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Theorem (Local Structure of Nodes). Let w: € — S
be a flat and fin. pres. map s.t. every fiber is a curve.
If p € C be a node in a fiber Cs, there exists

(€,p) ¢—"— (U, u) ——— (Spec Alz,y]/(zy — f), (5',0))

| |

(S,s) (—et (Spec A, s')

where f € A is a function vanishing at s’
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Theorem (Local Structure of Nodes). Let 7: € — S
be a flat and fin. pres. map s.t. every fiber is a curve.
If p € C be a node in a fiber Cg, there exists

(€,p) —— (U, u) —L—— (Spec Alz, y]/(zy — f), (', 0))

|,

(Sa S) <7ét (Spec A7 s,)

where f € A is a function vanishing at s’.
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be a flat and fin. pres. map s.t. every fiber is a curve.
If p € C be a node in a fiber Cs, there exists < S D’\))Cm
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Def (Stable curves). An n-pointed curve (C, py,...,pn) >
over k is stable if C'is ajzcgﬁ/r\lected, nodal and projective L%,,/\\ = L@/ DB ) LD/ \\ / LD) rz\ o (\/ L
curve, and pi,...,p, € C are distinct smooth points

(1) every smooth rational subcurve P! C C contains

at least 3 special points, and SQ/"\ «U\{N i > ?_a_,z,\_n >D

(2) C is not of genus 1 without marked points.
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§2. Fomlies ok skolde canves

Definition (Families).

(1) A family of n-pointed nodal curves is a flat, proper
and finitely presented morphism € — S of schemes with
n sections o1,...,0,: S — € such that every geometric
fiber is a (reduced) connected nodal curve.

(2) A family of n-pointed stable curves is a family € —
S of n-pointed nodal curves such that every geometric
fiber (Cs,01(s),...,0,(s)) is stable.
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Proposition (Properties of Families of Stable Curves).
Let (C — S,{0;}) be a family of n-pointed stable curves
of genus g, and set L := we;5(D_;0:). If k > 3, then
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Proposition (Openness of Stability). Let (C — S, {0;})
be a family of n-pointed nodal curves. The locus of
points s € S such that (Cs,{0;(s)}) is stable is open.
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Proposition. Let (C,p1,...,p,) be an n-pointed stable
curve of genus g over k. Then
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Proposition. Let (C,p1,...,p,) be an n-pointed stable
curve of genus g over k. Then

| 0 ifi=0
dimy Ext'(Qc() pi),0c) =4 39—3+n ifi=1
i 0 ifi=2
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Proposition. Let (C,p1,...,pn,) be an n-pointed stable
curve of genus g over k. Then

dimy, EXti(Qc(Zpi)v Oc) = {
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