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Theorem (The Keel-Mori Theorem). A separated DM

stack X admits a coarse moduli space m: X — X where
X 18 a separated algebraic space.
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Theorem (Local Structure of DM Stacks).
Let X be a separated DM stack and x € X(k) be a geom.
point with stabilizer G,. Then 3 an affine, étale map

f: ([Spec A/Gz], w) — (X, z)

such that f induces an isom of stabilizer groups at w.
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Definition. A map 7: X — X from an algebraic stack
to an algebraic space is a coarse moduli space if

(1) for all k alg. closed, X(k)/~ = X (k)

(2) 7 is universal for maps to algebraic spaces.
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Theorem. Let G be a finite group acting on an affine
scheme Spec A of finite type over a noeth ring R. Then

7: [Spec A/G] — Spec A®

1s a coarse moduli space such that
l/() AC is finitely generated over R,

T 1S a proper universal homeomorphism, and

(8) the base change of m along any flat map of noethe-

rian algebraic spaces is a coarse moduli space.

Koo K =R B & K S gen/R

é&?" WS o ?&(Qr WV \I\U\’\LO
(= ¢ By on P

Consder
Qe N

ik |« %f;wl |

pe)

2 e A
7 :
w05 NG N g
N cconme =h=h
\/0/\ K/X] (:gFLA &\Dg/tp‘h

Cx N =P =
JSen = Sl -1 RS 7O

rﬁ,fS; L@% 6V5< %L@

= T #Tix]

= T\ \@3\x LA ﬁ)'w W

<t W S VP, T oo
— T iy e WeeR

Tor A —D

BN —&1@

S%Lmﬁﬁ?\mm() %_ﬁ &LL}\



Theorem. Let G be a finite group acting on an affine
scheme Spec A of finite type over a noeth ring R. Then

7: [Spec A/G] — Spec A

1$ a coarse moduli space such that

1) AC is finitely generated over R,
) 7w is a proper universal homeomorphism, and

(8) the base change of m along any flat map of noethe-
rian algebraic spaces is a coarse moduli space.
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Proposition.

e Let G be a finite group.

e Let f: Spec A — Spec B be a G-equivariant map of
schemes of finite type over a noetherian ring R.

e Let x € Spec A be a closed point.

Assume that

(a) f is étale at = and

(b) the map G, = Gy(z) of stab groups is bijective.
Then there is open affine ngbd W C Spec AC of 74 (x)

such that W — Spec A® — Spec BC is étale and the
outer square in

75 (W) — [Spec A/G] —— [Spec B/G]

LT

WC——— Spec A® —— Spec B¢
\_/

ét

18 cartesian.
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Proposition.

e Let G be a finite group.

o Let f: Spec A — Spec B be a G-equivariant map of
schemes of finite type over a noetherian ring R.

e Let x € Spec A be a closed point.
Assume that
(a) f is étale at x and
(b) the map G, = Gy(y) of stab groups is bijective.

Then there is open affine ngbd W C Spec AC of w4 ()
such that W — Spec A® — Spec BC is étale and the
outer square in

7 (W) —— [Spec A/G] 7, [Spec B/G]
W<C———— Spec A® ——— Spec B¢
\//
&t

18 cartesian.
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Y. KedMon

Theorem (Keel-Mori). Let X be a Deligne-Mumford
stack separated and of finite type over a moetherian
algebraic space S. Then there exists a coarse moduli
space m: X — X with Ox = 7,0« such that

(1) X is separated and of finite type over S,
(2) 7 is a proper universal homeomorphism, and

(8) for any flat map X' — X of noetherian algebraic

spaces, X X x X' — X' is a coarse moduli space. /
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Theorem. Let G be a finite group acting on an affine
scheme Spec A of finite type over a noeth ring R. Then

7: [Spec A/G] — Spec A®

s a coarse moduli space such that
(1) A is finitely generated over R,
(2) 7 is a proper universal homeomorphism, and

(8) the base change of m along any flat map of noethe-
rian algebraic spaces is a coarse moduli space.

/\

Theorem (Local Structure of DM Stacks).
Let X be a separated DM stack and x € X(k) be a geom.
point with stabilizer G,. Then 3 an affine, étale map

f: ([Spec A/Gy],w) — (X, x)

such that f induces an isom of stabilizer groups at w.

Prop. Let G be a finite group and f: Spec A — Spec B
be a G-equivariant map of schemes of finite type over
a noetherian ring R. Suppose that for all closed points
z € Spec A that (a) f is étale at x and (b) Gy = Gy(y).
Then Spec A® — Spec BC is étale and

[Spec A/G] L, [Spec B/G]|

d

Spec A —— Spec B¢



Theorem (Keel-Mori). Let X be a Deligne-Mumford
stack separated and of finite type over a moetherian
algebraic space S. Then there exists a coarse moduli
space m: X — X with Ox = 7,0« such that

(1) X is separated and of finite type over S,
(2) 7 is a proper universal homeomorphism, and

(8) for any flat map X' — X of noetherian algebraic
spaces, X X x X' — X' is a coarse moduli space.
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Theorem (Keel-Mori). Let X be a Deligne-Mumford
stack separated and of finite type over a moetherian
algebraic space S. Then there exists a coarse moduli
space m: X — X with Ox = 7,0 such that

(1) X is separated and of finite type over S,
(2) 7 is a proper universal homeomorphism, and

(8) for any flat map X' — X of noetherian algebraic
spaces, X X x X' — X' is a coarse moduli space.
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