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Key algebra fact: If ¢: A — B is a faithfully
flat ring map and M is an A-module, the sequence

m®bt—>m®b®1\
; M®sB®s B
mRb—mRR1IRb

m—mx1l

M

» M ®4 B

is exact.
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Descending quasi-coherent sheaves:
e Morphisms: Given F,G € QCoh(S), &\(
{maps 9:|S7; ﬂ> 9|S1;} LY {g:'i) 3} G\&ﬂ
S.t. ¢i|Sij = ¢j|Sij QW
ove/

. /Néém @\,

{Sﬂ- € QCoh(S:) & Fils,, ?jlsij} > {F € QCoh(S)}

s.t. Ok © Oj = Qi

e Objects:

Descending affine morphisms:

Q4
ff ~
{Xz == S; & Xi'Sij —F lesij
s.t. Qjk O OG5 = Qg
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Descending G-bundles:
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Descending separated and locally q.finite maps:
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s.t. Qjk O O = Qg

Consequence of descent:

e Let P be a property of morphisms: open imm, closed
imm, affine, quasi-affine, or sep & loc. q. ﬁnlte (Yool

&t
o Let S’ > S be étale surjection of schemes.

o Let F' — # be a map of pmesheaves
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F'’ is a scheme & F' is a scheme &
F" — S has P F — Shas?
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Def. A map F — G of presheaves/prestacks over Sch
is representable by=sehemes if for all maps S — G from

a scheme, F' X S is a schearer >4 - $pale_
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L

F — &

Def. Let P be a property of maps of schemes (e.g.
surjective or étale). A map F — G representable by
schemes has property P if for all S — G from a scheme,
F xc S — S has P.

Def. Let P be a property of maps of schemes étale-

local on the source (e.g. surjective, étale or smooth). A
representable map F — G has property P i -G
from a scheme and all étale presentations U — F' x g G«,S
the composition U — F' x5 § — S has P. -
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Claim: 3!H’ — H = Hilb,(P®9~°) containing h € H
s.t. ' -

(a) Cp is smooth & geom. connected

(b) Setting €' = e|H, andO¢ (1) differ by the
pullback of a line bundle on H’.
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(c) € < P59~6 is embedded via |03’
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Claim:
h € H s.t.

(a) Cp is smooth & geom. connected

(b) Setting €’ = €C|n, Q5] /g and Oe/ (1) differ by
the pullback of a line bundle on H'.

(c) € < P59~ is embedded via |Q§°|
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3'H' — H = Hilb,(P°9~°) containing

Q? OF LA,

Thm. ]/

o Let f: X — Y be a flat, proper map of noeth
schemes with geom integral fibers.

e Let L be a line bundle on X.
o Assume: f.Ox = Oy and holds after base change.

=—> d closed subscheme Z — Y s.t. T —'Y factors
through Z if and only if L|x, is the pullback of a line
bundle on T'.
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Claim:
h € H s.t.

(a) Cp is smooth & geom. connected

(b) Setting €’ = C|gy, Q?,?’/H, and Qe (1) differ by
the pullback of a line bundle on H’.

(c) €, < P5976 is embedded via Q3’|

g %/U\ @Nﬁ/»\, <0 ,D%
PC\ngzgj MLW% ) oM H

ok \(\l A WNAAATS

' H' < H = Hilb,(P%9~°) containing

@ ams)wwét e

LW %LSO/ZW —
(s —v) v

M
7

Bl R

GD&L}

W Ees. sepedin

Yo
S R Y Ao TN \f&“—*g
76 5eos) s\ 1S vy
Hroege () Clrase Tansir d%

My = LY/ m‘@j

Renson. An of LS
~ an Sl e FPU

@ (%\7 \,V):\T?W> & \Seftu\&fﬁ\\\*ﬁ

L4 Sufee
IS %—m@ Jb%a;uwu\%%

Pl v ,\\Slii
\ I AP
'ﬁ;(gzd g & | z«;}VR

S~



