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Definitions.

e An algebraic space is a sheaf X on Schg, such that there exist a scheme
U and a surjective étale morphism U — X representable by schemes.

o A Deligne-Mumford stack is a stack X over Schy, such that there exist
a scheme U and a surjective, étale and representable morphism U — X.

e An algebraic stack is a stack X over Schy, such that there exist a scheme
U and a surjective, smooth and representable morphism U — X.
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Def. An étale groupoid of schemes is a pair of étale maps
s,t: R =3 U of schemes called the source and target and a
composition morphism c: R Xy, R — R satisfying:

(1) (associativity)

cxid
R Xt,U,s R Xt.U,s R——R Xt.U,s R

fdm J

Rxiys R—>—— R,
(2) (identity) 3 e: U — R such that
eos,id eot,id
U R——Rxyys R«——R
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(3) (inverse) 3 i: R — R such that

R—*% U R—' U
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R x4us R——R.

U Rxiys R——R

If (s,t): R — UxU is a monomorphism, then we say s,t: R =
U is an étale equivalence relation.
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Theorem (Representability of the Diagonal).
(1) The diagonal of an algebraic space is repr. by schemes.

(2) The diagonal of an algebraic stack is representable.
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Theorem (Representability of the Diagonal).
(1) The diagonal of an algebraic space is repr. by schemes.

(2) The diagonal of an algebraic stack is representable.
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Cor.
(1) Any map from a scheme to an alg space is repr by schemes.

(2) Any map from a scheme to an alg stack is representable.
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Exer. If X — Y is a morphism of algebraic spaces
(resp. algebraic stacks), the diagonal X — X xy X is
representable by schemes (resp. representable).
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Cor. If R =2 U be an étale equivalence relation of schemes,
then U/R is an algebraic space and U — U/R is an étale
presentation. I
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