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Definition. For a morphism f: X — Y of schemes of
finite type over C, the following are equivalent:
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e f is smooth of relative dimension 0; \[ By, =0
- gty %, -S|\
o fis flat and unramified; Yy =€ ()= | 15
YY)

R e com[fkbkmm
e Vz € X(C), the map Oy, s(z) = Ox 4 is an iso;

UsoeN

e f is étale;

e fisflat and Qx/,y = 0;

e for any A —» Ay of artinian C-algebras, any commu-
tative diagram 3? C
B8

&S specay — Sy x

<
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of solid arrows can be uniquely filled in;

e (assuming in addition that X and Y are smooth)

Vz € X(C), the map Tx,; — Ty, () is an iso.
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Theorem (Artin Approximation). q J&
o Let S be an exc. scheme (e.g. finite type / k or 7).
@R

e Let F': Sch /S — Sets be a limit preserving functor.

e

o Letfc F(Spec 65,3) where s € S is a point.

For any integer N > 0, there exist a residually-trivial
étale morphism

(8',8") = (S, s) ¢ e F(S)

and

such that the restrictions of € and €' to Spec(Og s /mN¥+1)
are equal.
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Definition. A Grothendieck topology on a category 8
consists of the following data: for each object U € 8§,
there is a set Cov(U) consisting of coverings of U, i.e.
collections of morphisms {U; — U};cr in 8.

We require that:

(1) U' S Uiso = (U —U) € Cov(U).
(2) Foramap V — U,

(D™

{Ui — U}z’EI S COV(U) = {UiXUV — V}iEI € COV(V)

(in part., the fiber products U; xy V exist in §)

(3) P K ooy

{Uz _>_U_}iej € COV(U)
{Ui; = Us}jeu; € Cov(Us)

{Ui; = Ui = Ulier jeu,
€ Cov(U)

A site is a category 8 with a Grothendieck topology.
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Definition. A presheaf on a category 8 is a contravari-

ant functor 8§ — Sets.

Definition. A sheafon a site 8 is a presheaf F': § —
Sets such that for any covering {S; — S} € Cov(S) of

an object S € 8, the sequence S 6\%Q

(

F(S) /—C 11 FS:) = [[F(Si xs S;)
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Theorem (Sheafification). Let 8 be a site. The for- |
getful functor Sh(8) — Pre(8) admits a left adjoint
F — F5® called the sheafification.

Proof.

e Call a presheaf F' separated if for every covering
{S; — S}, the map F(S) — | |, F(S;) is injective. \

Let Pre®?(8) C Pre(8) be full subcat of sep presheaves.
\’_

e We will construct left adjoints

Sl’l2 Sh_l f
T L=r s 2
Sh(8)“—— Pre*®(8)—— Pre(8).

e Define sh; (F') by S — F(S)/ ~ where a ~ b if there
exists a covering {S; — S} such that a|s, = b|g, Vi.

e Define shy(F) by

G {({Sz 5 8}, {as}) {S; = S} € Cov(S), a; € F(SZ)}/ N

s.t. ails,; = ajls;; Vi, J

where ({S; — S}, {a:}) ~ ({S} = S},{a}}) ifails;xss; =
a;|six553 for all 4, 5.

e Details left to you.
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