algebra,
E(1,g) ~ Projk[Ny(g)]

as shown in [SFB2], where k[N, (g)] is the (graded) coordinate algebra of the p-null
cone of g. If G is reductive with g = Lie(G) and if p is good for G, then N, (g) is
irreducible and equals the G-orbit G-u of the nilpotent radical of a specific parabolic
subalgebra p C g (see [NPV02, 6.3.1]).

Example 1.6. Let G be a connected reductive algebraic group, let g = LieG,
and assume that p is good for G. As shown by A. Premet in [P03], N7 (g)
is equidimensional with irreducible components enumerated by the distinguished
nilpotent orbits of g; in particular, ./\/5 (gl,,) is irreducible. This easily implies that
E(2,g) is an equidimensional variety, irreducible in the special case g = gl,,. Since
dimE(2,g) = dimN?(g) — dim GLy, dimE(2,g) = dim[G,G] — 4. In particular,
E(2, gl,,) has dimension n? — 5 for p > n.

Example 1.7. Let us C gl; denote the Lie subalgebra of strictly upper triangular
matrices and take 7 = 2. Then a 2-dimensional elementary Lie subalgebra € C ug is
spanned by E; 3 and another element X € us not a scalar multiple of E; 3. We can
further normalize the basis of € by subtracting a multiple of F 3 from X, so that
X =a12E1 2 +as 3L 3. Thus, 2-dimensional elementary Lie subalgebras € C u are
in parametrized by points (aj2,az3) € P!, so that E(2,u3) ~ PL.

In this case, ug is the Lie algebra of the unipotent radical of the Borel subgroup
B; C GL3 of upper triangular matrices. With respect to the action of Bs on
E(2,u3), E(2,u3) is the union of an open dense orbit consisting of regular nilpotent
elements of the form ai2F1 2 + a2 3FE2 3, with a12 # 0 # az3; and two closed
orbits. The open orbit is isomorphic to the 1-dimensional torus G,, C P! and the
two closed orbits are single points {0}, {oo}.

~
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Remark 1.8. The action of B3 on € € E(2,u3) is implicitly taken to be the restric-
tion of the adjoint action of GL3 on gl; (which has the property that Bs stabilizes
ug). In the examples that follow, we consistently use the adjoint action of an alge-
braic group G on E(r, g) where g = Lie(G).

Example 1.9. We consider the algebraic group G = GL,, and some r, 1 <7 < n.
Let u,,,—, C gl, denote the Lie subalgebra of n x n matrices (a; ;) with a; ; =0
unless 1 <i <7, r4+1<j <n. Then u,,_, C gl, is an elementary subalgebra
of dimension r(n — r). The argument given in [MP87, §5] applies in our situation
to show that u, ,_, is a maximal elementary subalgebra (that is, not contained in
any other elementary subalgebra).

Let X C E(r(n — r), gl,,) denote the GL,,-orbit of u, ,_,. Let P, be the standard
parabolic subgroup of GL,, defined by the equations a;; =0 for ¢ > r,j7 < n —r.
Since P, is the stabilizer of u, ,_, under the adjoint action of GL,,, X = G-y, >
GL,, /P, ~ Grass,, . Since X is projective, it is a closed GL,-stable subvariety of
E(r(n—r),gl,).

We next give examples of restricted Lie algebras which are not the Lie algebras
of algebraic groups.

Example 1.10. Let ¢ : gly,, — k be a semi-linear map (so that ¢(av) = aP¢(v)),
and consider the extension of p-restricted Lie algebras, split as an extension of Lie
algebras (see [FP83, 3.11]):

(1.10.1) 0=k —gly, —gly, =0, (b2)P=(p)az?).

Then E(n? +1, 5[%) can be identified with the subvariety of Grassy, , consisting
of those elementary subalgebras € C gl,,, of dimension n? such that the restriction
of ¢ to € is 0 (or, equivalently, such that e is contained in the kernel of ¢).

In Section 7, we shall see that the following semi-direct product construction
leads to many of the examples of algebraic vector bundles obtained in [CFP12].

Example 1.11. (1). Consider the general linear group GL, and let V be the
defining representation. Let V be the vector group associated to V' as in Remark 1.4.
We set

(1.11.1) Gin 2L

def

V x GLn, 9gi,n Lie Gl,n

Any subspace ¢ C V of dimension r < n can be considered as an elementary
subalgebra of g ,,. Moreover, the G ,-orbit of € € E(r, g1,,) can be identified with
the Grassmannian Grass(r, V') of all r-planes in V.

(2). More generally, let H be an algebraic group, W be a rational representation
of H, and W be the vector group associated to W. Let G = W x H, and let
h = LieH. A subspace ¢ C W of dimension r < dimW can be viewed as an
elementary subalgebra of . Moreover, the G-orbit of € € E(r, ) can be identified
with the H-orbit of € in Grass,.(W).

We conclude this section by giving a straightforward way to obtain additional
computations from known computations of E(r, g). The proof is immediate.

Proposition 1.12. Let g1,92,-..,8s be finite dimensional p-restricted Lie algebras
andletyg =g1D---Dgs. Then there is a natural morphism of projective varieties

(1.12.1) E(r1,91) X --- X E(rs,8s) — E(r,g), 7= Zria
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sending (€1 C g1,...,€6s C gs) to €1 D -+ - Des C g. Moreover, if r; is the mazimum
of the dimensions of the elementary subalgebras of g; for each i,1 <1 <'s, then this
morphism is an isomorphism.

Corollary 1.13. In the special case of Proposition 1.12 in which each g; ~ slo,
ri=---=rg=1, (1.12.1) specializes to

(PHY*" ~ E(r,sl).

Proof. This follows from the fact that E(1,sly) = Proj k[N (slz)] ~ P! (see, for
example, [FP11]). O

2. ELEMENTARY SUBALGEBRAS OF MAXIMAL DIMENSION

In this section, we explicitly determine E(r,g) for several families of p-restricted
Lie algebras g and r the maximal dimension of an elementary subalgebra of g. In
Proposition 2.3 we establish that E(n, g) for an extraspecial Lie algebra of dimension
2n — 1 is the Lagrangian Grassmannian LG;,,_1,—1. In Theorem 2.13, we get a
similar answer for the variety of elementary subalgebras of maximal dimension for
5Py,. Similarly, in Theorems 2.9 and 2.10 we identify these varieties for sl,, with
Grassmannians corresponding to maximal parabolics. In the last example of this
section we extend the calculation for the special linear Lie algebra to its maximal
parabolic. As an immediate application, we compute that E(r, g1,,) where g1 ,, is as
defined in Example 1.11(1) is the disjoint union of two Grassmannians of different
dimension for r = n(n + 1)/2. We also establish some general - and well-known to
the experts - results on cominuscule parabolics that will be used in Section 6.

As the study of maximal abelian subalgebras in complex semi-simple Lie alge-
bras has a long history we feel that we owe the reader a few comments connecting
some of the existing literature to our own investigations in the modular case. The
dimensions of maximal abelian subalgebras of a complex simple Lie algebra are
known thanks to the classical work of Malcev [Mal45]. It appears that the general
linear case was first considered by Schur at the turn of last century [Sch05]. De-
termination of the varieties of abelian subalgebras of maximal dimension also has
a large footprint in the literature although we were unable to find a reference that
would pin down precisely the calculation of E(r, g). The work that possibly comes
closest to our interests is the one of Barry [B79] who considered a similar problem
in the context of Chevalley groups. It was pointed out to us by S. Mitchell that
the idea of the proof of Theorems 2.9, 2.10, and 2.13 is very similar to the one used
in [B79] for the Chevalley group case (and also present in [MP87] for the general
linear group case).

Definition 2.1. We call a restricted Lie algebra g extraspecial if the center 3 of g
is one-dimensional and g/3 is an elementary Lie algebra.

Lemma 2.2. Let g be an extraspecial Lie algebra.
(1) The dimension of g is odd.
(2) There exists a basis
(221) {xla~~~xn717y13"'yn71»yn}

of g such that y, generates the one-dimensional center 3 of g and the fol-
lowing equations are satisfied for any i,5, 1 <i,7 <n—1:
(a) [zi, 2] = [yi,y;] = 0,
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(b) [zi,y5] = bijyn-
Proof. Let ¢ : g — g/3 = W be the natural quotient map. Because W is commuta-
tive, the commutator algebra [g, g] is in 3. Because g is not commutative, we have
that [g, g] = 3.

Let y,, be a generator of 3, and fix the corresponding linear isomorphism 3 ~ k.
Now we define a skew-symmetric bilinear form B(—,—) : W x W — 3 ~ k by
B(z,y) = [o(x),0(y)], where 0 : W — g is a k-linear right splitting of ¢. It is
easy to check that this form is well defined (does not depend on the choice of the
splitting o) and that it is bilinear and skew-symmetric. In addition, the form is
nondegenerate as otherwise the center of g would have dimension greater than one.
Hence, B defines a symplectic form on W. Therefore, W is even-dimensional and
can be written as W = X @Y, where X and Y are maximal isotropic subspace
with respect to the form B, and the pairing X xY — k given by (z,y) — B(x,y) is
nondegenerate. Moreover, we can find elements x1,...,Zn—1,%1,...,Yn, of g such
that o(z1),...,0(xn—1) is a basis of X, ©(y1),...,©(yn—1) is a basis of Y, and the
matrix for the bilinear form B with respect to these bases of X, Y has the standard

form
_ 0 In—l
=, )

with I,,_1 being the identity matrix (see, for example, [Lam, ch.1]).
We have thus shown that dimg = dimW + 1 is odd, and that the basis
{Z1, -y Tn—1,Y1,- - Yn,, Yn} satisfies the required conditions.
(Il

We recall that a subspace L of a symplectic vector space W is said to be La-
grangian if L is an isotropic subspace (i.e., if the pairing of any two elements of L
is 0) of maximal dimension. Consequently, if dim W = 2n, then dim L = n. We
denote by LG(n, W) the Lagrangian Grassmannian of W, the homogeneous space
parameterizing the Lagrangian subspaces of W. We note for future reference that
we have an isomorphism of varieties

LG(n, W) ~ Sp,,, /P,
where P,, is the unique standard cominuscule parabolic subgroup of Sp,,,.

Proposition 2.3. Let g be an extraspecial restricted Lie algebra of dimension 2n—1
with trivial restriction map. Equip W = g/3 with the symplectic form as in the proof
of Lemma 2.2.

(1) The maximal dimension of an elementary subalgebra of g is n.
(2) E(n,g) ~ LG(n—1,W).

Proof. We adopt the notation of the proof of Lemma 2.2 with ¢ : g = W = g/3
being the projection map. Observe that if a subalgebra € of g is elementary then ¢(e)
is an isotropic linear subspace of W. Since dim p(€) + dim ¢(e)+ = dim W (where
¢(€)* denotes the orthogonal complement with respect to the sympectic form) and
o(€) C p(e)* since p(e) is isotropic, we get that dimp(e) < (dimW)/2 = n — 1,
and, consequently, dime < n. Moreover, the equality holds if and only if €/3 is a
Lagrangian subspace of W. Hence, E(n,g) ~ LG(n — 1,W). O

Let G be a semi-simple algebraic group. We fix a maximal torus 7" and a subset
of simple roots A = {a1,...,a,} inside the root system ®, determining the Borel



10 JON F. CARLSON, ERIC M. FRIEDLANDER, AND JULIA PEVTSOVA

subgroup B and its unipotent radical U. We follow the convention in [Bur, ch.6] in
the numbering of simple roots.

Let g = LieG, b be the Cartan subalgebra, g = n~ @ h ® n be the standard
triangular decomposition. Denote by z, the root vector corresponding to the root
Q.

For a simple root @ € A, we denote by P,, p, the corresponding standard
maximal parabolic subgroup and its Lie algebra. It is easy to see that the following
unipotent radicals of certain parabolics give examples of extraspecial Lie algebras
with trivial restriction maps.

Example 2.4. (1) Let g = sl,4+1 and assume that p > 2. Let p C g be a
standard parabolic subalgebra defined by the subset I = {ao, ..., an_1} of
simple roots, that is, p=h® @  kz,, where ®; is the root subsystem

acd  Udt
of ® generated by the subset of simple roots I. Then the unipotent radical
u= @ kax, of pis an extraspecial Lie algebra with trivial restriction

a€PT\oF
of dimension 2n—1. In matrix terms, this is the subalgebra of strictly upper
triangular matrices with non-zero entries in the top row or the rightmost
column.
(2) Let g = spy,. Let p = po, be the maximal parabolic subalgebra corre-
sponding to the simple root ;. Let v, = 2a7 + ... + 2at,—1 + ¢, be the
highest long root, and let further

(241) ['31 :Oél+042+...+041‘, 'Yn—i :’)/nfﬂz
Then u,,, the nilpotent radical of p,, is an extraspecial Lie algebra with
trivial restriction and the basis {zg,, ..., 28, 1, Ty, 1;--, Ty s Ty, b SAbIS-

fying the conditions of Lemma 2.2.
(3) Type E7. Let p = p,,. Then the nilpotent radical of p is an extraspecial
Lie algebra with trivial restriction.

Definition 2.5. For « a simple root, the (maximal) parabolic P, is called comi-
nuscule if o enters with coefficient at most 1 in any positive root.

The following is a complete list of cominuscule parabolics for simple groups (see,

for example, [BLOO] or [RRS92]):

(1) Type A,. P, for any a € {aq,...,an}.
(2) Type B,. Pa,.
(3) Type Cy. P,, (ay, is the unique long simple root).
(4) Type D,,. P, for a € {aq,n—1,0n}.
(5) Type Eg. P, for a € {a1, ag}-

(6) Type E7. P,,.
For types FEg, Fy, G there are no cominuscule parabolics.

3
4
5

In the following lemma we remind the reader about the equivalent description of
cominuscule parabolics which also underscores their relevance to our consideration
of elementary subalgebras.

Lemma 2.6. [RRS92, Lemma 2.2] Let G be a simple algebraic group and P be a
proper standard parabolic subgroup. Assume p # 2 if ®(G) has two different root
lengths. Then the nilpotent radical of p = Lie(P) is abelian if and only if P is a
cominuscule parabolic.
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Corollary 2.7. Let P, be a maximal parabolic subgroup of a simple algebraic group
G, and assume p # 2 for types B, C. The nilpotent radical u of p = Lie(P) is an
elementary subalgebra if and only if P, is cominuscule.

Proof. If u is elementary then, in particular, it is abelian and, hence, P, is comi-
nuscule by Lemma 2.6. Assume P, is cominuscule of type A,B,C or D and consider
the standard embedding on g in gl,, (such as in [Hum, Ch.1]). In each case, the
nilpotent radical u embeds as a block subalgebra with square zero, hence, it is
elementary. The groups Ejg, E7 can be done by inspection. ([

Proposition 2.8. Let G be a simple algebraic group and P be a standard parabolic
subgroup of G. Let p = Lie(P) and u be the nilpotent radical of p. Assume that
p # 2. Then

(1) [wp]=uw;

(2) If P is cominuscule then p = [u, g].

Proof. (1). Since u is a Lie ideal in p, we have [u, p] C u. By the structure theory for
classical Lie algebras, for any o € @ there exists h, € b such that [hq, To] = 224.
Hence, u = [h,u] C [p,u].

(2). Let P = P,,, let I = A\{«;} and let &; C ® be the root system correspond-
ing to the subset of simple roots I. We have g = p®u~ whereu™ = Y kz_g.

BeEDH\ @)
Note that ®+\®} consists of all positive roots into which «; enters with coefficient
1. Let g € <I>"’\<I>}r and let v be any root. If §+ v is a root, then «; enters into
B + v with coefficient 0 or 1. Therefore, 54, ¢ u™. Hence, [zg,z,] € p. Since zg
for B € ®T\®] generate u, we conclude that [u,g] C p.

For the opposite inclusion, we first show that b C [u, g]. Let S C qﬁ-\q)}i- be the
set of all positive roots of the form a1a1+. . .+a, 0, such that a; = 1 and a; € {0,1}
for all j # i. For any subset J C A of simple roots such that the subgraph of the
Dynkin diagram corresponding to J is connected, we have that ) «; is a root

a;eJ

([Bur, VL.1.6, Cor. 3 of Prop. 19]). This easily implies that for any simple root
aj, j # 1, we can find S, B2 € S such that Sy — f1 = «;. Hence, {8} 3cs generate
the integer root lattice Z®. Consider the simply laced case first (A, D, E). Since
the bijection @ — «V is linear in this case, we conclude that {3Y}zcs generate
the integer coroot lattice Z®"Y. This, in turn, implies that {hg}gecs generate the
integer form Lie(T%) of the Lie algebra Lie(T) = h over Z, and, therefore, generate
h = Lie(1%) ®z k over k (see [Jan, ILI.11]).

In the non-simply laced case (B or C), the relation 81 — B2 = «; leads to ¢1 57 —
cofy = czaf where ci,c9,c3 € {1,2}. Hence, in this case {8}scs generate the
lattice Z[1]®V. Since p # 2, this still implies that {hs}scs generate h = Lie(T7)®zk
over k.

In either case, since hg = [zg,z_g] € [u, g] for B € S, we conclude that b C [u, g].

The inclusion § C [u, g] implies [p, ] C [p, [u, g]]. Hence, by the Jacobi identity,
we have

[p.b] C [p, [w, o]] = [[p,u], g]] + [, [p, o]] = [w, 0] + [w, p] C [u, g].
Consequently, p = [p,h] + b C [u, g]. O

We consider the special linear Lie algebra in two parallel theorems, one for sls,,
and one for slap,41. For sl,,, we use the notation P, ,—y, prn—r, and u,. ,_, to denote
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the maximal parabolic, its Lie algebra, and the nilpotent radical corresponding to
the simple root a... We denote by u,, the nilpotent radical of sl,, itself.

The first parts of both theorems are well-known in the context of maximal el-
ementary abelian subgroups in GL,(F,) (see, for example, [G70] or [MP87]). We
use the approach in [MP87] to compute conjugacy classes.

Theorem 2.9. Assume p > 2. Let n = 2m.

(1) The mazimal dimension of an elementary abelian subalgebra of sla,, is m>.

(2) An elementary abelian subalgebra of dimension m? is conjugate to U m,
the nilpotent radical of the standard mazimal parabolic Py, p,.

(3) E(m?,slay,) ~ Grassem, m, the Grassmannian of m-planes in a 2m-dimensional
vector space.

Proof. We prove the following statement by induction: any elementary subalgebra
of sly,, has dimension at most m? and any subalgebra of such dimension inside the
nilpotent radical n must coincide with u, . This will imply claims (1) and (2) of
the theorem.

The statement is clear for m = 1. Assume it is proved for m — 1. Let € be an
elementary subalgebra of sls,,. Since € is nilpotent, it can be conjugated into upper-
triangular form. Let J = {aa, ..., a2,m—2} and let u; be the nilpotent radical of the
standard parabolic P; determined by J (as in Example 2.4(1)). Since [ugy,,u ] C
uy, this is a Lie ideal in us,,. We consider extension

0 uy U, U /Ug 2 Ugpy—g — 0.

By induction, the dimension of the projection of € onto ug,, o is at most (m — 1),
and this dimension is attained if and only if the image of ¢ under the projection

is the subalgebra of us,,_o of all block matrices of the form , where A is

0 A

0 0

a matrix in M,,_1. By Lemma 2.2, the maximal elementary subalgebra of u; has

dimension 2m — 1. Hence, dime < (m — 1)? +2m — 1 = m?. For this dimension to

be attained we must have that for any A € M,,_; there exists an element in € of
the form

Vo2 Vi1 *

Wi

(2.9.1) Wa

0

o O o o

A
0
0

o O O

where vi, (w;)? € k™1,

/ /
0 vy vy %

/
Let 8 8 8 W,l be an element in eNuy. Taking a bracket of this element
W2
0 0 0 O

with a general element in € of the form as in (2.9.1), we get

0 0 vhbA  «
00 0 Aw,
00 0 0
00 0 0

Since € is abelian, we conclude that v4A = 0, Aw, = 0 for any A € M,,_;. Hence,
vy =0, wy = 0 which implies that e Nu; C tty, . Moreover, for the dimension to
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be maximal, we need dime Nuy; = 2m — 1. Hence, for any vy, (wq)T € k™1, the

0 0 vi O

matrix 000wy is in €.
0 0 O 0
0 0 O 0

It remains to show that for an arbitrary element of ¢, necessarily of the form
(2.9.1), we must have vo = 0,wz = 0. We prove this by contradiction. Suppose
0 vg vy %

00 A w € e with vo # 0. Subtracting a multiple of Fj 5, which is
0 0 0 wa ’
0 0 0 O
0 Vo2 Vi1 0
necessarily in €, we get that M = 00 A w belongs to €. As observed
0 0 0 wq
0 0 0 0
0 0 0 0
T
above, we also have M’ = 8 8 8 (vg) in €. Therefore, [M, M'] has a non-
0 0 0 0

trivial entry va - (v2)? in the (1,2m) spot which contradicts commutativity of e.
Hence, vo = 0. Similarly, wo = 0. This finishes the proof of the claim.

To show (3), we recall that P, ,, = Stabsy,,, (Um,m») under the adjoint action of
SLo,,. Indeed, for any parabolic P its unipotent radical U is a normal subgroup.
Hence, the adjoint action of P stabilizes the Lie algebra u = Lie(U). We conclude
that P, ., C Stabgr,, (tm,m). In particular, Stabsy,,, (4, m) contains the Borel
subgroup and, hence, is a standard parabolic subgroup of SLs,,. Since P, , is
maximal, we conclude that P, ,,, = Stabgy,,, (Um,m)-

By (2), E(m?, sla,,) is the orbit of u,, ,, under the adjoint action of SLg,,. Hence,

]E(mz,ﬁ[gm) >~ SLow, /Prm =~ Grassom m -
O

Theorem 2.10. Let n =2m + 1 and assume m > 1, p > 2.

(1) The mazimal dimension of an elementary abelian subalgebra of sloy, 11 is
m(m+1).

(2) There are two distinct conjugacy classes of such elementary subalgebras,
represented by W m41 and Upm 1 m.

(3) The variety E(m?, sy, 1) is a disjoint union of two connected components
each isomorphic to Grassg;,11,m-

Proof. One can check by a straightforward calculation that the following is a com-
plete list of two-dimensional elementary subalgebras of ug, the nilpotent radical of
S [32

0 a b

OULQZ{ 0 0 0 ‘a,bEkJ},
0 0 0
0 0 0

.Ll271:{ 0 0 a ‘a,bEkJ},
0 0 O
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0 a b
e a one-parameter family {[{ 0 0 za | |a,b € k} for a fixed z € k*.
0 0 O

We prove the following statements by induction: For any m > 1, an elementary
subalgebra of sly,+1 has dimension at most m(m + 1). Any subalgebra of such
dimension inside ugy, 41 must coincide either with 1, ;41 OF U410, This will
imply claims (1) and (2) of the theorem.

Base case: m = 2. Any elementary subalgebra can be conjugated to the upper-
triangular form. So it suffices to prove the statement for an elementary subalgebra
€ of us, the nilpotent radical of sl5. Just as in the proof of Theorem 2.9, we consider
a short exact sequence of Lie algebras

pr
0 uy Us us 0

where J = {as,a3} (and, hence, u; C us is the subalgebra of upper triangular
matrices with zeros everywhere except for the top row and the rightmost column).
Since dim(pr(e)) < 2 by the remark above, and dim(e Nu;) < 4 by Lemma 2.2,
we get that dime < 6. For the equality to be attained, we need pr(e) to be one
of the two-dimensional elementary subalgebras listed above. If pr(e) = uy; then
arguing exactly as in the proof for the even-dimensional case, we conclude that
€ =ug o C us. Similarly, if pr(e) = uy 2, then € = uz 3. We now assume that

0 a b
pr(e) ={|0 0 za| |a,b€k}.
0 0 O
0 a2 a3z * % 0 x * * *
0 0 0 0 = 0 0 a b =«
Let A /=10 0 0 0 a35|€enuy,andlet A=]0 0 0 za *| €¢
0 O 0 0 ags 0 0 0 0 =«
0 O 0O 0 O 0O 0 0 0 O
Then
0 0 aaiz waaisz+ bais *
0 0 0 0 —aa35—ba45
(A Al=10 0 0 0 —zaass
00 O 0 0
0 0 0 0 0

Since € is abelian, and since the values of a,b run through all elements of k, we
conclude that a3 = a13 = ags = ag5 = 0. Therefore, dimeNu; < 3 and dime < 5.
Hence, the maximum is not attained in this case. This finishes the proof in the
base case m = 2.

We omit the induction step since it is very similar to the even-dimensional case
proved in Theorem 2.9. Hence, it remains to show (3).

Note that u, m+1 and U141, are not conjugate under the adjoint action of
SLo.,+1 since their nullspaces in the standard representation of sla,, 41 have different
dimensions. Arguing as in the end of the proof of the even dimensional case, we
conclude that the stabilizer of ;41 m (resp. Wy, m+1) under the adjoint action is
the standard parabolic Py,41,m (resp, Pr+1,m). Hence,

]E(m(m+1)u5[2m+1) =~ SL2m+1 /Pm,m+1USL2m+1 /Pm+1,m ~ GraSS2m+1,m U GraSSZerl,m .
[
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We make an immediate observation that the results of Theorems 2.9 and 2.10
apply equally well to gl,,.
Corollary 2.11. Assume p > 2.

(1) The mazimal dimension of an elementary abelian subalgebra of gl,, is L"{J

(2) E(m?, gly,,) ~ Grassoy, m for any m > 1.
3) E(m(m+1),gl ~ Grassgm+1.m L Grassomt1.m for any m > 2.
2m+1 +1, +1,

Remark 2.12. In the case n = 3, excluded above, the variety E(2, gl;) is connected
and irreducible (see Example 3.20).

We now prove an analogous result in the symplectic case. Recall that «,, denotes
the unique long simple root for type C,, and, hence, P,, is the only standard
cominuscule parabolic of Sps,,.

Theorem 2.13. Let g = sp,,, be a simple Lie algebra of type C,,. Assume p > 3.
Then
n(n+1)

1) For any elementary subalgebra € C g, dime < ==

2
(2) Any elementary subalgebra € of mazimal dimension is conjugate to u,,
(3) E(%,sp%) ~ Sp,,, / Pa.,., the Lagrangian Grassmannian.

Proof. The proof is by induction. For n = 1 we have spy, = sly for which the
statement is trivially true.

Induction step n — 1 — n. Let po, = lo; D Un, be the maximal parabolic
subalgebra corresponding to the simple root a; with the Levi factor [,, and the
nilpotent radical u,. Let uy, —be the nilpotent radical of [,,, and ugy, be the
nilpotent radical of sp,,. We have a short exact sequence

pr
0—— Ugy == Usp,, — > Ui, — 0.

We can apply the induction hypothesis to l,, since it is a reductive Lie algebra of
type Cn71~
Let € be an elementary subalgebra of g. Conjugating by an element in Sp,,,, we
(n—1)

can assume that € C ugp, . By our induction hypothesis, dim pr(e) < ”T Since

U, is an extraspecial Lie algebra of dimension 2n—1 (see Example 2.4), Lemma 2.2
implies that dimu,, Ne < n. Hence, dime < n + @ This proves (1).
To prove (2), we observe that the induction hypothesis implies that for an ele-

mentary subalgebra e to attain the maximal dimension, we must have that
prle: € = ug,,

Is surjective onto u, Nily,,, the nilpotent radical of the unique standard cominuscule
parabolic of [,,.

Let {xg,, 2+, } be a basis of u,, as defined in (2.4.1). Let x = )" bjzg, +>_ ¢z, €
Uq, Ne. We want to show that € u,, or, equivalently, that coefficients by x,
are zero. Assume, to the contrary, that b; # 0 for some i, 1 < ¢ < n — 1. Let
H="Yn—1—Pi=0o2+...+o; +2041+...+ 201+ 0. Then z, € U, Nitg,, C
pr(e). Therefore, there exists y = 2’ + z, € € for some =’ € u,,. Note that
[z,2'] C [uq,,Ua,] = kz,,, and that 1+ ~; is never a root, and p + f3; is not a root
unless ¢ = j. Hence,

[(K, y] = [x’xl] + [:L’,:CH] = CI, + b; [xﬁwmu] = CZy, + bicﬁi#m’vn—l 7£ 0.
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Here, cg,, is the structure constant from the equation [zg,,z,] = ¢, Zp,+y =
€8, uT~, _, Which is non-zero since p > 3 (see [Sel65, I1.4.1]). We get a contradiction
with the commutativity of e. Hence, b; = 0 for all 4, 1 <7 < n — 1, and, therefore,
U, M€ C Uy,. Moreover, since we assume that dim e is maximal, we must have
n
dimu,, Ne = n, and, therefore, u,, Ne= P kz,,.
i=1
Now let x +a be any element in € where x € u,, and a € ur, Nu,,,. We need to

n
show that € u,,,, that is, z € @ ka.,. Let x =) bz, + ) iz, and assume to
i=1

the contrary that b; # 0 for some i. Note that [z, 1, Nug,] =0 for any j, 1 <
J < n since both z,; and any a € u;, Nu,, are linear combinations of root vectors
for roots that have coefficient 1 by c,. Hence, [x + a, vn—i] = bi[zs;, YTn—i] # 0. We
get a contradiction again. Therefore, € C u,,,. This proves (2).

Finally, (c) follows immediately from the fact that P, is the stabilizer of u,,,
under the adjoint action of Sp,,,. g

Proposition 2.14. Assume that p > 2.

(1) The maximal dimension of an elementary subalgebra of the standard para-
bolic subalgebra p1,2m of Slopmy1 is m(m + 1).

(2) Form > 2, E(m(m+1),p1,.2m) 5 a disjoint union of two connected com-
ponents isomorphic to Grassam,,,m and Grassgm,, m—1:

E(m(m +1),p1,2m) =~ Grassom,m H Grassam, m—1 -

Proof. Let € C P12, be an elementary subalgebra. Since pj 2, C Slop41, Theo-
rem 2.10 implies that dime < m(m+1). Since Wy, m+1 is a subalgebra of py 2., We
conclude that the maximal dimension is precisely m(m -+ 1). This proves (1).

To show (2), we first show that any elementary subalgebra € of maximal dimen-
sion is conjugate to either ., m41 O Upy1m under the adjoint action of Py opm,.
By Theorem 2.10, € is conjugate to i, y41 OF U410, under the adjoint action of
SLon+1. Assume that € = gumﬂ’mg_1 for some g € SLay,+1 (the case of ty, 1m41)
is strictly analogous). We proceed to show that there exists § € P 2y, such that
€= gum+1,m§71-

Let W(SLam+1) >~ Nsvy,.r (T)/ZsL,,,,. (T) be the Weyl group, Uz, q1 be the
unipotent radical, and Bsg,,+1 the Borel subgroup of SLg,,11. For an element
w € W(SLay41), we denote by w a fixed coset representative of w in Ngr,,. ., (T).

Using the Bruhat decomposition, we can write ¢ = g1wgs where g1 € Uapy1,
g2 € Bomt1, and w € W(SLgyy41). Since both uy,41,m and Pj o, are stable
under the conjugation by Uszp,4+1 and Ban,+1, it suffices to prove the statement for
g = w, where w is a Weyl group element. We make the standard identifications
W (SLam+1) =~ So2m+1, W(L1,2m) = Som and W(Lpy1,m) = Sm41 X Sy, where L
is the Levi factor of a standard parabolic P; ;.

We further decompose

S2m+1 = W(SL2m+1) = |_| SQmS(Serl X Sm)
SGSQm,\SQm,+1/(Sm+1><Sm,)

into double cosets, where Sy, is the Weyl group of the Levi of P s, which is
isomorphic to the subgroup of all permutations in Sy, 41 which fix 1. We can choose
coset representatives {t} of S2,,4+1/Sm+1 X Sm in such a way that if t71(1) = j # 1
then j > m + 1. Indeed, let ¢ be any permutation and let t~1(1) = j # 1.
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Multiplying on the right by the transposition (1j), we get a new permutation that
fixes 1. If j < m + 1, then (1j) € S,,41, and, hence, ¢ and ¢ - (15) represent the
same coset.

Let w € Sapy1, and assume that @i, 1.,m@ 1 C Pp1om. Write w = wysws,
where wy; € Som,ws € Sp41 X Sy and s is a double coset representative. If
s71(1) = 1, then wys € Sy, and, hence, W15 € P 2,,. Since Wy stabilizes wy,1,m,
the conjugates of 1,11, under w and w; s coincide. But w;s is an element of P o,
which finishes the proof in the case s71(1) = 1.

Now assume s(1) = j # 1. By the discussion above, we can assume that
S~1(1) =4, j > m+ 1. Since wy(1) = 1, we get that wE;ju~! = Ewiyw) =
By € p1,om if w(i) # 1. Since Ejj € tyq1,m for all 4, 1 < i < m, we conclude
that @um+17m@_1 ¢ p1,2m-. This leads to a contradiction. Therefore, s(1) = 1, and
we can take § = g1W1S € Py om.

The above discussion implies that E(r, p1 om) = Pi2m  Um+1,m Y P12m - Wm mt1-

The P op-stabilizer of w11 ,m equals Py = Pogim N Prom C SLopyi.
Thus, Piom - € ~ Piom/Pimm =~ Grassgy, m. Similarly, the P o, -stabilizer of
U m41 equals Pl,m—l,m-i—l = Pm7m+1 N P172m C SL2m+1. Hence, P172m .

Upm,m+1 =~ Grassgm,m—1. Moreover, Uy, 41, and i, ,41 are not conjugate since
their nullspaces in the standard representation of slo,, 1 have different dimensions.
Therefore, E(m(m + 1),p1,2m) =~ Grassam,m [ Grassam, m—1.

O

Proposition 2.14 has the following immediate corollary.

Corollary 2.15. Let g1.2m C glo,, 1 be as defined in Example 1.11(1). The maz-
imal dimension of an elementary subalgebra of g1 2m is m(m +1). For m > 2,

E(m(m +1),012m) =~ Grassamm H Grassam, m—1 -

3. RADICALS, SOCLES, AND GEOMETRIC INVARIANTS FOR u(g)—MODULES

We now proceed to consider invariants for a (finite dimensional) u(g)-module M
defined in terms of restrictions of M to elementary subalgebras e C g. If € C g is
an elementary subalgebra and M a u(g)-module, then we shall denote by ¢*M the
restriction of M to u(e) C u(g).

The following is a natural extension of the usual support variety in the case r = 1
(see [FP86]) and of the variety Grass(r, V) of [CFP12, 1.4] for g = g&™.

Definition 3.1. For any u(g)-module M and any positive integer r, we define
E(r,g)pm = {e € E(r,g); €M is not projective}.

Remark 3.2. Let g denote the height 1 infinitesimal group scheme associated to
g, that is, k[g] = u(g)*. We denote by kg the dual Hopf algebra to the coordinate
algebra k[g] and call it the group algebra of g. We identify E(1, g) with the projec-
tivization of the conical affine variety of 1-parameter subgroups of g. This conical
variety is isomorphic to the p-nilpotent cone N,(g) as in Example 1.5. Then for

any finite dimensional u(g)-module M,
E(1,g9)p = Projk[V(g)n],

where the rank variety V(g)y C V(g) is defined in [SFB2] as the affine subvariety
of those 1-parameter subgroups G, (1) — g restricted to which M is not projective.
In particular, E(1,g)ps C E(1,g) is a closed subvariety.
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The following proposition tells us that the geometric invariant M — E(r, g) s
can be computed in terms of the more familiar (projectivized) support variety

E(1,g)p = Proj(V(g)m).

Proposition 3.3. For any u(g)-module M, and positive integer r, and any € €
E(r.g),

(3.3.1) E(r,g)m = {e€E(r,g); enV(g)y # 0}

where the intersection e NV (g)pr is as subvarieties of g.

Proof. By definition, € € E(r, g)as if and only if €*M is not free which is the case if
and only if V(€)e<ar # 0. Since € C g induces an isomorphism

V(€)er(ary —= V(e) NV (g)
(see [FP86]), this is equivalent to e NV (g)ns # 0. O

Proposition 3.4. For any u(g)-module M and for any r > 1,
E(r,g)m C E(r,0)

is a closed subvariety.
Moreover, if G is an algebraic group with g = Lie(G) and M is a rational G-
module, then E(r,g)p C E(r, g) is G-stable.

Proof. Let Proje C E(1,g) be the projectivization of the linear subvariety € C g.
Let Xpr = {e € Grass(r,g) | Proje NE(1,9)p # 0}. Then Xjp; C Grass(r,g) is a
closed subvariety (see [Harr, ex. 6.14]). Since E(r, g)a = E(r, )N X by Prop. 3.3,
we conclude that E(r, g)as is a closed subvariety of E(r, g).

If g = Lie(G) and M is a rational G-module, then M ~ M?® as u(g)-modules and
the pull-back of M along the isomorphism z71 : u(e*) ——u(e) equals (¢*)*(M?®)
for any x € G(k). Thus, E(r, g)a is G-stable. O

Proposition 3.3 implies the following result concerning the realization of subsets
of E(r,g) as subsets of the form X = E(r,g)ps. We remind the reader of the
definition of the module L, associated to a cohomology class ¢ € H"(u(g), k): L¢
is the kernel of the map ¢ : Q"(k) — k determined by ¢, where Q" (k) is the n'"
Heller shift of the trivial module & (see [Ben] or Example 4.6).

Corollary 3.5. A subset X C E(r,g) has the form X = E(r,g)a for some u(g)-
module M if and only if there exists a closed subset Z C E(1,g) such that

(3.5.1) X = {e€E(r,g); ProjenZ # 0}.

Moreover, such an M can be chosen to be a tensor product of modules L with each
¢ of even cohomological degree.

Proof. We recall that any closed, conical subvariety of V(g) (i.e., any closed sub-
variety of E(1,g)) can be realized as the (affine) support of a tensor product of
modules L¢ (see [FP86]) and that the support of any finite dimensional kg-module
is a closed, conical subvariety of V(g). Thus, the proposition follows immediately
from Proposition 3.3. ; (]
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Example 3.6. As one specific example of Proposition 3.5, we take some even
degree cohomology class 0 # ¢ € H*™(u(g), k) and M = L. We identify V (g) with
the spectrum of H®(u(g), k) (for p > 2), so that ¢ is a (homogeneous) algebraic
function on V(g). Thus V(g)r, = Z(¢) C V(g), the zero locus of the function (.
Then,

E(r,g)r. = {e€E(r,g); enZ(C) #{0}}.
On the other hand, if ¢ € H*™™!(u(g), k) has odd degree and p > 2, then
V(g)rL. = V(g), so that E(r,g)r. = E(r,g).

Remark 3.7. As pointed out in [CFP12, 1.10] in the special case g = g3 and
r = 2, not every closed subset X C E(r, g) has the form (3.5.1).

Example 3.8. We counsider another computation of E(r, g)as. Let G be a reductive
group and assume that p is good for G. Let A be a dominant weight and consider
the induced module M = H°(\) = Ind§ A\. By a result of Nakano, Parshall, and
Vella [NPV02, 6.2.1], V(g)gory = G - uy, where u; is the nilpotent radical of a
suitably chosen parabolic subgroup P; C G. Then,

E(r,g)uony = G-{e € E(r,g); enuy # {0}}.

We now proceed to consider invariants of u(g)-modules associated to E(r,g)
which for » > 1 are not determined by the case r = 1. As before, for a given M
and a given r > 1, we consider the restrictions ¢*(M) for € € E(r, g).

Definition 3.9. Let g be a finite dimensional p-restricted Lie algebra and M a finite
dimensional u(g)-module. For any r > 1, any € € E(r, g), and any j,1 < j < (p—1)r,
we consider

Rad’(e*(M)) = Z Im{ul* - udr - M — M}
it +ir=g
and
Soc? (e*(M)) = ﬂ Ker{u]"---ulr : M — M},
Jite+ir=J
where {u1,...,u,} is a basis for e.

For each r > 1 and each j,1 < j < (p—1)r, we define the local (r, j)-radical rank
of M and the local (r,j)-socle rank of M to be the (non-negative) integer valued
functions A

e € E(r,g) — dimRad’(e"(M))
and

e € E(r,g) — dimSoc’(¢"(M))
respectively.

Remark 3.10. If M is a u(g)-module, we denote by M# = Homy, (M, k) the dual
of M whose u(g)-module structure arises from that on M using the antipode of
u(g). Thus, if X € g and f € M#, then (X o f)(m) = —f(Xom). Ifi: LC M
is a u(g)-submodule, then we denote by L+ C M# the submodule defined as the
kernel of i# : M# — L#. We remind the reader that

(3.10.1) Soc (e*(M#)) ~ (Rad!(e*M))*
(as shown in [CFP12, 2.2]).
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The following elementary observation will enable us to conclude that construc-
tions of §4 determine vector bundles on G-orbits of E(r, Lie G).

Proposition 3.11. If g = Lie(G) and M is a rational G-module, then the local
(r, 7)-radical rank of M and the local (v, j)-socle rank of M are constant on G-orbits

of E(r,g).

Proof. Let g € G, and let € € E(r,g). We denote by €9 € E(r,g) the image of €
under the action of G on E(r,g), and let g- (=) : M — M be the action of G on
M. Observe that

g: M T2 o
defines an isomorphism of rational G-modules, where the action of x € G on m €
MY is given by the action of grg~! on m (with respect to the G-module structure
on M). Thus, the proposition follows from the observation that the pull-back of

€9* (M) equals €*(M) under the isomorphism g : u(e) —— u(e9) . O

The following discussion leads to Proposition 3.14 which establishes the lower
and upper semi-continuity of local (r,j)-radical rank and local (r,j)-socle rank
respectively.

Notation 3.12. We fix a basis {z1,...,2,} of g and use it to identify M,, , ~ g®"
as in the beginning of §1. Let ¥ C {1,...,n} be an r-subset. Recall the section
sy : Us — M, of (1.1.1) that sends an r-plane € € Us; to the n x r matrix A*(e)
with the r» X r submatrix corresponding to ¥ being the identity and the columns
generating the plane €. Extend the map sy to s : Ug — M, , and consider the
induced map on coordinate algebras:

*

(312.1) kM) = k[T,] —=> k[Us, |

s

We define
TE = s5(T;.6)

2,8

It follows from the definition that leg = 0q-1(s),s fori € ¥, where o : {1,...,7} = %
is the function with a(1) < --- < a(r), and that T} for i ¢ X are algebraically
independent generators of k[Us].

Let Vs, = E(r,g) NUs. We define the set {Y;}} of algebraic generators of k[Vx]
as images of {T>,} under the map of coordinate algebras induced by the closed
immersion Vs C Ug:

kUs] —k[Vs], Ti, = Y3

It again follows that YZEg = 0a-1(i),s, fori € ¥ and « as above. For each e € Vs, C Uy
(implicitly assumed to be a k-rational point), we have

Yii(e) = Ti(e) = s5(T35)(e) = Ths(s5(e)).
Hence,

(3.12.2) A¥(e) = [V (e)].
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Definition 3.13. For a u(g)-module M, and for a given s,1 < s < r, we define the
endomorphism of k[Vx]-modules

(3.13.1) Oy =) 20 Mak[Vs] = M ®k[Vy],
i=1

via

m®1»—>Zmim®Yii.

We refer the reader to [Hart, II11.12] for the definition of an upper/lower semi-
continuous function on a topological space.

Proposition 3.14. Let M be a u(g)-module, r a positive integer, and j an integer
satisfying 1 < j < (p—1)r. Then the local (v, j)-radical rank of M is a lower semi-
continuous function and the local (r, j)-socle rank of M is an upper semicontinuous
function on E(r,g).

Proof. Tt suffices to show that the local (r,j)-radical rank of M is lower semi-
continuous when restricted along each of the open immersions Vs, C E(r,g). For
€ € Vx with residue field K, the specialization of ©F at e defines a linear operator
0% () = Y1, Y2 (s on Myc:

m > 0% (e) -m = Z Kzs(e)xzm
i=1

Since the columns of [Y;%;(e)] generate e by (3.12.2), we get that

(3.14.1) Rad(e'M) = Y Im{OF(e) : Mg — Mg}
s=1
and
(3142)  Rad/(e'M) = > Im{OF(e)"...07(e)" : Mg — Mg} =
e tie=j
m{ @ 6OF(e)"...0% ) : Mg - My}
Jibetir=j

where r(j) is the number of ways to write j as the sum of non-negative integers
j1+ -+ j-. Hence, the usual argument for lower semicontinuity of the dimension
of images of a homomorphism of finitely generated free modules applied to the
k[Vx]-linear map

B ©Y) .. .(OF) (M k[Ve)®V) - M@ k[V].
Jit+etie=g
enables us to conclude that the function
(3.14.3) e € E(r,g) ~ dimRad’(¢*M) is lower semi-continuous.

The upper semi-continuity of socle ranks now follows by Remark 3.10. O
Remark 3.15. To get some understanding of the operators ©%(¢) occurring in the
proof of Proposition 3.14, we work out the very special case in which g = g, ® g,
r =1 (so that E(r,g) = P!), and j = 1. We fix a basis {1, 22} for g which induces
the identification g ~ A%. The two possibilities for ¥ C {1,2} are {1},{2}. Let
[Ty, Ts] be the coordinate ring for A? (corresponding to the fixed basis {z1,2o}.
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Let ¥ = {1}. We have Vi3 = Upy = {[a : b]|a # 0} ~ A' and the section
sy Vi — A? given explicitly as [a : b] — (1,b/a). The corresponding map of
coordinate algebras as in (3.12.1) is given by

k[A®] = k[T, To] — k[V{13] ~ k[A]

T, — 1,T2 — Si{kl}(Tg)
Then for a u(g)-module M, € = (a,b) € P! with a # 0, and m € M, we have

(3.15.1) O = 2y @1+ 22 ® s7(Ta) : M@ k[Viyy] = M @ k[V{y;

b b
ol (e) = o1 + S me x1(m) + azg(m).

We extend the formulation of “generalized support varieties” introduced in [FP10]
for r = 1 and in [CFP12] for elementary abelian p-groups (or, equivalently, for
g =g>") to any r and an arbitrary restricted Lie algebra g.

Definition 3.16. For any finite dimensional u(g)-module M, any positive integer
r,and any j, 1 < j < (p— 1)r, we define

Rad'(r,g)m = {e € E(r,g) : dim(Rad’(¢*M)) < max )dimRadj(el*M)}
e’ €E(r,g

Sodd(r,g)m = {e € E(r,g) : dim(Soc’ (¢*M)) > r%%n )dim Soci (" M)}
e’ cE(r,g

It follows from Prop. 3.14 that Radi(r, g)u, Soc! (1, g)m are closed subvarieties in
E(g).

Proposition 3.17. Let M be a finite-dimensional g-module, and let r, j be positive
integers such that 1 < j < (p—1)r. Then Rad(r, g)um, Soc)(r, g)m are proper closed
subvarieties in E(r, g).

To give our first application, we need the following elementary fact.

Lemma 3.18. Let k[xy,...,x,] be a polynomial ring, let 2 ... x% be a monomial
of degree i and assume that p = chark > 1. There exist linear polynomials without
constant term Mg, ..., Am on the variables x1,...,x,, and scalars ag,...,0m € k
such that

i in _ i i
2t =aoAg F o am,.

Proof. 1t suffices to prove the statement for n = 2, thanks to an easy induction
argument (with respect to n). Hence, we assume that we have only two variables,
x and y.

Let A\j = jx +y for j =0,...,4, so that we have 7 4 1 equalities:

y’ = M:)
@t = A

2z +y)' = N

|
>

(iz + y)i 1,
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Treating monomials on z,y as variables, we interpret this as a system of 7 + 1
equations on ¢ + 1 variables with the matrix

o 0 ... 0 ... 01
L O
20 27 L 2() L 2i
it E() P

By canceling the coefficient (;) in the j + 1st column (which is non-trivial since
p > i) we reduce the determinant of this matrix to a non-trivial Vandermonde
determinant. Hence, the matrix is invertible. We conclude the monomials x77°~J
can be expressed as linear combinations of the free terms AJ, ..., AL ([

Determination of the closed subvarieties Rad'(r, g)u, Soc!(r, g)m of E(r,g) ap-
pears to be highly non-trivial. The reader will find a few computer-aided calcula-
tions in [CFP12] for g = g". The following proposition presents some information
of E(n —1,gl,).

Proposition 3.19. Assume thatp > n. Let X € gl,, be a regular nilpotent element,
and let ¢ € E(n —1,gl,) be an n — 1-plane with basis {X,X?,..., X" 1}. Then
GL,, -€ is an open GL,-orbit for E(n —1,gl,).

Proof. Let V be the standard n-dimensional representation of gl,,. Let ¢’ be any el-
ementary Lie subalgebra of gl,, of dimension n—1. If € contains a regular nilpotent
element Y, then ¢ has basis {Y,Y? ..., Y"1} since the centralizer of a regular
nilpotent element in gl,, is generated as a linear space by the powers of that nilpo-
tent element. Hence, in this case € is conjugate to the fixed plane e. Moreover,
Rad" '(*V) = Im{Y" ! : V — V}, and, hence, dim Rad" ! (¢*V) = 1.

Suppose € does not contain a regular nilpotent element. Then for any matrix
Y € ¢, we have Y? ! = 0. Lemma 3.18 implies that any monomial of degree n — 1
on elements of € is trivial. Therefore, Rad™ *(¢*V) = 0. We conclude that GL,, -¢
is the complement to Rad"~'(n — 1,gl,)v in E(n — 1,gl,). Proposition 3.14 now
implies that GL,, -€ is open. O

Example 3.20. In this example we describe the geometry of E(2, gl;) making an
extensive use of the GLs-action. Further calculations involving more geometry will
appear elsewhere.

Assume p > 3. Fix a regular nilpotent element X € gl;. Let ¢ = (X, X?) be
the 2-plane in gl; with the basis X, X2, and let

C1 =GL3-¢; C E(2,gl3)

be the orbit of ¢; in E(2,gl;). By Proposition 3.19, this is an open subset of
E(2,gl3). Since E(2,gls) is irreducible (see Example 1.6), C; is dense. We have
dim C; = dim C; = dimE(2, gl5) = 4.

The closure of C; contains two more (closed) GL3 stable subvarieties, each one
of dimension 2. They are the GL3 saturations in E(2, gl;) of the elementary sub-
algebras uj o (spanned by Ej 2 and Ej3), and ug; (spanned by Eq 3 and Es3).
Since the stabilizer of uy 2 (resp. ug 1) is the standard parabolic P; o (resp. Py 1),
the corresponding orbit is readily identified with GL3 /Py o ~ Grassy 3 = P? (resp.,
GL3 /P271 ~ HD2)
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Proposition 3.21. Let u be a nilpotent p-restricted Lie algebra such that z?) = 0
for any x € u. Then the locus of elementary subalgebras ¢ € E(r,u) such that € is
mazimal (that is, not properly contained in any other elementary subalgebra of u)
is an open subset of E(r,u).

Proof. Regard u as acting on itself via adjoint representation. Note that we neces-
sarily have € C Soc(e*(uaq)). Moreover, our hypothesis that z[P! = 0 for any z € u
implies that this inclusion is an equality if and only if € is a maximal elementary
subalgebra. Hence,

dim Soc(€*(Uaq)) > dime = r

with equality if and only if € is maximal. We conclude that the locus of elementary
subalgebras € € E(r,u) such that € is nonmaximal equals the nonminimal socle
variety Soc(r,u),,,. The statement now follows from Proposition 3.17. O

4. MODULES OF CONSTANT (7, j)-RADICAL RANK AND/OR AND CONSTANT
(r,7)-SOCLE RANK

In previous work with coauthors, we have considered the interesting class of
modules of constant Jordan type (see, for example [CFP08]). In the terminology of
this paper, these are u(g)-modules M with the property that the isomorphism type
of €M is independent of ¢ € E(1,g). In the special case g = g@", further classes
of special modules were considered by replacing this condition on the isomorphism
type of €M for e € E(1,g2") by the “radical” or “socle” type of ¢*M for € €
E(r,gg").

In this section, we consider u(g)-modules of constant (r, j)-radical rank and con-
stant r-radical type (and similarly for socles). As already seen in [CFP12] in the
special case g = gP", the variation of radical and socle behavior for r > 1 can
be quite different. Moreover, having constant r radical type does not imply the
constant behavior for a different r.

As we shall see in the next section, a u(g)-module of constant (r, j)-radical rank or
constant (r, j)-socle rank determines a vector bundle on E(r, g), thereby providing
good motivation for studying such modules.

Definition 4.1. Fix integers r > 0 and j,1 < j < (p — 1)r. A u(g)-module M
is said to have constant (r,j)-radical rank (respectively, (r,j)-socle rank) if the
dimension of Rad’ (¢* M) (resp., Soc? (e*M)) is independent of € € E(r, g).

We say that M has constant r-radical type (respectively, r-socle type) if M has
constant (r, j)-radical rank (resp., (r, j)-socle rank) for all j,1 < j < (p— 1)r.

Remark 4.2. For r > 1, the condition that the r-radical type of M is constant
does not imply that the isomorphism type of ¢*M is independent of € € E(r,g).
The condition that dim Rad’(e*(M)) = dim Rad? (¢*M) for all j is much weaker
than the condition that e*M ~ ¢*M. Indeed, examples are given in [CFP12] (with
g = gP") of modules M whose r-radical type is constant but whose 7-socle type
is not constant, thereby implying that the isomorphism type of ¢*M varies with
e € E(r, g).

Proposition 4.3. A u(g)-module M has constant (r, j)-radical rank (respectively,
(r,7)-socle rank) if and only if Rad’ (r,g)pr = 0 (resp., Soc? (r,g)a = 0.)
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Proof. This follows from the fact that there is a non-maximal radical rank if and
only if the radical rank is not constant, a non-minimal socle rank if and only if the
socle rank is not constant. (]

Proposition 4.4. Let G be an affine algebraic group, and let g = Lie(G). If
E(r,g) consists of a single G-orbit, then any finite dimensional rational G-module
has constant r-radical type and constant r-socle type.

Proof. Follows immediately from Proposition 3.11. (]

Example 4.5. If P is a finite dimensional projective u(g)-module, then ¢*P is a
projective (and thus free) u(e)-module for any elementary subalgebra ¢ C g. Thus,
the r-radical type and r-socle type of P are constant.

Example 4.6. Let g be a finite dimensional p-restricted Lie algebra. Recall that

Q°(k) for s > 0 is the kernel of Ps_; a4 P,_5, where d is the differential in the
minimal projective resolution P, — k of k as a u(g)-module; if s < 0, then Q°(k) is

the cokernel of 7—5-2 % I751, where d is the differential in the minimal injective
resolution k = I~1 — I* of k as a u(g)-module. Then for any s € Z, the s-th Heller
shift (k) has constant r-radical type and constant r-socle type for each r > 0.

Namely, for any e € E(r, g), €*(2°(k)) is the direct sum of the s-th Heller shift
of the trivial module &k and a free u(e)-module (whose rank is independent of the
choice of € € E(r, g)).

The following example is one of many we can realize using Proposition 4.3.

Example 4.7. Let g = gl,,, and r = n%. If M is any finite dimensional rational

GLsy,-module, then it has constant r-radical type and constant r-socle type by
Corollary 2.11.

In Example 4.7, the dimension 7 of elementary subalgebras ¢ C g is maximal.
We next consider an example of non-maximal elementary subalgebras.

Example 4.8. Choose r > 0 such that no elementary subalgebra of dimension r
~n

in g is maximal. Let ¢ € H (u(g), k) for n < 0 be an element in negative Tate

cohomology. Consider the associated short exact sequence

(4.8.1) 0 k E O 1(k) ——=0.

Then E has constant r-radical rank and constant r-socle rank for every j, 1 < j <
(p—1Dr.

Namely, we observe that the restriction of the exact sequence (4.8.1) to €* splits
for every € € E(r, g). This splitting is a consequence of [CFP12, 3.8] (stated for an
elementary abelian p-group and equally applicable to any elementary subalgebra
f C g which strictly contains €). The assertion is now proved with an appeal to
Example 4.6.

We next proceed to consider modules L, adapting to the context of p-restricted
Lie algebras the results of [CFP12, §5].

Proposition 4.9. (see [CFP12, 5.5]) Suppose that we have a non-zero cohomology
class ¢ € H™(u(g), k) satisfying the condition that

Z(C) - Np(g) Cg
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does not contain a linear subspace of dimension r for some r > 1. Then the u(g)-
module L¢ has constant r-radical type.

Proof. Consider € € E(r,g). We identify €, : NV,(e) — N,(g) with the composition
e = Np(g) C g. Thus, our hypothesis implies that € is not contained in Z(().
Hence, ¢ l.€ H™(u(e), k) is not nilpotent, and, therefore, is not a zero-divisor.
Proposition 5.3 of [CFP12] applied to e implies that

where Q"(k ) is the n-th Heller shift of the trivial u(e)-module. We note that
the statement and proof of [CFP12, Lemma 5.4] generalizes immediately to the
map u(e) — u(g) yielding the statement that dimRad(e*(L¢)) — dimRad(L¢,,) =
dim Rad(e*(2"(k))) — dimRad(2"(k |.)) is independent of ¢ whenever ¢ |.# 0.
Combined with (4.9.1), this allows us to conclude that

dim Rad(e*(L¢)) = dim Rad(e* (2" (k))).
Since €*(L¢) is a submodule of €*(Q7(k)) this further implies that equality of radi-
cals
Rad’ (¢*(L¢)) = Rad? (¢*(Q"(k)))
for all j > 0. Since Q" (k) has constant r-radical type by Example 4.6, we conclude
that the same holds for L. O

Utilizing another result of [CFP12], we obtain a large class of u(g)-modules of
constant radical type.

Proposition 4.10. For any d > 0, there exists some 0 # ¢ € H**(u(g), k) such
that L¢ has constant r-radical type.

Proof. The embedding V (g) ~ Spec H* (u(g),k) — g (for p > 2) is given by the
natural map S*(g#[2]) — H*(u(g), k) determined by the Hochschild construction
g% — H*(u(g),k) (see, for example, [FP83]). (Here, g#[2] is the vector space
dual to the underlying vector space of g, placed in cohomological degree 2.) As
computed in [CFP12, 5.7], the set of all homogeneous polynomials F of degree d
in S*(g#[2]) such that the zero locus Z(F) C Proj(g) does not contain a linear
hyperplane isomorphic to P*~! is dense in the space of all polynomials of degree
d. Let ¢ be the restriction to Proj k[V (g)] of such an F € S*(g#[2]); since such an
F can be chosen from a dense subset of homogeneous polynomials of degree d, we
may find such an F whose associated restriction ¢ is non-zero. Now, we may apply
Proposition 4.9 to conclude that L has constant r-radical type. O

The following closure property for modules of constant radical and socle types
is an extension of a similar property for modules of constant Jordan type.

Proposition 4.11. Let M be a u(g)-module of constant (r, j )-radical rank (respec-
tively, constant (r,j)-socle rank) for some r,j. Then any u(g)-summand M’ of M
also has constant (r, j )-radical rank (resp., constant (r,j)-socle rank).

Proof. Write M = M’ ® M"”, and set m equal to the (r,j)-radical rank of M.
Since the local (r,j)-radical types of M', M’ are both lower semicontinuous by
Proposition 3.14 and since the sum of these local radical types is the constant
function m, we conclude that both M’, M" have constant (r, j)-radical rank.

The argument for (r, j)-socle rank is essentially the same. (]
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5. COHERENT SHEAVES ON LOCALLY CLOSED SUBVARIETIES OF E(r, g)

Extending the construction of vector bundles given in [CFP12], we construct
image coherent sheaves Zm?(M) and kernel coherent sheaves Ker/ (M) on E(r, g)
associated to a u(g)-module M. Our construction in Theorem 5.4 involves the
patching of images (respectively, kernels) of explicit linear maps on affine opens of
E(r,g). The reader should keep in mind that these image and kernel sheaves are
not images and kernels of the action of u(g), but rather globalizations of images
and kernels of local actions on M ® k[Vx] whose fibers above a generic point € € Vg
are given by the images and kernels of the action of u(e). In Theorem 5.18, we show
that these kernel and image sheaves are the same as subsheaves of the free coherent
sheat M @ O, q) as the coherent sheaves we obtain by equivariant descent with
respect to the GL,-torsor NV} (g)° — E(r, g) and globally defined operators on free
coherent sheaves of O Ng(g)o—modules

Throughout this section, we adopt most of the terminology introduced in No-
tation 3.12 and Definition 3.13. In particular, we fix a basis {x,...,z,} for g;
as shown in Corollary 77, the image and kernel sheaves we introduce are do not
depend upon this choice of basis, though it is used in their formulation.

Throughout this section, we adopt most of the terminology introduced in Nota-
tion 3.12 and Definition 3.13. We make a minor generalization in the definition of
the local coordinates YFS extending our considerations from E(r, g) to an arbitrary
closed subset W C Grass(r,g). Indeed, we could consider locally closed subsets
X C Grass(r, g) at the cost of working with coherent sheaves on X rather than the
simpler situation of modules for k[W].

Notation 5.1. Let W C Grass(r,g) be a closed subset. Let ¥ C {1,...,n} be
a subset of cardinality 7. Recall the closed embedding sy : Uy — M, , induced
by the section sy, : Uz < MY . and the local variables T, = s%(T5,s) generating
k[Us].

Let Wx, = W N Us. Define YZVZE to be the image of T under the projection

kUs] —sk[Ws], T5 =Y "

We reserve the notation Y} for the special case W = E(r,g) which is of most

interest to us. For a u(g)-module M we define the following k[Ws]-endomorphism
generalizing Definition 3.13 to an arbitrary closed subset W:

(5.1.1) OrE ="z @ V'V M@ kW] - M @ k[Wx],
1=1

via
mele— le(m) ® YZVZE
i

We again reserve the notation ©% for W = E(r, g).

Definition 5.2. (cf. [CFP12, 6.1]) Let M be a u(g)-module, let W C Grass,(g)
be a closed subset, and let ¥ C {1,...,n} be a subset of cardinality r. We define
two k[Wy]-submodules of the free module M ® k[Wx]:

Im(M)w, =Y TmO” =Im{0]" " +.. . +0" : (Mak[Ws])*" - Mek[Ws]}

s=1
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Ker(M)w,, = m Ker V¥ = Ker{@ OME M @ k[Ws] — (M @ k[Wx])®}.
s=1 s=1
We identify these k[Wx]-submodules of M ® k[Wx] with coherent subsheaves of the
free Oy -module M ® Oy restricted to the affine open subvariety Wy, C W.

We remind the reader of the following elementary lemma.

Lemma 5.3. Let X be a topological space with an open covering {U;,i € I}, and
let G be a sheaf on X. Suppose one is given subsheaves F; C Gy, for all i such
that (Fy) v, , = (Fj)v,, for all pairs i,j, where U; ; = U; N U;. Then the F; patch
together to determine a uniquely defined subsheaf F' C G satisfying Fiy, = F; (for
alliel).

We now are in a position to construct image and kernel sheaves.
Theorem 5.4. Retain the notation of Definition 5.2. The coherent subsheaves
Im(M)ws, C M ® (Ow)jwy = M ® k[Ws]
on Wx, patch together to determine a (unique) coherent subsheaf
(5.4.1) ImW (M) C M @ Ow
on W. Similarly, the coherent subsheaves
Ker(M)wy, € M @ (Ow ) wy,
patch together to determine a (unique) coherent subsheaf
(5.4.2) Ker'V' (M) ¢ M @ Ow.
Proof. By Lemma 5.3, it suffices to prove
Ker(M)wy Qriws) kW s] = Ker(M)w,, Qiw,,| k[Ws, 5]
Im(M)wy, @rwy] kW s] = Im(M)w,, Qrw,,] k[Ws s/]
for any pair of subsets X, %" C {1,...,n}, where Wy s» = Wy N Wx.

Since localization is exact, the equality of kernels (respectively, images) restricted
to Wy s is equivalent to the equality of kernels (resp., images) of the localized maps:

(5.4.3) @GZV’Z P M @y kW w] = (M ®ppwy) k[Ws2))®"

and
s

@@KV’Z/ : M @y, k[We ] = (M @k, k[We,e])®"
s=1
‘We express our operators in matrix terms:

(5.4.4) EB@WZ [T1,..., 2] YWE @QWZ/ xl,...,xn]®[yif?2/}

There is an invertible matrix Agf,z/ € GL, (k[Wx s/]) which is the “change of

: W Wy
generators” matrix from Y, ;’~ variables to Y, ™ variables. We have

(5.4.5) V) = Al ).
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Hence,

Ker POV = Ker[11,...,2,) @ [Y}V7] = Ker [z1,..., 2] ® AX 5, [VV7] =

Ker([1] ® AW o) (1, .., 2] ® [YV7]) = Ker[ay, ..., 2] @ [V, V] = Ker@@“

in M ® k[Wx. sv] . The proof for images is strictly analogous.

We now explain the construction of the change of generators matrix Agz, in
more detail. Let px(T) € k[T; ;] = k[M, ] be the X-minor of the n x r matrix
[T};,s]). Let

ay:{1,...,r} =%
be the bijection with ax(1) < ax(2) < --- < ax(r), and let A¥ be an n X r matrix

given by the rule:
AE T forig X
B 8 m sy , for i € 2.
Oy (7')7]

Define As, sy € M, (k[T} ;,p5']) to be the transition matrix from A” to A*":
(5.4.6) As s A¥ = A%

To construct this transition matrix, we first multiply A* by an appropriate matrix
in M, (k[T;;]) to get [T; ;], and then by another matrix to make the submatrix cor-
responding to ¥/ identity. The second matrix requires inverting the minor ps/ (7).
The transition matrix Ay v is invertible in M, (k[T; j, ps"(T), p5/ (T)]) since the
analogously constructed matrix Asy s € M, (k[T;;,p5'(T)]) is the left inverse.

Since sy is a section of the GL,-torsor p : My, .. — Grass,(g) on Us, we have the
following relations

T;s forig X

*TE = p*(s* Es _
p(TE) = p' (s5(T3.) {%Wforiez’

Hence, we can rewrite (5.4.6) as

(5.4.7) As s [p"(T75)] = " (T3)-
Applying s§., entry-wise to both sides, we get
(5.4.8) AZSTE] = (s5 0 An sy 0 p)[T] = [s5p™ (T15)] = (173

Finally, we set Agfz, = (A%fz,) where i* : k[Us NUsy] — k[Wx N W] is the map
on algebras induced by the embedding i : W C Grass,(g). The equation (5.4.5)
follows by applying i* to (5.4.8). d

Definition 5.5. Let M be a u(g)-module and let X C Grass(r, V) be a locally
closed subvariety. We define the image sheaf
Im*(M) ¢ M®Ox

to be the coherent sheaf obtained by restricting the coherent sheaf Zm" (M) of
Theorem 5.4 to X, where W is the closure of X in Grass(r, V).
Similarly, we define the kernel sheaf

KerX(M) ¢ M ® Ox
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to be the coherent sheaf obtained by restricting the coherent sheaf Ker™ (M) of
Theorem 5.4 to X.

We now assume that W C E(r, g). Under this assumption, the operators ©%W

commute which allows us to extend Definitions 5.2 as follows:

Definition 5.6. Let M be a u(g)-module, let W C E(r,g) be a closed subset, let
¥ C {1,...,n} be asubset of cardinality r, and let j be a positive integer < (p—1)r.
We define the following k[Wx]-submodules of the free module M ® k[Wx]:

Ker(M)w, = Ker{ @B (0"%)"...(0%) : MekWs] — (Mek[Ws])® ()}
R
Im!(M)w, = Im{ > (6]"F) . (O)F)r : (Mek[Ws))®V) — MekWs]}
b de=g
where 7(j) is the number of ways j can be written as a sum of r non-negative

integers, j = j1 + -+ + Jr-

Notation 5.7. In the special case j = 1, we continue to use Ker'V (M), Zm" (M)
rather than Ker”W (M), Zm?W (M). In the special case in which W equals E(r, g),
we drop the superscript W and simply write Kerd (M), Zm/ (M).

Theorem 5.8. The coherent subsheaves
Im! (M)wy C M @ (Ow)jws = M @ k[Ws]
of Definition 5.6 patch together to determine a (unique) coherent subsheaf
(5.8.1) Im?W (M) C M @ Oy.
Similarly, the coherent subsheaves
Ker’(M)wy, € M @ (Ow)ws)

of Definition 5.6 patch together to determine a (unique) coherent subsheaf
(5.8.2) Ker"W (M) ¢ M @ Ow.

Proof. We need to prove an analogue of Theorem 5.4 for j > 1. The proof proceeds
exactly as in the j = 1 case with a minor change that we describe. Let Agfz be the
change of variables matrix as in (5.4.5). We have

Ker P (01" (0¥ =Ker @ ([wlely, 77 ) ... (wiley V) =
S de=j S je=j

Kee @ (o] @ AL V75D - (fo] © AL [Y5])) =
Jutetie=g

Ker (@ AZs)'( D (@loMy™ )" (wle K77 =

Kee @ ([wlo V7). (@l ") =Ke @ (0% ...(6)")".
Jittir=j Jittir=j
The proof for images is similar. O
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Definition 5.9. Let M be a u(g)-module and let X C E(r,g) be a locally closed
subvariety. We define the j-image sheaf

Im»* (M) ¢ M®Ox

to be the coherent sheaf obtained by restricting the coherent sheaf Zm/’"W (M) of
Theorem 5.8 to X, where W is the closure of X in Grass(r,V).
Similarly, we define the j-kernel sheaf

KerX(M) ¢ M ® Ox

to be the coherent sheaf obtained by restricting the coherent sheaf KerdW (M) of
Theorem 5.4 to X.

We also define the sheaf Coker™ (M) to be the cokernel of the embedding
ImX (M) — M ® Ox

The following elementary proposition identifies the “generic” fibers of the image
and kernel sheaves of Definition 5.9. This is particularly useful when the locally
closed subset X C E(r, g) is an orbit closure.

Proposition 5.10. Let M be a u(g)-module, X C Grass,(g) be a locally closed
subset, W = X be the closure of X, and r,j be positive integers with j < (p — 1)r.
If j > 1, we further assume that X C E(r,g). For any ¥ C {1,...,n} of cardinality
r there exists an open dense subset U C X N Wy such that for any point € € U with
residue field K there are natural identifications

I (M)e = Im! (M)wy, @iy K = Rad’ (¢"(Mkg)),

Kerd X (M) = Kerd (M)ws, @xws) K = Soc/ (€7 (M)

Proof. Since X is open dense in W, we may assume that W = X. For e € Wy a
generic point, the given identifications are immediate consequences of the exactness
of localization and (3.14.1) (together with its analogue for kernels/socles). The fact
that these identifications apply to an open subset now follows from the generic
flatness of the k[Wx]-modules Zm? (M )y, Kerd (M )y, O
Remark 5.11. To see why the isomorphism Zm/ (M), =~ Rad’(e*M) is not valid
for a general u(g)-module M and an arbitrary point € € E(r,g), we consider the
short exact sequence of bundles on E(r, g),

(5.11.1) 0 — Im/ (M) — M ® Og(y.q) — Coker’ (M) — 0.

and specialize at some point ¢ € E(r,g). The equality Zm/ (M), = Rad’(e* M)
is equivalent to (left) exactness of specializations at the point e. In particular,
if R = Og(r,g),e, the stalk of the structure sheaf at e, a sufficient (but appar-
ently not necessary) condition for Zm/(Mx). =~ Rad’(e*M) is vanishing of
Tork(k,Coker’ (M)g).

For an elementary example of the failure of the isomorphism Ker/ (M), =~
Socj(e*M) outside of an open subset of Wy, we consider g = g, D g , take r =1
and j = 1 as in Remark 3.15. Let {x1, 22} be a fixed basis of g, and let M be the
four dimensional module with basis {mq, ..., m4}, such that xym; = my, x1me =
ximsg = x1my = 0 and xomy = mg, Tamo = my, romz = xomy = 0. We can
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picture M as follows:

mao miq
z2 Z2
my ms.

The kernel of
1 ®l+z 0T MekTiY - M e k[T

(asin (3.15.1) ) is a free k[T;l}]—module of rank 2, generated by ms®1 and my ®1.
The specialization of this module at the point € = kz; (letting T — 0) is vector
space of dimension 2. This is a proper subspace of Soc(e*(M)) which is spanned
by ma, m3, my.

Assume now that g = Lie(G) for an algebraic group G (over k) and that the
u(g)-module M comes from a rational G-module structure on M. Then the action
map u(g)® M — M is G-equivariant; in other words, for g € G, x € g, and m € M,

(5.11.2) (xom)? = z9omf,
where the action x — x9 is the adjoint action of g on x and the action m — m9 is
the given rational action of G on M.

For € € E(r,g) denote by €9 the result of the (adjoint) action of G of E(r,g).
This action induces an action of G on Og(, q) in the usual way. For U C E(r,g),
and f € Og(yq)(U), we have f9 € OE(T,Q)(UQA).

Let ©F be as in (3.13.1) (or (3.15.1) for W = E(r,g)), and let € € V. Applying
(5.11.2) to X = ©%(¢) we get the following equality:

(5.11.3)
©F(Om)? = O YiA(Qm)m)* = Yi(eaim? = (OF)(¢? ")(m?),

where .
©2) =20 ¥ MoklVe |- Mok |.
Hence, specialization olf:tlhe following diagram at each point € € Vx is commutative:
(5.11.4) M @ k[Vs] —2= M @ K[V ]
(@12)“~~(@§3)“i l((@)?)“m(@f)”)g
M k[Vs] —2> M k[VE .

This implies that the diagram is commutative. Indeed, suppose f : M ® k[Vx] —
Mek[VY _1] is a map of modules compatible with the isomorphism k[Vs] 2 k[V 71]
and such that the specialization of f at each point € € Vx is zero. Since special-
ization is right exact, this implies that the surjection M ® k[Vgil} — Coker f
is an isomorphism when specialized to any point of Vx. This, in turn, implies
that M ® k[Vﬁqil] ~ Coker f (see, for example, [BP12, 3.1]). Therefore, f = 0.
To conclude commutativity of the diagram (5.11.4) we apply this argument to

(O .. (O%)irY 0 g — go (OF) .. (OZ)r : M@ k[Vs] » M @ K[V .

Let G be an affine algebraic group and X an algebraic variety on which G acts. A
quasi-coherent sheaf 7 on X is said to be G-equivariant if one has an algebraic (i.e.,
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functorial with respect to base change from k to any finitely generated commutative
k-algebra R) action of G on F compatible with the action of G on X: for all open
subset U C X and every h,g € G(R) , an Ox(Ug)-isomorphism (—)¢ : F(Ur) —
f(UI%_l) such that (—)" o ()9 = (=)"9. This is equivalent to the following data:
an isomorphism 6 : p*F = p*F (where u, p : G x X — X are the action
and projection maps) together with a cocycle condition on the pull-backs of 6 to
G x G x X insuring that (—)" o (=)9 = (—)h9.

If X is a point, then a G-equivariant sheaf on X is simply a rational G-module.
If G acts of X and if M is a rational G-module, then the trivial vector bundle
M ® Ox is a G—equivariant vector bundle (that is, a vector bundle which is also
a G-equivariant sheaf). If X is a G-orbit (that is, G acts transitively on X), then
any G-equivariant sheaf on X is a G-equivariant vector bundle.

The following proposition shows that the Zm/ (M), Ker’ (M), Coker’ (M) are
G-equivariant sheaves whenever g = Lie(G) and M is a rational G-module.

Proposition 5.12. Let G be an affine algebraic group, g = Lie(G), and M a
rational G-module. Fiz some r > 1 and j with 1 < j < (p — 1)r. Then Im’(M)
(respectively, Coker’ (M); resp., Kerd (M) ) is a G-equivariant sheaf on E(r, g).

More generally, if X C Grass(g) is a G-stable, locally closed subset with X C
E(r,g) for j > 1, then Im/X (M) (resp. Coker’™  (M); resp., Ker"X(M)) is a
G-equivariant sheaf on W.

Proof. Let O denote the structure sheaf of the projective variety E(r, g). To prove
that Zm? (M) is a G-equivariant sheaf on E(r, g), it suffices to prove that Zm? (M) C
M ® Of is a G-stable subsheaf. For this, it suffices to show that the action of each
g € G sends the stalk Zm/ (M) () at € to the stalk Zm/ (M) co-1y.

Localizing (5.11.4) we obtain the commutative square

(5.12.1) M® k[VE](E) LA V) ® k[VXg;l](Egﬂ)
(eFY)yr...(eF)r i((@’f)h_”(@f)jr)g
M ® k‘[VE](E) 4‘9) M ® k[Vgil](Eg,l)_

Since kernels and images commute with taking the stalk, we conclude that Zm/ (M),

Kerd (M), Coker? (M) are G-equivariant sheaves.
The proof of the second assertion for X C Grass,(g) a G-stable, locally closed
subset can be obtained from the above proof by making minor notational changes.
O

As in [CFP12, §6.2], we give an alternative construction of image and kernel
sheaves Zm/ (M), Ker? (M) on E(r, g) which does not rely on a patching argument.
Rather than identify these sheaves on N (g) local charts Vs C E(r, g), this alterna-
tive construction exploits the technique of equivariant descent to obtain the sheaves
from a global construction on N} (g)°, a GL,-torsor over E(r, g) obtained from the
classical Stiefel fibration My , — Grassy . This is a natural extension to r > 1 of
the construction of the global nilpotent operator given in [FP11].

As we shall see, one advantage of this approach is that it easily leads to the
verification that the kernel and image sheaves do not depend upon our choice
{z1,...,z,} of basis for g.
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The natural action of GL, on g®" induces an action of GL, on g*”, the affine
variety associated to g®" (isomorphic to the affine space A™"); if g = Lie(G), then
G also acts on g*" by the diagonal adjoint action and this action commutes with
that of GL,. We set (g*")° C g*" to be the open subvariety of those r-tuples of
elements of g which are linearly independent. We consider the following diagram
of quasi-projective varieties over k with Cartesian (i.e., pull-back) squares

(5.12.2) Ny (g) ——— g7

]

Ny (9)° —— (g%7)°

p

L

E(r, g) — Grass,(g)

whose upper vertical maps are open immersions, lower vertical maps are quotient
maps by the GL, actions, and horizontal maps are closed immersions.

Our choice of basis {z1,...,x,} of g as in Notation 3.12 determines an identifi-
cation of g®” with M, ,. Under this identification, the matrix function T; 4 is the
linear dual to the element (...,0,;,0,...) € g®" with z; in the sth spot. Further-
more, Y; 5 € k[/\/;’,"(g)] is defined to be the image of the matrix function T; , under
the surjective map

kM, ] ~klg*"] — kN (9)], Tisr Yis.

For any s, 1 < s <r, we define

(5.12.3) 0, = Y 70Yi, € g®kN;(0)]

i=1

and use the same notation to denote the operator

0, : M@ kN (9)] = MekIN(9), Omef)=) zmeYif

i=1
for any finite dimensional u(g)-module M.

Proposition 5.13. The operator ©4 of (5.12.83) does not depend upon the choice
of basis of g.

Proof. Let {y1,...,yn} be another choice of basis of g, and set Z; ; equal to the
image of T; ; under the surjective map k[M, ] — E[N](g)] determined by this
choice. Let (a;;) € GLy (k) be the change of basis matrix, so that y; = Y. a; jz;.
Since Y; s are the images of the linear duals to z;’s under the projection k[M,, ] —
k[N ()] (and similarly for Z; ;), we conclude that Z; ; = >~ b; ;Y; s where (b; ;) =
(a;;)~t. To prove the proposition, it suffices to observe that

Zyj ®Ljs = Z(Z a; ;) & (Z b;iYis) = in ® Y.
j P i i

This follows directly from the fact that (a; ;) - (b; ;) equals the identity matrix. O
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Let j : X C E(r,g) be a locally closed embedding, and denote by X — X the
restriction of the GL,-torsor N} (g)° — E(r,g) to X so that there is a Cartesian
square

(5.13.1) Xt N (g)°

|

p (= E(r, g).
We extend (5.12.3) by defining

(5132) O :M®0g - M®0g, O.mef)=> zm®j* (Visf.
=1

Definition 5.14. For any finite-dimensional u(g)-module M, and any j, 1 < j <
p(r — 1), we define the following submodules of M ® k[N (g)]:

Im{®7, M} =Im{ Y ©'---0f : (M@ kN, (9))*"") — M @ kN, (9)]},
2 je=j
Ker{©/, M} = Ker{[07' - -- O |52 j,—; : M @ k[N (8)] = (M © k[N (8)]) "},
where r(j) is the number of ways to write j as a sum of non-negative integers.

Moreover, for any locally closed subset X C E(r,g), we define the following
coherent sheaves on X:

Im{e%, M} =Im{ Y (0F)" - (0] : (M ® 05)*"V) M © 0%},
Yje=j

Ker{©1%, M} = Ker{[(0F) - (0 )ir]gj,—; : M ® O — (M @ 0TV},
Remark 5.15. By Proposition 5.13, Irn{@jv)?7 M}, Ker{@j’)z7 M} do not depend
upon our choice of basis for g.

The argument of [CFP12, Lemma 6.7] now applies to show the following:

Lemma 5.16. Let M be a u(g)-module. For any locally closed subset X C E(r, g),
Ker{©7* M}, Im{©7% M} are GL,-invariant O -submodules of M @ O.

The relevance of the previous proposition to our consideration of coherent sheaves
on E(r, g) becomes evident in view of the following categorical equivalence.

Proposition 5.17. Since Np’(g)o — E(r,g) is a GL,-torsor, there is a natural
equivalence of categories

(5.17.1) 0 : Coh®™ (N} (g)°) — > Coh(E(r,g))

between the GL,-equivariant coherent sheaves on N (g)° and coherent sheaves on

E(r,g).
Moreover, (5.17.1) restricts to an equivalence of categories

(5.17.2) nx : Coh®lr (X) —~= Coh(X)

for any locally closed subset X € E(r,g) and X = X as in (5.13.1).
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Proof. See, for example, [CFP12, 6.5]. O

We now identify the “patching” construction of sheaves in Theorem 5.8 and
the construction obtained via equivariant descent. Even though the proof of the
following theorem is very similar to that of [CFP12, 6.8], we provide it here for
completeness.

Theorem 5.18. Let M be a u(g)-module, let r,j be posite integers with j <
(p—1)r, let X C E(r,g) be a locally closed subset, and let X — X be GL,.-torsor
as in (5.13.1). Then

ImX (M) = nx(Im{©~, M})
Ker"X (M) = nx(Ker{®7X M})
as subsheaves of the free coherent sheaf M ® Ox.

Proof. We give the proof in the special case X = E(r, g); the general proof proceeds
exactly as that given, only with cumbersome additional notation involving base
change from E(r, g) to X. Since N (g)° is open dense in N} (g), the exactness of

localization implies that for X = E(r, g), X = N} (9)°,
Im{©"%, M} = Im{&/, M} 3, Ker{®"* M}=Ker{0/ M}s.

Hence, in the case X = E(r, g), the statement reduces to the following equalities:

(5.18.1) Im! (M) = n(Im{@j,M}Wg(g)o), Ker’ (M) = n(Ker{@j,M}Wg(g)o).

It suffices to show that the asserted equalities of sheaves are valid when restricted
to each open chart Vs C E(r,g) as ¥ runs through subsets of cardinality r in

{1,2,...,n}.
The operator ©; of (5.12.3) is given as a product (written symbolically) ©, =
[;] ® [Yi,s], where {z1,...,2,} is our chosen basis for g.

Let ¥ = {i1,...,i.}, let V5 = Us NE(r,g), and let Vs — Vs be the GL,-
torsor obtained by pulling-back the GL,-torsor J\/}f(g)o — E(r,g) along the open
immersion Vs C E(r,g). The GL,-torsor Vs, — Vi is trivial (see, for example,
[CFP12, Rem. 6.6]). The section sy of Remark 3.12 gives a splitting Vs, = V& x GL,
given explicitly as follows. Let ¢ € Vi, let s(e) = A¥(e) as defined in Prop. 1.1 or

Notation 3.12 and let g € GL,.. Then the isomorphism Vs x GL, —> YN/Z CcM,,,
is given by

ex g A¥%(e) - g7!
where we use matrix multiplication to multiply A*(¢) and g~!. We use g~! here
because the action of GL, on My, , in the GL,-torsor My, , — Grass,(g) is via
multiplication by the inverse on the right. Let Z;, ;, 1 < ¢,5 < r be the standard
polynomial generators of k[GL,]. The effect of the associated isomorphism on

coordinate algebras k[Vs] = k[Vs]®@k[GL,] = kY@K Zs, s, det '] can be written
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symbolically as follows:

> 3
Yii ... Yi, S YE

)
-1
1,7

Zil,l Zi

12

® : - :

KAR) T"T

> b
Vo1 ... Y. S YR

Hence, we obtain the following decomposition (independent of s) of the operator
O i‘jvz on M Q@ k[Vs]| ~ M ® k[Vs] ® k[GL,]:

O =07 ®[Zi, 517" € (M @K[Y}]) ® k[GL,.
Because this decomposition is independent of s, this gives decompositions
(5182 Oft -0l = (OF) - (OF) @ [Zi,,]
where j = j1 + - -+ 4+ j,. The exactness of localization enables us to conclude that
In{©7, M} |5, = Zm’(M)y, @ k[GL,] = (1 lv;) ™" (Im? (M)ys,),
Ker{®7, M} |y, = Ker/ (M)v, ® K[GL:] = (1 s) ™" (Ker! (M)yy,),

where the right hand equalities hold by the triviality of the GL,-torsor Vs = Vs
In other words, we conclude

s (Im{©7, M} 15, )

I
—
EM.

=

5

nvy, (Ker{©7, M} ) = Ker? (M),
which finishes the proof. (I

Theorem 5.18 combined with Proposition 5.13 (see also Remark 5.15) immedi-
ately imply the following corollary.

Corollary 5.19. Let M be a finite-dimensional u(g)-module, and let X C E(r,g)
be a locally closed subset. Then the sheaves Tm?X (M), Ker»X (M) are independent
of the choice of basis of g.

For the remainder of this section and in Section 6, we analyze the situation in
which the sheaves Ker? (M), Zm? (M) are algebraic vector bundles. This generalizes
the work of the last two authors [FP11] for 7 = 1 where this connection was first
observed and also the work [CFP12] for the special case of elementary abelian
groups.

The following proposition is a significant extension of [CFP12, 6.2], whose proof
applies in this more general context. For notation, see 3.16.

Proposition 5.20. Let M be an u(g)-module, and let Z = Radi(r,g)m (resp,
Z = Sod(r,g)m). Let X = E(r,g) \ Z. Then Im*(M) = Imi(M)x (resp.,
KerX(M)) is an algebraic vector bundle on X.

Moreover, the fiber of ITm? (M) (reps., Ker!(M)) at € € X is naturally identified
with Rad’ (e* M) (resp. Soc? (¢*M)).
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Proof. Tt suffices to restrict to an arbitrary ¥ C {1,...,n} of cardinality r and
prove that the Ovynx-modules Zm/ (M )jyynx (resp., (Ker! (M)|y,nx) are locally
free.

Recall that ©Z(¢) for € € E(r, g) is the specialization of ©F at the point €, which
is the result of tensoring (—) ®4[vy) k along evaluation at e. Since specialization is
right exact,

Coker{ Y (O7)"---(OF)"} @iy k = Coker{ >  OF(e)’*---0OF(e)"}.
2o Ji=i 2 Ji=i
Exactly as in the proof of [CFP12, 6.2], the hypothesis that dim Rad? (e* M) is the
same for any € € X implies that Coker{ > (07)7---(0F)’"}1,,nx is a locally
> di=g
free Oyynx-module. The short exact sequence

0—=Zm!(M)y, — (M ® k[Vz])@r(j) — Coker{ Y (©F)*---(©Z)"} —0
> Ji=J

localized at VN X now implies that Im(M)‘jVEm
the identification of the fiber above € € V5, N X.

The proof for Ker/(M) is a minor adaptation of above; see also the proof of
Theorem 6.2 of [CFP12]. O

« is locally free, as well as enables

As an immediate corollary we verify that Zm/ (M) (respectively, Ker/ (M)) is an
algebraic vector bundle on E(r, g) provided that M has constant (r, j)-radical rank
(respectively, constant (r, j)-socle rank).

Corollary 5.21. Let M be an u(g)-module which has constant (r, j)-radical rank
(respectively, (r,j)-socle rank). Then the coherent sheaf Im/(M) (respectively,
Kerd(M)) is an algebraic vector bundle on E(r,g).

Moreover, the fiber of ITm? (M) (resp., Ker!(M)) at € is naturally identified with
Rad’(e* M) (resp. Soc? (e*M)).

Proof. The condition of constant (r, j)-radical rank (respectively, (r, j)-socle rank)
implies that Radi(r,g)m = 0 (resp, Soc/(r,g)m = (). Hence, the corollary is a
special case of Proposition 5.20 for X = E(r, g). O

Example 5.22. Let u be a nilpotent restricted Lie algebra such that P! = 0 for any
x € u, and let u,q denote the adjoint representation of u on itself. Let X C E(r,u)
denote the open subvariety of maximal elementary subalgebras of dimension r as
in Prop. 3.21. Then /Ce?“(uad)| x C uaqg ® Ox is isomorphic to the restriction along
X C E(r,u) C Grass,(g) of the canonical rank r subbundle 7, C u ® Ograss, (u)-

Indeed, as noted in the proof of Prop. 3.21, X is an open subset of E(r,u) equal
to the complement of Soc(r,u),,,. Hence, by Proposition 5.20, Ker(u.q)x is a
vector bundle with the fiber Ker(uaq)e = Soc(€*(uaq)) for any € € X. Since € is
maximal, Soc(e*(u,q)) = € which finishes the proof.

In the next example we specialize to u = u3 as in Example 1.7

Example 5.23. Let g = u3 C gly so that E(2,u3) ~ P!. Consider uz as a module
over itself via the adjoint action. Then

Ker(uz) ~ Opi(—1) @ Op1 C uz @ Opr.
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The following proposition refines the analysis given in [FP11] of projective mod-
ules on sl3". We implicitly use the isomorphism E(r,sl§") ~ (P!)*" of Corollary
1.13.

Proposition 5.24. Let g = 5[3‘% and let ms : g — sl be the s-th projection,
1 <s<r. Forech)\ 0< X<p-—1, let Py be the indecomposable projective
u(sly)-module of highest weight A\. Then for each (\,s) # (N,s'), there exists
some j such that the vector bundle Ker! (n*(Py)) on E(r,g) is not isomorphic to
ICE?"j(’]T:/ (P)\/))

Proof. Observe that Soc’ (e*(n*M)) = Soc? (e:M) for any u(sly)-module M and
any j,1 < j < r, where € = (e1,...,¢,) € E(r,slJ"); in particular, the action of €
on €*(m* M) factors through es. This implies that Ker? (7%(Py)) =~ 72 (Ker? (Py)).
The proposition now follows from the computation given in [FP11, 6.3]. d

6. VECTOR BUNDLES ON G-ORBITS OF E(r, g)

Our explicit examples of algebraic vector bundles involve the restrictions of im-
age, cokernel, and kernel sheaves to G-orbits, where G is an algebraic group, g is
the Lie algebra of G, and M is a rational G-module. Proposition 6.1 verifies that
the image and kernel sheaves determine algebraic vector bundles on G-orbits inside
E(r, g), which are interpreted in Theorem 6.5 in terms of the well-known induction
functor from rational H-modules to vector bundles on G/H. .

We begin this section with a general discussion of such bundles and conclude
with explicit examples.

Let ¢ C E(r,g) be an elementary subalgebra, and let X = G - € be the G-orbit
of € in E(r,g). Then X is open in its closure ioj : X C X C E(r,g), and, hence,
to any finite-dimensional rational G-representation M and any 7,1 < j < (p— 1)r,
we can associate coherent sheaves Zm/X (M), Ker?* (M) as in Definition 5.9.

The following proposition can be viewed as a generalization of Proposition 4.4.

Proposition 6.1. Let G be an affine algebraic group, g = Lie(G), and M a rational
G-module. Let e € E(r,g) be an elementary subalgebra of rankr, and let X = G-€ C
E(r,g) be the orbit of € under the adjoint action of G.

Then

I X (M), KerX(M), Coker’™ (M)

are algebraic vector bundles on X.
Moreover, for any x = €9 € X, we have natural identifications

Im»X (M), ~ gRad’(¢*M), Ker** (M), ~ gSoc(e*M)
of fibers at the point x.

Proof. The sheaves Zm#X (M), Coker’™ (M), Ker?X (M) are G-equivariant by
Proposition 5.12 since X is a G-stable locally closed subset of E(r,g). If 2 = €7
for some g € G, then the action of g on one of these sheaves sends the fiber at
€ isomorphically to the fiber at x. Since X is Noetherian, we conclude that the
sheaves are locally free (see, for example, [FP11, 4.11] or [Hart, 5. ex. 5.8]).

The identification of fibers follows from Proposition 5.10 and the fact that for
a G-rational module M we have equalities g Rad?(e*M) = Rad’((¢9)*M) (resp.,
gSoc? (e* M) = Soc? ((e9)* M)). O
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To identify the bundles on homogeneous varieties, we recall the following well
known induction functor ([Jan]).

Proposition 6.2. [Jan, I1.6.1] Let G be a affine algebraic group, H C G a closed
subgroup. For each (finite dimensional) rational H-module W, consider the sheaf
of Ogyu-modules L (W) which sends an open subset U C G/H to the sections
of G xHW — G/H above U:

(6.2.1) Lap(W)(U) = {sections of G x" W — G/H above U}.

(1) So defined, W + Lg/u(W) is a functor from finite dimensional rational
representations W of H to G-equivariant locally free coherent sheaves on
G/H.

(2) If W is the restriction of a rational G-module, then L,y (W) is isomorphic
as a coherent sheaf to W @ Og -

(3) Lg/u(—) is ezact and commutes with tensor powers (—)®"), duals (—)%,
symmetric powers S*(—), divided powers T'*(—), exterior powers A*(—), and
Frobenius twists (—)®.

In the next proposition we remind the reader that the functor £ of (6.2.1) deter-
mines an equivalence of categories between rational H-modules and G-equivariant
vector bundles on G/H. The statement of the proposition follows from the ob-
servation that p : G — G/H is an H-torsor in the fppf topology (cf. [Jan, 1.5.6])
and that the sheaf of sections of such an H-torsor is locally trivial in the Zariski
topology by [DG, 111.§4,2.4]. We thank Burt Totaro for this last reference.

Proposition 6.3. Let G be an affine algebraic group, and H C G be a closed
subgroup. For any G-equivariant vector bundle £ on G/H we have an isomorphism
of G-equivariant algebraic vector bundles on G/H

&~ ['G/H(W)a

where W is the fiber of €& over the coset eH € G/H with H-module structure
obtained by restricting the action of G to H (which stabilizes this fiber).

Moreover, for any x = gH € G/H, there is a natural identification of H-modules

Ep = gW

where &, is the fiber of £ at the point x.
Example 6.4. We identify some standard bundles using the functor £. Let G =
GL,, P = P, ,,—, be a maximal parabolic with the Levi factor L ~ GL, x GL,_,.
Set X = Grass,, , = G/P and let V be the defining representation for G. Denote by
W the representation of P given by composition of the projection P — L — GL,
followed by the defining representation for GL,. We set
(6.4.1) Yoo Lx(W), ur = Lx((V/W)#).

Thus, -, is the canonical rank r subbundle on Grass, ,. Observe that we have a
short exact sequence of algebraic vector bundles on X:

(6.4.2) 0——=v —V®0x o, 0,

where we denote by £V the dual sheaf to £.
Let F(—) be one of the functors of Proposition 6.2.3. Then Proposition 6.2.3
implies that
F(y) = Lx(F(W)).
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Combining Propositions 6.1 and 6.2, we conclude the following “identifications”
of the vector bundles on a G-orbit in E(r,g) associated to a rational G-module.
The proof follows immediately from these propositions.

Theorem 6.5. Let G be an algebraic group and M be a rational G-module. Set
g = Lie(G), and let r be a positive integer. Let H C G denote the stabilizer of
some € € E(r,g), set X ~ G/H, and consider Lx : H-mod — G/H-bundles as in
(6.2.1).

Forany j, 1 <j < (p—1)r, we have the following isomorphisms of G-equivariant
vector bundles

Im?X (M) ~ Lx(Rad’(e*M)), Ker" (M) ~ Lx(Soc(e*M))

as subbundles of the trivial bundle Lx (M) = M®0x , where Rad? (e*M)), Soc? (¢* M))
are endowed with the action of H induced by the action of G on M.

The following proposition, a generalization of [CFP12, 7.9], enables us to identify
kernel bundles provided we know corresponding image bundles and vice versa.

Proposition 6.6. Retain the notation and hypotheses of Theorem 6.5. Then there
is a natural short exact sequence of vector bundles on G/H ~ X C E(r,g)

(6.6.1) 00— Kerh*(M#) —— (M#) @ Ox — (Zm/*(M))" —0.

Proof. The proof is a repetition of that of [CFP12, 7.19]. By Remark 3.10, the
sequence

(6.6.2) 0 —= Soc? (¢*(M#)) M# (Rad’ (e*M))# —— 0.

is an exact sequence of H-modules. Applying the functor £ to (6.6.2) (which
preserves exactness by Proposition 6.2) and appealing to Theorem 6.5, we conclude
the exactness of (6.6.1). O

We next work out specific examples of vector bundles on E(m, gl,,).

Proposition 6.7. Let G = GL,,, and let V' be the n-dimensional defining repre-
sentation. Let € = Uy, € E(r(n —1),gl,) for some r < n. Consider the (closed)
GL,,-orbit
X = GL,, -e ~ Grass,, »
of E(r(n —1),gl,,). We have the following isomorphisms of algebraic vector bundles
on X:
(1) ZmX (V) ~ KerX(V) ~ ~,,
Im»X(V)=0 for j>1.
(2) Coker™ (V) ~dY_,
Coker™™ (V) =0 for j > 1.
(3) KerX(A"Y(V)) =~ ZmX (A 1(V)) ~6)_,,
Im/ X (A" 1(V)) =0 for j > 1.

Proof. Let eq,...,e, be the standard basis of V, so that both Rad(e*V) and
Soc(e* M) are spanned by ej,...,e.. That is, Rad(e*V) = Soc(e*M) = W as
P, »—r-modules in the notation of Example 6.4. Hence, Theorem 6.5 implies that

ImX(V)~Lx(W) =7, and Ker*(V)~Lx(W)=n,.
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This proves the first part of (1). The vanishing Zm/** (V') = 0 follows immediately

from the fact that Rad?(e*(V)) = 0 for j > 2.
Part (2) follows from the exactness of (6.4.1). The last assertion follows from the
elementary identification of A"~V with V# as GL,-modules and Proposition 6.6.
]

Proposition 6.8. We retain the hypotheses and notation of Proposition 6.7. For
any positive integer m < n —r,

(1) ZmmX(vem) = 4o,

(2) Zm™> (S™(V)) = S™(7),

(3) Zm™X(A™(V)) = A™ ().

Proof. Write u(e) = k[t; ;]/(t};),1 <i <r,r+1<j <n. The action of ¢; ; on V' is
given by the rule ¢; je; = e; and ¢; je, = 0 for £ # j. Let W = Rad(e*V) as in the
proof of Prop. 6.7. On a tensor product M ® N of modules the action is given by
ti (VW) =t; jrRW+v®t; jw; thus Rad™ (e*(V®™)) is contained in the subspace

of V®™ spanned by all elements ¢;, @ -+ Q@ ¢;, , where 1 <y, ... i, <7, which is
W®m™_ On the other hand, for any sequence i1, ... ,0m, with 1 <iq,... i, <7, we
have that

(681) €y KRR €i,, — (til,r+1 e t’imﬂ"-l-WL)(eT-i-l (SR er—i—m)

since r +m < n. Hence, Rad™(e*(V®™)) = W®™. Therefore, the equality
ImmX(VE™) = Lyx(WO™) = 427 follows from Proposition 6.2.3, Theorem 6.5,
and Example 6.4.

To show (2), note that the action of u(e) on S™(V) is induced by the action on
V®™ via the projection V& — S™ (V). Hence, the formula (6.8.1) is still valid in
S™(V), and implies the inclusion S™(W) C Rad™(e*(S™(V')). The reverse inclu-
sion is immediate just as in the tensor powers case. Therefore, Rad™ (e*(S™(V))) =

S™(W), and we conclude the equality Zm™*(S™(V)) = S™(v,) appealing to
Theorem 6.5.
The proof for exterior powers is completely analogous. ([

We provide similar computations for the symplectic group Sps,,.

Proposition 6.9. Consider G = Sp,,, and its defining representation V. (of di-
mension 2n); assume p > 3. Let P C Spy, be the unique cominuscule parabolic
subgroup (as described in Definition 2.5), and let p = Lie(P). Let € be the nilpotent
radical of p, an elementary subalgebra of sp,,, of dimension m = (”'ZH) Applying
Theorem 2.13, we consider

Y = E(m,sp,,) ~LG(n,V).

Let v, C O;‘?z" be the canonical subbundle of rank n. We have the following
natural identifications of algebraic vector bundles on Y :

(1) Im(V) =~ ~,, Im(V)=0 for j > 1.
(2) Tm(A? (V) = Y, Td (A" 1(V)) =0 for j > 1.
(3) Form<mn,

(a) Imm(V®m) = ('Vn)®m;
(b) Zm™(S™(V)) = S™(vyn),
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(c) Zm™(A™(V)) = A™(7n)-

Proof. We view Sp,,, as the stabilizer of the form

0 I,
I, 0)°

so that sp,,, is the set of matrices of the form

)

where D = —AT and B and C are n x n symmetric matrices. Then p C sp,,, is
defined by C' = 0 (this can be easily verified from the explicit description of roots
and roots spaces as in, for example, [EW06, 12.5]). We view V as the space of
column vectors on which these matrices act from the left, and give V' the standard
basis eq, ..., €oy,.

The restricted enveloping algebra of € has the form k[t; ;]/(t} ;) where 1 <i <n
and n+¢ < j < 2n. The generator t; ; acts on V' by the matrix F; ; if j = n+ and
by E; j + Ej_y itn otherwise. Here, F; ; is the matrix with 1 in the (7, j) position
and 0 elsewhere. Thus we have that

(691) ti,jej = €, ti’jeprn = €j—n, and tm-eg =0

whenever ¢ # j,i + n. These relations immediately imply that Rad(e*V) =
Soc(e*(V)) = W where W C V is the P-stable subspace generated by ey, ..., e,.
Moreover, we also have that Rad? (e*V) = Soc’ (¢*V) = 0 for any j > 1. Applying
Theorem 6.5, we get

Im(V)=Ker(V) =~ Ly (W) =7,, Im'(V)=Ke’(V)=0 forj> 1.

Part (2) follows from (1) and the fact that A>*~1(V) is the dual of g-module V.

We proceed to show that Zm™ (V&™) ~ (v,)®™ for m < n. We note that as
in the proof of Proposition 6.7 it is only necessary to show that (Rad(e*V))®™ C
Rad™ (e*(V®™)), since the reverse inclusion is obvious.

Since Rad?(e*V) = 0, the action of Rad™(u(e)) on VE™ is given by the formula

(6.9.2) (ti1,n+j1 T tim7n+jm)(esl ®- - ®es,) =

E : tiw(1)7n+jw(1)651 - ® tiﬂ(1)7n+j7r(7n)es7n'

TEX m
To prove the inclusion (Rad(e*V))®™ C Rad™(e*(V®™)), we need to show that
for any m-tuple of indices (i1,...,%m), 1 < 4; < n, we have ¢;, ® --- ® ¢;,, €

Rad™ (e*(V®™)). We first show the following

Claim. For any simple tensor e;, ® --- ® e;, in (Rad(e*V))®™ there exists a
permutation w € X, such that e,;,) ® - -+ ® €y(;,,) € Rad™ (e*(VE™)).

We proceed to prove the claim. Let e;, ® -+ ® ¢;,, be any simple tensor in
(Rad(e*V))®™. Applying a suitable permutation m € 3, to (1,...,m), we may
assume that (ir,..., %) has the form (i{*,452,...,4,*) where iy > i3 > --- > iy and
a1 + ...+ ag = m. Applying yet another permutation, we may assume that the
string of indices (i1, ..., %y, ) has the form

. . .a;—1 cap—1
(T1y02, -y, 07" i) ),
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with 41 > 49 > --- > 4. To this string of indices we associate the string of indices
1y, Jm by the following rule:

J1=1,]J2 =2y, Je = e
and (Jg41, - - -, Jm) is asubset of m—¢ distinct numbers from {1,...,n}\{i1,ia,..., 4}
We claim that
(6.9.3) (tiv gy timntin) (Entjs @ @ €pgj,,) =€, @ D€,

Indeed, relations (6.9.1) imply that t;, niji€ntjy © - - @ tin ntjmEntjm = €iy &
-+ ® e, . We need to show that all the other terms in (6.9.2) are zero. To
have t;, ntj,entj. 7 0, we must have either j, = j, or i = j,.. By the choice

of (j1,-..,4m), the second condition is = j, implies that s = r and, hence,
js = jr. Therefore, t;, nyj,€nt;. # 0 if and only if j; = j,. Since by con-
struction all (j1,...,jm) are distinct, we conclude that t;_ ) n+j, o €ntj @ -+ ®

bir 1y ntin(m) Entim # 0 if and only if 7 is the identity permutation which proves
(6.9.3). This finishes the proof of the claim.

Now let e;, ®- - -®e;,, be an arbitrary tensor with 1 <14; < n. As we just proved,
there exist w € ¥, and indices ji, ..., jm, such that
(6.9:4)  (fw(ir)inss i) mtim ) (Entis @+ @ €ntj) = €uw(in) @+ © €uiy,)-
The formula(6.9.2) implies that if we apply w™! to (6.9.4) we get the desired result,
that is

(i w10 " bimontw=1Gm)) (Entw=1(i1) © @ ngw=1(j,)) = €iy @+ D €,

Therefore, €;, ® --- ® €;,, € Rad™(e*(V®™)). The statement for symmetric and
exterior powers follows just as in Proposition 6.8. ([

In the next proposition we remind the reader of some standard constructions of
bundles using the operator £ in addition to v and ¢ mentioned in Example 6.4. As
this must be well-known, we only provide either references or short sketches of the
proofs.

Proposition 6.10. Let G be a reductive algebraic group and let P be a standard
parabolic subgroup. Set g = LieG, p = Lie P, and let u be the nilpotent radical of
p.
(1) Tg/p ~ L p(g/p), where T, p is the tangent bundle.
(2) Assume that g has a nondegenerate G-invariant symmetric bilinear form
(such as the Killing form). Then
Qa/p =Tép ~ Layp(u),

where u is viewed as P-module via the restriction of the adjoint action of
P onp.
(3) For G=SL,,P=P,,_,, X = G/P = Grass,,, we have

Tx =7 @06, Ox =% ®0n—r.
(4) Let G = Spy,, P = P,,, the cominuscule parabolic. LetY = G/P. Then
Ty ~ La/p(a/p) ~ S (1))
Moreover, if p > 2 and does not divide n + 1, then
Qy ~ S%(y,).
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Proof. (1). See [Jan, I1.6.1].

(2). This follows from (1) together with the isomorphism of P-modules (g/p)# ~
u, guaranteed by the existence of a nondegenerate form.

(3). We have g,qg = End(V). Let eq,...,e, be a basis of V, and choose a linear

splitting of the sequence 0 w % V/W 0 sending V/W to
the subspace generated by e,41,...,e, (see notation introduced in Ex 6.4). We
have

End(V) = Hom(W, V/W) & Hom(V/W, W) @ Hom(W, W) & Hom(V/W, V/W),

where the sum of the last three summands is a P-stable subspace isomorphic to p.
Hence, we have an isomorphism of P-modules: g/p ~ Hom(W,V/W) ~ W#xV/W.
Therefore,
Tx = Layp(a/p) = LWH) @ LIV/W) = 7 @6,
Consequently,
Qx ~ v ® 6pr,

since the form (x,y) — Tr(zy) is non-degenrate on sl,.

(4). In this case W is an isotropic subspace of V, and W ~ (V/W)#. Then
g/p ~ Homgy,,, (W, V/W) ~ S*(W#). Hence,

Ty ~ Lg/p(a/p) ~ 5*(3,).

The condition on p assures that the Killing form is nondegenerate (see [Sel65]).
Hence, we can dualize to obtain the last asserted isomorphism. ([

We next show how to realize the tangent bundle of G/P for a cominuscule
parabolic P of a simple algebraic group G as a cokernel bundle.

Proposition 6.11. Let G be a simple algebraic group, and let P be a cominuscule
parabolic subgroup of G. Set g = Lie G, p = Lie P, and let u be the nilpotent radical
of p. Let G-u =~ G/P be the (closed) orbit of u € E(dimu,g). Consider g as the
adjoint representation of G. We have isomorphisms of vector bundles on G/P:
ImG/P(Q) ~ Lg/p(p)
and
Coker®/F(g) ~ Ta)p-

Proof. Let X = G/P, and let ¢ = u. Then Rad(e*g) = [u,g] = p by Prop. 2.8.
Propositions 6.1 and 6.2 give an isomorphism

Im™(g) =~ Lx(p)

as bundles on X. Applying Proposition 6.2 again, we conclude that the short exact
sequence of rational P-modules

O—-p—og—g/p—0
determines a short exact sequence of bundles on X:
0—Lx(p) - g®0x — Lx(g/p) = 0.
We conclude that
Coker™ (g) =~ (3® Ox)/Im™(g) = (8 ® Ox)/Lx(p) = Lx(a/p) =~ Teyp.
O
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We offer some other interesting bundles coming from the adjoint representation
of g.

Proposition 6.12. Under the assumptions of Proposition 6.11, we have
Im* /P (g) ~ Layp(w),
where u is viewed as a submodule of p via the adjoint action of P.

Proof. Let € = u. By Proposition 2.8, Rad®(¢*g) = [u, [u, g]] = u. Hence, Zm>%/P (g)
Lg,p(u) by Theorem 6.5. O

In the next three examples we specialize Proposition 6.12 to the simple groups
of types A,,, By, and C,,.

Example 6.13. Let G = SL,,, P = P, ,,_,, X = G/P ~ Grass,,. We have an
isomorphism of vector bundles on X

Im27X(g) ~Qx >~ Q 0y
Indeed, this follows immediately from Propositions 6.12 and 6.10(3).

Example 6.14. Let G = SOg,,+1 be a simple algebraic group of type B,, so that
g = S02,41, and let P = P,, be the standard cominuscule parabolic subgroup of
G (we choose the symmetric form, the Cartan matrix, and the simple roots as in
[EW06, 12.3]). Let u be the nilpotent radical of p = Lie(P), and let X ~ G/P ~
P?"~1 be the G orbit of u in E(2n — 1,g). Then

Im*>*(g) = Lg;p(u) = Lpzn—1(Van-1),
and, if p > 2 and does not divide 2n — 1,
Im?*(g) ~ Qpan-1.

In the first formula above, V5, _1 is the natural module for the block of the Levy
factor of P which has type B,,_1. More precisely, we have P = LU where L is the
Levi factor and U is the unipotent radical. The Levi factor L is a block matrix
group with blocks of size 2 and 2n — 1. Factoring out the subgroup concentrated
in the block of size 2, we get a simple algebraic group isomorphic to SOg,,_1. We
take V5, _1 to be the standard module for this group inflated to the parabolic P.

To justify the claims, we note that the isomorphism Zm?% (g) = Lx(u) is the
content of Proposition 6.12, whereas the isomorphism Zm?* (g) = Lx (Va,_1) fol-
lows from an isomorphism of P-modules u =~ V5,,_1 which can be checked by direct
inspection. Finally, the last asserted isomorphism follows from Proposition 6.10,
since the condition on p guarantees that the Killing form on g = Lie G is nonde-
generate (see [Sel65]).

Example 6.15. Let G = Sp,,,, P = P, , and assume that p > 3 does not divide
n + 1. We have an isomorphism of vector bundles on ]E((";l),g) ~ LGap

Im2(g) = S2(’Yn)-

Just as in the previous examples, this follows immediately from Theorem 2.13
which identifies E((";l) ,8) with LGa,, ,,, and Propositions 6.12 and 6.10(4). Propo-
sition 6.10 is applicable here since the condition on p guarantees that the Killing
form is nondegenerate (see [Sel65]).

~
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Proposition 6.16. Let G be a simple algebraic group and P C G be a cominuscule
parabolic. Let g = LieG, p = Lie P, and let u be the nilpotent radical of p. Let
X =G -uCE(r,g) where r = dimu. Consider the adjoint action of G on g. We
have an isomorphism of bundles on X ~ G/P:

Ker*(g) ~ Lg/p(u)® Ox.
If, in addition, g has a nondegenerate G-invariant bilinear form, then
ICerX(g) ~ QX D Ox.

Proof. Let ¢ = u which is an elementary subalgebra by Lemma 2.6. We have
Soc(e*(g)) = Cy(u), the centralizer of u in g. Since p is the normalizer of u, we
have Cg(u) C p. Moreover, since u C p is a Lie ideal, so is Cy(u). Since p/u
is reductive, we conclude that Cy(u)/u is the center of the Levi subalgebra of p
which coincides with the center of p itself. Denote the center of p by C(p). We
have Cy(u) = u+ C(p); moreover, C(p) is a trivial one-dimensional P-module since
P is a maximal parabolic. Therefore, Lg;,p(C(g)) ~ Og/p, a trivial line bundle.
Combining this with Theorem 6.5 we get the following isomorphisms

Ker® " (g) =~ L&) p(Cy(w) = L p(u) & Lap(C(9)) = Layp(u) @ Ogyp-.

If g has a nondegenerate G-invariant bilinear form then Lg/p(u) is isomorphic
to the cotangent bundle Q¢ ,/p by Proposition 6.10. Hence, in this case we have

]CET’G/P(Q) ~ Qg/p S7] Oc;/p.
(I

We restate in the following example the special cases of Proposition 6.16 for
which we have an identification E(r,g) = G - u~ G/P as shown in Section 2.

Example 6.17. (1). For G = SLg,, (x,y) = Tr(zy) defines a nondegenerate
G-invariant bilinear form on g = sly,. Hence, specializing Proposition 6.16 to
G =SLay, P = Py, 7 =n?, and E(r,sla,) ~ Grassa, ,, we get an isomorphism of
bundles on the Grassmannian:

’Cer(5[2n) ~ QGraSng71 @ OGra552n,n~

(2). Assume that p > 2 and does not divide n + 1. This guarantees that
the Killing form on sp,,, is nondegenerate (see [Sel65]). For G = Sp,,, and r =
dimu = ("), we have E(r,sp,,) = LG(n,n) (the Lagrangian Grassmannian), by
Theorem 2.13. Hence, we have an isomorphism of bundles on LG, »:

/CeT(EPQn) ~ QLGn,n @OLGn,n~

7. VECTOR BUNDLES ASSOCIATED TO SEMI-DIRECT PRODUCTS

In this section, we provide a reinterpretation of “GL-equivariant kFE-modules”
considered in [CFP12] as modules for the subgroup scheme Gy, = V(1) x GL,, of
the algebraic group G1, =V x GL,, of Example 1.11. This leads to consideration
of rational representations for semi-direct product group schemes W) x H where
H is any algebraic group H and W is any faithful rational H-representation.
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Notation 7.1. Throughout this section, V' is an n-dimensional vector space with
chosen basis, so that we may identify GL(V) with GL, and V with the defining
representation of GL,. Let V = Spec(S*(V#)) ~ G&™ be the vector group as-
sociated to V, and let V(1) ~ (G41))®" be the first Frobenius kernel of V. The
standard action of GL,, on V induces an action on the vector group V. Moreover, it
is straightforward that this action stabilizes the subgroup scheme V(;), C V. Hence,
we can form the following semi-direct products:

(7.1.1) Grn 2LV x GL, Giym 2L Vi) % GL, .
Let
(7.1.2) g1 2L Lie(G1y.n) = Lie(G1.0) -

We view V ~ Lie(V (1)) C g1,, as an elementary subalgebra of g; ,, which is also a
Lie ideal stable under the adjoint action of G . For any r-dimensional subspace
€ C V C g1,n, we consider the adjoint action of G1 ,, on €. Since V is stable under
the adjoint action, and the action of V on V is trivial, we get that the adjoint orbit
G1n-€ CE(r,g1,n) can be identified with GL,, -¢ C Grass(r, V) ~ E(r, Lie(V (1)) C
E(r,g1,n)-

We recall the notion of a GL-equivariant kE-module considered in [CFP12].

Definition 7.2. Let F be an elementary abelian p-group of rank n and choose
some linear map V' — Rad(kF) such that the composition V. — Rad(kE) —
Rad(kE)/Rad?(kE) is an isomorphism. This determines an identification kE ~
S*(V)/{vP,v € V). Then M is said to be a GL-equivariant kE-module (in the
terminology of [CFP12, 3.5]) if M is provided with two pairings

(7.2.1) S*(V)/(wPv e VY@M — M, GL(V)xM — M

such that the first pairing is GL(V')-equivariant with respect to the diagonal action
of GL(V) on S*(V)/(vP,v € V) @ M.

As the next proposition explains, the consideration of GL-equivariant kE-modules
has a natural interpretation as G 1) ,,-representations for G (1), = V(1) ¥ GLj.

Proposition 7.3. There is a natural equivalence of categories between the category
of rational modules for the group scheme G 1), and the category of “GL-equivariant
kE-modules”.

Proof. Assume that we are given a functorial action of the semi-direct product
(G(l),n)(A) = V(l)(A) X GLn(A) on M ® A

as A runs over commutative k-algebras. We view this as a group action of pairs
(v,9) = (v,1)-(0,g) on M. Since (0,9)-(v,1) = (v9,g9) = (v9,1)-(0, ¢g) in the semi-
direct product, we conclude for any m € M that the action of (0,g) on (v,1) om
equals the action of (v9,1) on (0,g) o m. This is precisely the condition that the
action of V(1) x M — M is GL,-equivariant for the diagonal action of GL, on
V(1) x M. Consequently, once the identification kE ~ kV ;) = u(Lie(V)) is chosen,
to give a GL,-equivariant action kE x M — M is to give actions of V(1) and GL,
on M which satisfy the condition that this pair of actions determines an action of
the semi-direct product.
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Conversely, given a GL,-equivariant kFE-module N, it is straightforward to check
that the actions of GL,, and kE ~ kV(;) determine an action of G(y), on the
underlying vector space of N.

Note that we have GL,, acting on g; ,, by restricting the adjoint action of Gy,
on its Lie algebra. This, in turn, makes E(r, g1 ) into a GL,-variety. We next
observe that rational G (i) ,-representations (even those which are not restrictions
of Gy ,,-representations) lead to GL,-equivariant sheaves on Grass(r, V).

Proposition 7.4. Let W C E(r,91,,) be a closed GL,, -invariant subset for some
r, 1 <r <n. Let M be a finite dimensional rational representation of G(1),,. Then
for any j, 1 < j < (p—1)r, the image and kernel sheaves KerW (M), Im/W (M)
on W are GL,, -equivariant.

Consequently, Ker’* (M) and ITm?* (M) are GL,-equivariant algebraic vector
bundles on X = GL,, -€ ~ Grass,, ., where e C V is an r-dimensional subspace.

Proof. As seen in the proof of Proposition 7.3, the action u(gy,,)®M — M restricts
to an action of u(Lie V) ® M — M which is GL,-equivariant. In other words,

(7.4.1) (vom)? = v9om?

forveV ="LieV, g€ GL,, m € M.
We consider the following analogue of (5.11.4):

(7.4.2) M@ k[Ws] —2> M@ k[Wg_l]
(eYV*Ew‘l_.A(eXV'E)jTl i((@YVZ)h...(@XV’E)”)g
M ® k[Wy] —2> M @ kW ],

where g € GL,, and Wy, is a principal open subset of W (the restriction of a principal
open subset of Grass(r, g1,,)), and € € Wx. The operators O in (7.4.3) are defined
as in (5.1.1) with u(g) replaced by u(Lie(V)). The commutativity of (7.4.2) follows
from (7.4.1), just as the commutativity of (5.11.4) follows from (5.11.2).

To complete the proof, we argue as in the proof of Proposition 5.12 (replacing the
commutative square (5.11.4) by the above commutative square (7.4.2)) to obtain
the following commutative square analogous to (5.12.1):

(7.4.3) M & kW ——> M @ kW (o)
(©1" %) (=) l((e?z)h...(e?’zﬂwg
M ® k[Wz](E) A Y ® k[ngl](Eg—l).

The proof of the proposition is completed by arguing exactly as at the end of the
proof of Proposition 5.12: since kernels and images commute with taking stalks,
ImWI (M), Ker™J (M) are GL,-equivariant sheaves.

The second statement of the proposition follows just as in the proof of Proposi-
tion 6.1. O

Using the GL,, equivariance of image and kernel sheaves, we obtain the following
comparison supplementing Proposition 7.4.
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Proposition 7.5. Let M| denote the kE-module associated to the rational G 1) ,-
module M. Choose some r,1 < r < n, and some j with 1 < j < (p — 1)r. Let
€ C V be an r-dimensional subspace. Then there are natural identifications of
GL,, -equivariant vector bundles on X ~ Grass(r, V),

Imi X (M) ~ Imj(M\E)v Kerd X (M) ~ ICerj(M‘E),

where the vector bundles Im!(Mg), Ker!(Mg) on Grass(r,V) are those con-
structed in [CFP12].

Proof. The vector bundle Zm/X (M) on X C E(r,g1,) is GLy-equivariant by
Proposition 7.4 with the fiber at the point e € X isomorphic to Rad’(e*M) by
Proposition 6.1. As proved in [CFP12, 7.5], the vector bundle Zm/(Mg) on
Grass(r, V) is also GLp-equivariant with fiber over ¢ € Grass(r, V) also isomor-
phic to Rad’ (¢*M). Hence, Zm#* (M) ~ Im/ (M) by Proposition 6.3.

The argument for the kernels is strictly analogous. O

As an immediate corollary of Proposition 7.3, we conclude the following inter-
pretation of the computations of [CFP12]. The representations N, M, R of the
following proposition are rational G(1) ,-modules which do not extend to rational
G1n-modules. The G(1),, action on N = §*(V)/S*2I+1(V), for example, is given
by V(1) acting by “multiplying by V” which increases degree of this graded mod-
ule, whereas the GL,, structure is a direct sum of actions on each symmetric power
S(V). See [CFP12, 3.6] for details of the G (1),n-structures on N, M, R.

Proposition 7.6. [CFP12,7.12,7.11,7.14] Let e C V be an r-plane for some integer
r, 1 <r <mn, and let X = GL,, -€ ~ Grass,, be the orbit of € in E(r,g1.,) as
in Notation 7.1. There are isomorphisms of GL,-equivariant vector bundles on
Grassy,, -
(1) For the rational G (1) ,-module N = S*(V)/S*23TY (V) and for any j, 1 <
Im*(N) =~ S7(y,),
where 7y, is the canonical rank r subbundle of the trivial rank n bundle on Grass,, ;.
(2) For the rational G (1, -module M = Rad"(A*(V))/Rad""*(A*(V)),

KerX(M) = Ox(~1)@ 0%,
(3) For the rational G 1), module R = S"*=D (V) /(ST@=DF2(V);0P v € V),
ICeTX(R) ~ Ox(]. —p) S5 (Rad(R) ® Ox)

We point out that specializing Proposition 7.6(1) to the case j = 1 gives a
realization of the canonical subbundle 7, on the Grassmannian as an image bundle
of the G(1),-module S$*(V))/S=%(V) different from the realization of v, given in
Proposition 6.7(1).

Our new examples of vector bundles arise by considering subgroup schemes of
G(1),n which we now introduce.

Notation 7.7. Let H be an algebraic group and W a faithful, finite dimensional
rational representation of H of dimension n; let W be the associated vector group
(~ GP™) equipped with the action of H. Let

GW,H = W(l)XHCWNH,
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and let
9w,H = Lie(Gwa).
For any subspace ¢ C W of dimension r, we identify the W x H-orbit of ¢ €
E(r,gw,m) withY = H - ¢ C Grass(r, W) C E(r, gw.u).
If p: H — GL,, defines the representation of H on W, then p induces closed
embeddings
Wx H C Gl,nv GW,H C G(l),n~

Our next proposition affirms that Proposition 7.4 extends to rational Gw,p-
representations.

Proposition 7.8. Let M be a finite dimensional rational Gy, g-module and choose

somer, 1 <r<n. Forany j, 1 <j < (p—1)r, the image and kernel sheaves
Im?Y (M), KerY (M)

on'Y are H-equivariant algebraic vector bundles.

Proof. The proof is a repetition of the proof of Proposition 7.4 with slight notational
changes. We leave it as an exercise for the interested reader. (I

We easily extend the computations of Proposition 7.6 by considering the rational
G(1),,-modules N, M, R upon restriction to Gw,g C G(1),n

Theorem 7.9. In the Notation 7.7, we have the following isomorphisms of H-
equivariant vector bundles on Y :
(1) For the rational G 1) ,-modules N = S*(V)/S*2I*1(V) and any j, 1 < j <
p—= 17
Imj)Y(N\GW,H) ~ 57 (’YT)|Y7
where v, denotes the canonical rank r subbundle on Grass(r, W).
(2) For the rational G (1), ,-modules M = Rad"(A*(V')/ Rad""2(A(V)),

ICerY(M‘GWYH) ~ Oy(-1) @O}(f‘il).
(3) For the rational G 1) ,-modules R = ST®=1D(V)/(ST®P=D+2(V); 0P v € V),
Ker (Rigy ») =~ Oy(1—p)& (Rad(R) ® Oy).
Proof. Let L be a rational representation of G(1),,. Theorem 6.5 implies that

the fibers above € € Y of Im/Y (Lig,, ), Im**(L)|y are both isomorphic to

Rad’(¢*L) as modules for Stabg(€) C H. Since both Im?Y (Ligy. ), Zm?™ (L))y
are H-equivariant coherent sheaves on the H-orbit Y, we conclude that they are
isomorphic by Theorem 6.5.

The proposition now follows immediately from Proposition 7.6 and the above
observation applied to N, M, or R. ]

We restate as a corollary the following special case of Theorem 7.9.1.

Corollary 7.10. Let H be an algebraic group, and let W be a finite dimensional
representation of H. Choose ¢ C W an r-dimensional subspace, let S C H be the
stabilizer of €, and let Y = H - e ~ H/S. Then there exists a rational Gw,p-
representation M such that

Luys(e) = (y)yy =~ Im" (M)
as H-equivariant algebraic vector bundles on'Y C Grass(r, W) C E(r, gw.z)-
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Proof. The isomorphism (v,))y =~ ZmY (M) is a special case of Theorem 7.9(1)
for j = 1.

Note that the given action of H on W induces an action on Grass(r, W) and
also makes the canonical subbundle 7, on Grass(r, W) H-equivariant. The action
of S on the fiber € of ~, at the point € is the restriction of the action of H on W.
Similarly, the action of S on the fiber € of Lz/g(€) is the restriction of the action
of H on W. Hence, Lg/s(€) =~ (v)|y by Prop. 6.3. O

Proposition 7.11. Let H be a simple algebraic group with a nondegenerate H -
inwvariant bilinear form on h = Lie H. Let P be a standard cominuscule parabolic
of H, and let e = u be the nilradical of Lie P. Then for any j, 1 < j < p—1, there
exists a rational Gy, p-representation N such that

Im?Y (N) ~ S7(Qy),
where
Y=H-¢e~G/P

is considered as a subvariety in E(r, gy i) for r = dime.

Proof. By Theorem 7.9.1, we can find a rational Gy g-representation /N such that
Im?Y (N) ~ S¥(y))y = S7(())y) where v, is the canonical rank 7 subbundle on
Grass(r,b). As shown in Corollary 7.10, (v,))y =~ Ly(e). Since Ly () ~ Qy by
Proposition 6.10, the statement follows. O

Applying Proposition 7.11 in combination with Proposition 6.10 to H = Sp,,,, we
get the following realization results for bundles on the Lagrangian Grassmannian.
An interested reader can compare them to Proposition 6.9(3b).

Example 7.12. Take H = Sp,,,, and let € C sp,,, be the nilpotent radical of the
Lie algebra of the standard cominuscule parabolic subgroup of H; let 7 = dime =
(";1) Assume that p > 2 and does not divide n + 1 (so that the Killing form is
nondegenerate). Consider

Y=H e~ LGn,n = E(T, 5p2n)

where LG,, ,, is the Lagrangian Grassmannian (see Theorem 2.13 for details). Then
we have

ImY (N) ~ Qy ~ S?(v,)
for a certain Gsp, sp,, -Tepresentation N. Moreover, for any j, 1 < j <p—1, we
can find a rational Gsp, sp, -Tepresentation N such that

Imj’Y(N‘GW7H) ~ Sj(Qy) ~ 5% (v,).
Here, 7y, is the canonical rank n subbundle on LG, ;.

We finish with the following consequence of Corollary 7.10 — any image or kernel
bundle on an H-orbit is the pull-back of an “image-1” bundle for some rational
Gw,g-module.

Proposition 7.13. Let H be an affine algebraic group, let ¢ C Lie H be an ele-
mentary subalgebra of dimension r, and let X = H -e¢ C E(r,Lie H). Let W be a
rational H-module, and choose an integer j, 1 < j < (p— 1)r.
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(1) Let = Rad’(¢*W), let Y = H -y ~ H/ Staby (i), and let f : X — Y be
the evident projection map. There exists a rational Gy, g-module N such
that

I/ X (W) = f*Tm" (V)
as H-equivariant vector bundles on X.

(2) Similarly, let v = Soc? (¢*W), let Z = H -v ~ H/Stabg(v), and let ¢ :
X =Y be the projection map. There exists a rational Gy, g-module L such
that

Ker X (W) ~ f*(Im#(L)).

Proof. (1). Since the stabilizer of € € E(r,Lie(H)) is contained in the stabilizer of
u, we, indeed, have an H-equivariant quotient map

f:X =H/Stabg(e) — Y = H/Stabg(p).

By Corollary 7.10, L/ stab(y) (1) is of the form ImY (N) for some choice of rational
Gw.g-module N. The fibers of f*(ZmY (N)) and Zm?X (W) above ¢ € X can
both be identified with p = Rad’ (¢*W) as Staby (¢)-modules. The statement now
follows from Proposition 6.3.

The proof for (2) is strictly analogous. |
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