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Thm. The moduli space ﬂg of stable curves of genus g > 2
18 a smooth, proper and irreducible Deligne—Mumford stack of
dimension 3g — 3 which admits a projective coarse moduli space.
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Def. Let X be an algebraic stack and z € |X|. Choose a
smooth presentation (U,u) — (X, ) and let s,t: R=3 U
be the smooth groupoid. Define

finy, T = i T — dime(u)e Z U oo

where R, is the fiber of s: R — U over u and e: U — R
denotes the identity morphism in the groupoid.
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Def. Let X be an alg stack and x € X(k). The Zariksi
tangent space is defined as the set

Spec k

x

TI)C,:C

2-commutative diagrams / ~

«

V.
Speckle] = X

where (7,a) ~ (7/,d’) if 3 iso B: 7 = 7' in X(k[e])
compatible with @ and o/, i.e. & = B|speck © .
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Def. o Let X be an alg stack and z € |X]|.

e Choose a smooth presentation (U, u) —

A

The residual gerbe of x is the substack G, C X defined as
the stackification of the full subcategory G2 C X of objects
a € X over S which factor as a: S — Speck(u) —» X.
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Thm. e Let X be a noetherian algebraic stack.

o Let x € |X| be a finite type point with smooth stabilizer.

Then G, is an alg. stack and G, — X is a loc. closed imm.

Moreover, if (U,u) — (X,z) is a smooth morphism
from a scheme U, then

(u)——U
| = |
g,—X

where O(u) is the orbit s(t~1(u)) of the induced groupoid
s;,t: R:=UxxU3U.
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1L Miqversel presedatony

Theorem (Existence of Miniversal Presentations).

Let X be a noetherian algebraic stack and x € |X| a finite
type point with smooth stabilizer G,.

= 3 smooth morphism (U,u) — (X,z) from a scheme
of relative dimension dim G, s.t.

Spec k(u)—— U

| = |

G,— X.

In particular, if G, is finite and reduced, there is an
étale morphism (U,u) — (X, z) from a scheme.
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Theorem (Existence of Miniversal Presentations).

Let X be a noetherian algebraic stack and x € |X| a finite
type point with smooth stabilizer G.

=> 3 smooth morphism (U,u) — (X, z) from a scheme
of relative dimension dim G, s.t.

Spec k(u)—— U

| = |

G.— X.

In particular, if G, is finite and reduced, there is an
étale morphism (U,u) — (X, z) from a scheme.
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Theorem (Existence of Miniversal Presentations).

Let X be a noetherian algebraic stack and x € |X| a finite
type point with smooth stabilizer G.

=> 3 smooth morphism (U,u) — (X, z) from a scheme
of relative dimension dim G, s.t.

Spec k(u)—— U

| = |

G.— X.

In particular, if G, is finite and reduced, there is an
étale morphism (U,u) — (X, z) from a scheme.

Corollary (Equiv. characterizations of DM stacks).

Let X be a noetherian alg. stack. The following are equiv:

(1) X is DM;
(2) every point of X has a finite, reduced stabilizer;
(8) the diagonal X — X x X is unramified.
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§22 Sruorness,

Theorem (Formal Lifting Criteria). Let f: X — Y be a
morphism of algebraic stacks. Then f is smooth if and only
if f is locally of finite presentation and for every diagram

Spec Ag — X

|l

SpecA —— Y,

of solid arrows where A — Ag is a surjection of rings with
nilpotent kernel, there exists a lifting.

If X and Y are noetherian, then it suffices to consider
diagrams where A and Ag are local artinian rings.

Remark. To be explicit, a lifting of

Spec Ag =—— X

1|

Spec A — Y,
is a map Spec A — X and a 2-isomorphisms 3 and y
Spec Ag —— X
P!
g - f
7
Spec A y—> '3,

such that
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Definition. For algebraic stacks X and Y, define:

(1) A morphism X — Y is universally closed if for every
morphism Y — Y of algebraic stacks, the morphism X Xy
Y — Y induces a closed map |X xy Y| = [Y|.

(2) A representable morphism X — Y is separated if the
diagonal X — X xy X (which is repr. by schemes) is proper.

(3) A representable morphism X — Y is proper if it is
universally closed, separated and of finite type.

(4) A morphism X — Y of algebraic stacks is separated if
the diagonal X — X xy X (which is representable) is proper.

(5) A morphism X — Y of algebraic stacks is proper if it is
universally closed, separated and of finite type.
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Theorem (Val. Criteria for Univ. Closed/Proper/Separated).
Let f: X — Y be a finite type morphism of algebraic stacks
and consider a 2-commutative diagram

SpecK —— X

l 7 lf )

SpecR —— Y

where R is a valuation ring with fraction field K. Then

(1) f is universally closed <= V diagrams (x), 3 an
extension R — R’ of valuation rings and K — K’ of fraction
fields together with a lifting

Spec K’ —— Spec K —— X

Spec R’ . 5 SpecR —— Y.

(2) f is separated <= any 2 liftings of (%) are isomorphic.
(8) f is proper <= every diagram (x) has a lifting after
an extension R — R’ and any 2 liftings are isomorphic.

Moreover, if f: X — Y is a finite type morphism of
noetherian algebraic stacks, than it suffices to consider DVRs
R and extensions such that K — K’ is of finite transcen-
dence degree.



