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The 2-Yoneda Lemma. Let X be a prestack

over a category 8 and S € 8. The functor

1s an equivalence of categories.
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?9@ _ Fece Yamas of Cearas
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Consider morphisms of prestacks over 8§ 7
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Construction of X xy Y'. Ao
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Theorem. The prestack X xyY' satisfies the following
universal property: for any 2-commutative diagram

there exist a morphism h: T — XxyY' and 2-isomorphisms
B:q1 = pi1oh and ~y: g2 — p2 o h such that

commautes.
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Definition. A stack over a site § is a prestack X — 8 such that for all

coverings {S; - S} of S € §:

(1) (morphisms glue) For a,b € X over S and maps ¢
$ilsi; = Pilsi;
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over

there exists a unique map ¢: a — b with ¢|s, = ¢;.
(2) (objects glue) For a; € X over S; and isos a;: a;ls,; — aj|s,, with

s = aulsy) cougele
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there exists a € X over S and isos ¢;: als, = a; s.t. a;j0d;ls,, = @j|s
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Gluing sheaves [Hartshorne Exer. 11.1.15 & 22]
Let {S;} be a Zariski-open cover of a scheme S.

1F]
S\ e Let F, G sheaves on S. Maps F|g, 5 G|s,
with ¢;|s,, = ¢;|s,; glue uniquely to F — G.
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Sheaves F; on S; with isos Fj|s,, — Fj|s,,

» = Qik|s,;, glue to F on S.
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Definition. A stack over a site 8 is a prestack X — 8§ such that for all
coverings {S; — S} of S € &:

(1) (morphisms glue) For a,b € X over S and maps ¢;: a|s, — b s.t.
¢i|5ij = ¢j|sij

SZ-~/Si\S
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over

there exists a unique map ¢: a — b with ¢|s, = ¢;.
(2) (objects glue) For a; € X over S; and isos a;;: asls,; — ajls,, with

aij|sijk o ajklsijk = aiklsijk
S
Sij /S
Sj

over

there exists a € X over S and isos ¢;: a|s, — a; s.t. a;j0ils,; = @jls,;-
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Gluing schemes [Hartshorne Exer. I1.2.12]

e Schemes X; with opens U;; and isos U;; =, Usji
with o;; o aji = a;i glue to a scheme X.

@ Stadc s {lm\rﬁ\\\ e avel

Delne L2 X:
F&M Mo % )

I, | @-f\

Sdin

Vrop *

\NXM 6}%
W\ — N T
\/\A \ Z
D
Pn@w =
;\X')\g)’

S

(oYK
XL 3l

l/
|

<

A e

A 0¥

AN

s

b Xﬂxé

¢ —N

al

Sy



O Q Prop (Effective Descent for Closed Immersions).

Def. A family of smooth curves of genus g is a smooth, Let {X; — X} be an étale cover. Closed sub-

proper morphism € — S of schemes s.t. every geom. schemes Z; C X; with Z;|x,, = Zj|x,, glue to a
wis a connected curve of genus g. closed subscheme Z C X.

Prop. Let C — S be a family of smooth curves of genus
g > 2. Then for k > 3, Q%’/’CS 15 relatively very ample

and 7, (QZF) is a vector bundle of rank (2k —1)(g—1).
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Def. A principal G-bundle over T is a scheme ith
a G-action s.t. P — T is G-invariant and 3 {T; — T’}
Cos g,
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§S  Svedckicston

Prop (Stackification). For a prestack X over a site S,
there exists a morphism X — X5 to a stack such that
for any stack Y over 8, the functor

\1\5}{(96“, Y) — MOR(X, yﬂ
is an equivalence of categories.
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