MATH 300 HW 6 Key

3.2.13.a Because |a; — b;| > 0 for all 7 by definition of absolute value, we
have d(s1, s2) = > |a; —b;| > 0 because it is a sum of non-negative terms.

b. We have d(s1,s2) = 0 <> |a; — b;j| = 0 for all i <> a; = b; for all i <>
51 = S92.

c. We have
d(Sl,Sz) = Z \ai — bl| = Z |b1 — ai| = d(SQ, 51)

=1 =1

d. We will begin with the base case n = 1. If d(s1,s3) = 0 then
the inequality 0 < d(s1,s2) + d(s2, s3) immediately follows by part a. If
d(s1,s3) =1 then s; # s3. It follows that we cannot have both s; = s9 and
s9 = sz and so either d(s1,s2) =1 or d(s2,s3) = 1 and the inequality holds.
This proves the base case.

We then assume that the statement holds for strings of some length & > 1
and let s1, s2, s3 be strings of length k£ + 1. We let s, be the strings s; with
last character removed. Then

k1 k
d(s1,s3) = > lai—ci| =Y |ai — cil + |agss — cryr| = d(sh, s3) + d(ars1, cry1)
i—1 i=1

< d(S’l, 5/2) + d(3127 Sg) + d(ak+17 bk+1) + d(bk+17 ck+1) = d(317 32) + d(327 33)
which finishes the proof.

3.2.16.a. We define a; =1 and a,, = a,,_1 + 2 for n > 1.

b. We define a1 =1, as = 1, and a,, = a,,_9 + 2 for n > 2.

c. We define a1 =2 and a,, = ap—1 + (n — 1) for n > 1.

d. We define a; =1, a2 = 2, and a, = ay—1 + an_2 for n > 2.

3.3.2.a. f = goh where h(z) = 2% + cos(z) and g(z) = 23.
b. f = goh where h(x) = 2% — Tz and g(x) = = + 1.
c. f=goh where h(xz) =2z and g(x) z2 107,
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d. f = goh where h(m):x—landg(l‘)zﬁ-

3.2.7.a. We will prove via the contrapositive. Suppose f is not injective.
Then there exists x # y € A such that f(z) = f(y) = a for some a € B.
Then (go f)(z) = g(a) = (9o f)(y) and so g o f is not injective.

b. Suppose g o f is surjective. Then for all ¢ € C' there exists a € A such
that (go f)(a) =c. Then f(a) =b € B and so g(b) = c. It follows that g is
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surjective.

3.2.8.a. Let A = {1} and B =C = {1,2,3}. We define f: A — B by
f(a)=1and g : B — C by g(b) = 1. Then g(1) = ¢g(2) and so ¢ is not
injective but g o f is injective because the domain is a singleton.

b. Let A=C = {1} and B = R and define f : A — B by f(z) =0 and
define g : B — C by g(z) = 1. Then go f is surjective because the codomain
is a singleton but f is not surjective.

4.1.2. Let L and M be lines. Let (aj,as) # (ba,be) € L and (c1,c2) #
(d2,da) € M. We then define ’direction vectors’ (I1,1l2) = (b1 — a1,ba — a2)

and (mi1,mg) = (dy — ¢1,da — ¢c2) for L and M respectively.
We then define functions f: R — L and g : R — M by

f(t) = (a1,a2) +t(l1,12)  g(t) = (c1,c2) +t(my, ma)

Since these are each bijections, we have L ~ R and M ~ R and so L ~ M.
4.1.4.a. We define a bijection f: A x B — B x A by f(a,b) = (b,a).
b. If A~ C and B ~ D then there exists bijections f : A — C and

g : B — D. We define a bijection h : AxB — CxD by h(a,b) = (f(a),g(b)).
c. We define a bijection f: (A x B) x C — A x (B x C) by

f((a7 b)7 C) = (a> (bv C))

d. We define a bijection f: {w} x A by f(w,a) = a.
4.1.6. We define a bijection f : [-2,8] — [3,5] by f(z) = £t

4.1.9. We have

#(AUBUC) = # A+#B+#C—4£(ANB)—#(ANC) —#(BNC)+#(ANBNC)






