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Why categorify quantum groups?

representation %

Quantum Group ——°°" Braided monoidal \—/

)V

category with duals

representation

Categorified 2 ““°9°Y " Braided monoidal

Quantum Group 2-category with duals

Crane-Frenkel conjectured categorified quantum groups would give
4-dimensional TQFTs J
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Ug C Uq(g)

i+1
0 0 . 0
if 00O 1 O
g = slp Ei=6iit1= :
0 0
Lie algebra relations:
[Ei.E]=0 [i—jl>1 [Ei, [EiEll=0 li—jl=1

Enveloping algebra relations for U (sly)
EiEj = EE; i—jl>1
2EEE; = E’E; + EE? j=i+1
Quantum enveloping algebra UJ(s[n)
EE =EE i—j>1

quantum 2 —(q +q YEEE = E?Ej +EE?  j=it1

Aaron Lauda Joint with Mikhail Khovanov (C¢  Categorification of quantum groups

January 16th, 2010

3/26



Ug (slh) has a generator E; for each vertex of the Dynkin graph

[ . o — - —
El E2 Enfl

Ug for any T

Let I be an unoriented :
graph with set of vertices |I. r= /.

Uq is the Q(q)-algebra with:

@ generators: E; i€l
i j
@ relations: EEj =EE; if e o
i
(a+a HEEE =E’E +EE? if e—e

Uq is N[I] graded with deg(E;) = i.

v
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The goal: categorify Ug (g)

The quantum enveloping algebra Uq(g) of a symmetrizable Kac-Moody
Lie algebra g has a decomposition

Uq(g) = Ug @ Uq(h) @ Ug

U; has the structure of a bialgebra: try to categorify the bialgebra U(T

The plan: define a new algebra R

R — mod — [ category of finitely generated
( graded projective modules )
Decategorification
(Grothendieck group)
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Grothendieck groups

If R is a graded ring then Ko(R) is the Grothendieck group of the
category R—pmad of graded projective finitely-generated R-modules.

Ko(R) has generators [M] over all objects of R—pmod and defining
relations

M] = [Mi]+[Mz] ifM=M;oM;
M{s}] = @°[M] seZ
Ko(R) is a Z[q, q~*]-module. |

A useful trick
If e is an idempotent in R, then

R~=Re®R(1-e).
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Integral form of Uy
Define quantum integers and quantum factorials:

qa_q—a
al = — all . =lal]la—-1]...]1
[a] a—gq- [a]! := [a]la — 1] ... [1]
Example
01 =1
o2 = L& = g+q7t
°8 = T —a’+1tq”

The algebra U is the Z[q, q~*]-subalgebra of U generated by all
products of quantum divided powers:

@ ._ B
" [a)!

Aaron Lauda Joint with Mikhail Khovanov (C¢  Categorification of quantum groups January 16th, 2010 7126



Since

c@_ B’
i T g+qg-1
a+dq

we can write the U relation

(d+q Y)EEE =E’E + EE2 if e—e

as

[ j
EEE =EPE +EE® if o—e
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Categorification of Uy

Associated to graph I' consider braid-like diagrams with dots whose
strands are labelled by the verticesi € | of the graph T.

Letv =3 v-i,fory; =0,1,2,. ..
v keeps track of how many strands
of each color occur in a diagram

Form an abelian group by taking Z-linear (or k-linear) combinations of

diagrams:
5 -2 - 17 ?
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Multiplication is given by stacking diagrams on top of each other when
the colors match:

>§<*>§<:O

Given v € NJ[l] define the ring R(v) as the set of planar diagrams
colored by v, modulo planar braid-like isotopies and the following local

relations:

January 16th, 2010 10/ 26
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Local relations |

I
o

><><ii
<X
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Local relations Il

=~
=~
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Local relations Il

[ j
i i P
i ik : j ‘ some of i,j,k may be equal
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Grading

g — grading shift

deg+ = 2

(2 ifi =j
i i
deg >< = 0 ife e
i j : j

|
L1 if e—e

The R(v) relations are homogeneous with respect to this grading.
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R, is the associative, F-algebra on generators 1i, Xaj, ;%p, for
1<a<m,1<b<m-1landi € Seq(r) subject to the following relations for

i,j €Seq(v):

1L1]_ = 5Li_1i,7 Xa,i = 1i,Xa,i,1iJ
Yaj = Ls,)%aili, Xa,iXp,i = Xb,iXa,is
0 if ir = ir+1
¢a,5a(i,)¢a,i_ == 1L o . . If (aia7 aia+1) = O 5
(x;if'av'aﬂ> n x;jffv'ﬂ) 1 if (., 0, ) # 0 and ia # iags

Ubsa)¥ai = Yasy(¥o,i  ifla—b|l>1,
¢a,sa+1sa(i)¢a+l,sa([)¢a,i - 1paJrl,sasaJrl(iﬁ)wa,sa‘ﬂ(if)¢a—t-1,i_ =

_(ia7ia+1>_1 —(i i >_1_r . )
_ > x{lyixa +2a,; att if ia = lay2 and (i, i,,,) #0
= = i i
0 otherwise,
1 ifa=bandi =ias1
VaiXp,i — Xsub)sa¥ai = ¢ —1i  fa=b+landia=ian
0 otherwise.
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Projective modules from idempotents

Let R = @, R(v). For each product of E;’s in Ug we have an
idempotentin R:

Ei EJEkE| Ej Eg = 1ijkij€ =

This gives rise to a projective module

E&&&EE, = Rljkije = R(2i+ 2] +K + £)Ljie

corresponding to the idempotent 1y, above.
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Example
Consider
Rlijk = R(l +j o k)lijk

The projective module & & & := R(i +j + k)1, consists of linear
combinations of diagrams that have the sequence ijk at the bottom

Diagram

i ] ok

i.e. >§< and
% ¢ R(i +]j + k)i
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We can construct maps between projective modules by adding
diagrams at the bottom
Example

We get a module map from & && := R(i +]j + k)1 to
Skgjgi =R(i+j+ k)lkj| as follows:

Rlijk leji
Diagram

TIT PR CTTH
i ] ok k J i k J i
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Given a graded module M and a Laurent polynomial
f =>"fa0® € Z[q,q 1] write

M & or @M
f

to denote the direct sum over a € Z of f, copies of M{a}

Example
Since [3] = g% +1+q~2 € Z[q,q 1], for a graded module M

bmv = M{2} oM{0} o M{-2}
[3]
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Example (n = 2)
2
E_(Z) _ _E or Ei2 — (q + q—l)Ei(Z)

& - <

Recall that
so that e, = >< is an idempotent.

8i(2) is the projective module for this idempotent
£® = R(2i)e {1}

g2 = P10 P (-1}
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Categorification of EEj = EjE

i j i j
E; Ej = Ej E, if ° o ~~ 5,5’1 = 5]8, if ° °

< <

6 —1 1 g5 1 1 .gg

These maps are isomorphisms since
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Categorification of EEE; = Ei(z)Ej +Ej Ei(z)

The relation

(I N T R P

together with the other relations imply
s&& =P 0 P

We have shown that all the quantum Serre relations hold as

isomorphisms between projective modules. This implies that they also
hold in the Grothendieck ring.
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Work over a field k.

Theorem (M.Khovanov, A. L. arXiv:0803.4121)
There is an isomorphism of twisted bialgebras:

v:Uf — Ko(R)
E@E®) g@) {E-(al)é'-(aZ) . .E-(a")}

I I2 Ik I I2 Ik

multiplication +— multiplication given by [Ind]
comultiplication +— comultiplication given by [Res|

The semilinear form on U/} maps to the HOM form on Ko(R)

y) = (v (x),7(y))
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Theorem ( simply-laced )

Uy = > Ko(R)
Lusztig-Kashiwara indecomposable
canonical basis projective [P]

arXiv:0901.4450

Brundan and Kleshchev gave an algebraic proof when I is a chain or a
cycle.

v

arXiv:0901.3992

The general case (over C) was proven by Varagnolo and Vasserot who
showed that rings R(v) in the simply-laced case were isomorphic to
certain Ext-algebras of Perverse sheaves on Lusztig quiver varieties.

v
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Cyclotomic quotients

For a given weight A = > *. | A; - /A define the cyclotomic quotient R of
R(v) by imposing the additional relations: for any sequence iziy - - - iy Of
vertices of [

Aj, dots on the first \

strand of any sequence — .
is zero

This is analogous to taking the Ariki-Koike cyclotomic quotient of the
affine Hecke algebra:

e (T )

i€l
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Cyclotomic quotient conjecture

The category of finitely-generated graded modules over the ring

R* =

DR

veNJ]

categorifies the integrable version of the representation V, of Uq(g) of

highest weight \.

vV(})

~

Lusztig-Kashiwara
canonical basis

> Ko(R/\)

indecomposable
projective [P]
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