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Definition. A map 7: X — X from an algebraic stack
to an algebraic space is a coarse moduli space if

(1) for all k alg. closed, X(k)/~ = X (k)

(2) 7 is universal for maps to algebraic spaces.

Theorem (Keel-Mori). Let X be a Deligne-Mumford
stack separated and of finite type over a moetherian
algebraic space S. Then there exists a coarse moduli
space m: X — X with Ox = 7,0y such that

(1) X 1is separated and of finite type over S,
(2) 7 is a proper universal homeomorphism, and

(8) for any flat map X' — X of noetherian algebraic
paces, X X x X' — X' is a coarse moduli space.
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Theorem (Easy Riemann-Roch). Let C be an integral
projective curve of genus g. If L is a line bundle on C,
then

x(C,L) =degL+1—g.
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Theorem (Serre-Duality).” If C is a smooth projective
curve over k, then Q¢ s a dualizing sheaf, i.e. there

is a linear map tr: H(C,Q¢) — k such that for any
coherent sheaf F, the natural pairing

Hom(%,Q¢) x HY(C,F) — HY(C,Qc) = k

is perfect. o \/1\ éC/ l/\ _ \/‘b[ C7 I/Dcdj)
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Corollary. Let C' be a smooth projective curve over k
and L be a line bundle on C.

(1) if deg L < 0, then h°(C,L) = 0.

(2) if deg L > 0, then L is ample;

(8) if deg L > 2g, then L is basepoint free; and
(4) if deg L > 2g + 1, then L is very ample.
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Definition. A family of smooth curves of genus g over
a scheme S is a smooth and proper morphism € — S of
schemes such that every geometric fiber is a connected
curve of genus g.
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Proposition (Properties of Families of Smooth Curves).
Let C — S be a family of smooth curves of genus g > 2.
Then for k > 3, Q%}“S 1s relatively very ample and

T (Q%;Cs) is a vector bundle of rank (2k —1)(g — 1).
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Theorem (Local Structure of Nodes). Let m: € — S
be a flat and fin. pres. map s.t. every fiber is a curve.
If p € C be a node in a fiber Cg, there exists

(€,p) —— (U,u) —%—— (Spec Alz, y]/(zy — ), (s',0))

| o | <~

(S, ) «— (Spec 4, s')

where f € A is a function vanishing at s’.
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Theorem (Local Structure of Nodes). Let 7: € — S
be a flat and fin. pres. map s.t. every fiber is a curve.
If p € C be a node in a fiber Cs, there exists
(€)' () ——» (Spec Alm,sl/(ay— £ (+10) | YOO ¥ %(‘7\5 U‘é\wf) Jg“”m\ deforsdio, %
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Theorem (Local Structure of Nodes). Let 7: € — S
be a flat and fin. pres. map s.t. every fiber is a curve.
If p € C be a node in a fiber Cs, there exists

(\e,p) —2 (Uu) —L—— (Spec Az, y]/(zy — f), (', 0))
(S, 5) —— (Spec A, s')

where f € A is a function vanishing at s’.
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Theorem (Artin Approximation).
e Let S be an exc. scheme (e.g. finite type / k or Z).
e Let F': Sch /S — Sets be a limit preserving functor.
o Let EE F(Spec 6573) where s € S is a point.

For any integer N > 0, there exist a residually-trivial
étale morphism

(8',8") = (S, s) and ¢ € F(S')
such that the restrictions of € and £ to Spec(Og,s/mY+1)

are equal.
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