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Thm. The moduli space ﬁg of stable curves of genus g > 2
18 a smooth, proper and irreducible Deligne—Mumford stack of
dimenston 39 — 3 which admits a projective coarse moduli space.
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eorem (Representability of the diagonal).
o X alg. space — X — X X X repn by schemes.

e X alg. stack = X — X x X representable.
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Table 1: Characterization of algebraic spaces and
Deligne-Mumford stacks

Type of space Property of the | Property of
diagonal stabilizers
algebraic space | monomorphism | trivial
DM stack unramified discrete and  { | ITE
reduced groups
algebraic stack arbitrary arbitrary
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—> the quotient sheaf X/R is an algebraic spac

(o

Properties of algebraic spaces
e R = X étale equivalence relation of scheme

e X alg space =—> d dense open scheme U C X.

e X — Y sep and q.fin morphism alg spaces
X — Y quasi-affine (Zariski’s Main Theorem).
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. Properties of Deligne-Mumford stacks

\ . Ve .
e R = X is an étale groupoid of scheme

—> the quotient stack [X/R] is a DM stack.

™
e X DM stack = d scheme U and finite morphism

U — X (Global structure of DM stacks).
e X DM stack + z € X(k) = 3 étale ngbhd of

[Spec(A)/G,] = X
(Local Structure of DM Stacks).

e X sep DM stack = d a coarse mod space X — X
where X is a sep algebraic space (Keel-Mori theorem).




Def. Let P be a property of maps of schemes.

e Pis étale-local on the source if for any X’ el X,
then X Y has ? <— X' - X — Y has P.

Ex. Mg, srjedde XY — X
& L
¥

£t
o P is étale-local on the target if for any Y’ 5 Y,

then X - Y has P < X xy Y’ — Y’ has P.
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Def. Assume P stable under composition and
base change.
(1) If P is étale-local on the source and target,

a map X — Y of DM stacks has property P if for
all étale presentations V — Y and U — X xy V,

v,
U—pXxyV ——V

J . yé\\

the composition U — V has P. /mw X‘WQA
(\\\ TL X i R0 ) VAN
prpry 0 St A s

(2) A map X — Y of algebraic stacks repre-
sentable by schemes has property P if for every
map T — Y from a scheme, the base change

X xyT — T has P.
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Def. Let P be a property of schemes.

e P is étale-local if for any X’ = X, then
X has P <= X' has P.
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Def (Topological space of an alg. stack X).

X] := {Spec K % X | K is a field}/ ~

where (Spec K1 =+ X) ~ (Spec Ko 23 X) if
dK; = K3zand K9 — K3 s.t. 331|Sp Ky — a?2|speCK3.

ﬁa |
\ +
\) 5?”\{7
e U C |X]| is open if 3 open imm U < X such that U
is the image of |U| — |X|.
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Definition 0.0.1. An étale groupoid of schemes is a pair of
étale maps s,t: R =3 U of schemes called the source and target
and a composition morphism c: R X; y,s R — R satisfying:

=l

—

(1) (associativity)

cxid
R Xt,U,s R Xt,U,s R—— R Xt,U,s R

lid Xc Jc
s R

c
RXtyU,SR )

(2) (identity) 3 e: U — R such that

eos,id eot,id

U R—— Rxyys R«<—R

v, SN

U« R-",U

(3) (inverse) 3 i: R — R such that
‘SR R—> U

If (s,t): R — UxU is a monomorphism, then we say s,t: R =
U is an étale equivalence relation.
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