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Thm. The moduli space ﬁg of stable curves of genus g > 2
18 a smooth, proper and irreducible Deligne—Mumford stack of
dimension 3g — 3 which admits a projective coarse moduli space.
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Def (Stable curves). An n-pointed curve (C, py,...,pn)
over k is stable if C is a connected, nodal and projective
curve, and p1,...,pn, € C are distinct smooth points

such that Nobe e

(1) every smootl/rational subcurve P! C C contains
at least 3 special points, and

(2) C is not of genus 1 without marked points.
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Proposition. Let (C,p1,...,pn) be an n-pointed stable
curve of genus g over k. Then

| 0 ifi=0
dimy, Ext’(Qc (D _pi),00) =4 39—3+n ifi=1
i 0 ifi=2
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Definition (Families).
(1) A family of n-pointed nodal curves is a flat, proper
and finitely presented morphism € — S of schemes with

n sections o1,...,0,: S — C such that every geometric
fiber is a (reduced) connected nodal curve.

(2) A family of n-pointed stable curves is a family € —
S of n-pointed nodal curves such that every geometric
fiber (Cs,01(8),...,0n(s)) is stable.
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Proposition (Properties of Families of Stable Curves).
Let (C — S,{oi}) be a family of n-pointed stable curves
of genus g, and set L := we/s(d,0:). If k > 3, then
L®* s relatively very ample and m,L®* is a vector

bundle of rank (2k —1)(g — 1) + kn.

Proposition (Openness of Stability). Let (C — S, {o;})
be a family of n-pointed nodal curves. The locus of
points s € S such that (Cs,{o;(s)}) is stable is open.




Definition (Rational tails and bridges). Let (C, p1,...,pn)
be an n-pointed prestable curve. We say that a smooth
rational subcurve E = P! C C is

e 3 rational tail if EN E€ =1 and E contains no
marked points;

e a rational bridge if either E N E° = 2 and E
contains no marked points, or ENE° =1 and FE
contams one marked point.
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Proposition. If (C — S,01,...,0,) is a family of prestable
curves, 3! map w: C — €t over S such that

(1) (C* — S,{0}}) is a family of stable curves with o} = woo;;
(2) Vs €S, (Cs,{oi(s)}) — (C,{0i(s)}) is the map contract-
ing rational tails and bridges; and

(3) Oest = mOe and R'm,.Oe¢ = 0, and this remains true
after base change;

(4) IfC — S is semistable, thenwc/s(D,; 0i) =
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Definition. Let S be a scheme.

e A family of curves over S is a flat, proper and finitely
presented morphis S of algebraic spaces such

that every fiber is a curve:
&\3‘ e

e A family of n-pointed curves over S is a family of

curves € — S with n sections oq,..., on: S — C.
e ———————
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