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Deformation theory is the study of the local geometry of a moduli space .#
near an object Ey € .# (k). We focus primarily on the following three deformation
problems:

(A) Embedded deformations Zy C X of a closed subscheme Zj in a fixed
projective scheme X over k. Here the moduli problem is the Hilbert functor
Hilb” (X) and Ey = [Zo C X] € Hilb" (X)(k).

(B) Deformations of a scheme Fy over k. In this section, the main example for
us is when Ej is a smooth curve in which case the moduli problem is .#
and [Ey] € 4, (k).

(C) Deformations of a coherent sheaf Ey on a fixed projective scheme C over k.
The main example for us is when C' is a smooth curve and Ej is a vector
bundle in which case the moduli problem is Bunec and [Ep] € Bunc (k).

In this chapter, we sketch the local-to-global approach of deformation theory by
zooming in around Ey € .# (k) and studying successively first order neighborhoods
of A at Ey, higher order deformations of Ey, formal neighborhoods of Ey and
eventually étale or smooth neighborhoods of Ej.

(1) A first order deformation of Ey is an object E € . (k[e]) over the dual
numbers k[e] := k[e]/(€?) together with an isomorphism a: Ey — Elspeck,
or in other words a commutative diagram

Spec k—— Speck|e]

|
N

M
allowing us to view F as a tangent vector of .# at Ey. We classify first
order deformations of Problems (A)—(C) in §1.

(2) Given a surjection A" — A of artinian local k-algebras with residue field
k and an object object E € .#(A) with an isomorphism Fy — E|speck, &
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deformation of E over A’ is an object E' € .#(A’) with an isomorphism
a: E — E'|spec 4. Pictorially, this corresponds to a commutative diagram

Spec k——— Spec A——— Spec A’
(E] ‘
I [E]
[EU] 4
M.

For Problems (A)—(C), we determine when a deformation E’ of E over A’
exists and classify them in §2

(3) Given a noetherian complete local k-algebra (R, m), a formal deformation
of Eo over R is a compatible collection of deformations E,, € . (R/m"*1)
of Ey, and a formal deformation {E,} is versal if every other deformation
factors through one of the E,, (see Definition 3.5 for a precise definition).
Rim-Schlessinger’s Criteria (Theorem 3.11) provides criteria for the existence
of a versal deformation {E,} of Ey, and in §3 we verify the criteria for the
Problems (A)—(C).

(4) A formal deformation {E,} over (R, m) is effective if there exists an object
E € .#(R) extending the {E, }, or in other words there exists a commutative
diagram

Spec R/m~——— Spec R/m?“——— Spec R/m3C—— -..C—— Spec R

B \
[E1] 2] I [E]

[Eo] +

In §4, we show how Grothendieck’s Existence Theorem (Theorem 4.4) implies
that formal deformations are effective for Problems (A)—(C).

(5) In §5, we take a detour from the local-to-global approach to provide a glimpse
into the role of the cotangent complex in deformation theory.

(6) Given an effective versal formal deformation E over R, Artin Algebraization
(Theorem 6.6) ensures the existence of a finite type k-scheme U with a point
u € U(k) and an object E € .# (U) such that R & 6U7u and ]§|SpeC R/mnt1 =
Elspec R/mn+1 for all n.

(7) Artin’s Axioms for Algebraicity (Theorems 7.1 and 7.4) provides criteria
to verify the algebraicity of a moduli problem .#. Namely, it provides
conditions to ensure that the morphism [E]: U — .# constructed above is
a smooth morphism in an open neighborhood of Ej.

In this chapter, k will denote an algebraically closed field. In §3, §6 and §7, we
work over the category of k-schemes for convenience but the results hold more
generally.

1 First order deformations

Denote the dual numbers by kle] := k[e] /().



1.1 First order embedded deformations

Definition 1.1. Let X be a projective scheme over a k and Zy C X be a
closed subscheme. A first order deformation of Zy C X is a closed subscheme
Z C Xy = X xi kle] flat over k[e] such that Zy = Z xyq k. Pictorially, a first
order deformation is a filling of the diagram

XC Xk[q
cl cl/ 2
e
\ ~ flat
~N
>
Spec k————— Speck]e].

with a scheme Z and dotted arrows making the diagram cartesian.
We say that Z C Xy is trivial if Z = Zy xy k[e].

Remark 1.2. Since Zy and the central fiber Z xyq k of Z are embedded in X,
it makes sense to require that they are equal.

Remark 1.3. The closed subscheme Z; C X defines a k-point [Z, C X] €
Hile(X ) of the Hilbert scheme where P is the Hilbert polynomial of Zy with
respect to a fixed ample line bundle on X. A first order deformation corresponds
to a commutative diagram

[ZoCX]

Speck —— Hilb" (X))
\[ A]l

Speck]e],

or in other words a tangent vector [Z C Xy(g] € Thiupr (x),[z,c x]-

Proposition 1.4. Let X be a projective scheme over a 'k and Zy C X be a closed
subscheme defined by a sheaf of ideals Iy C Ox. There is a bijection

{first order deformations Z C Xy} = HO(ZO,NZO/X)

where Nz, /x = Homg, (Io/18,0z) is the normal sheaf. Under this correspondence,
the trivial deformation corresponds to 0 € HO(ZO,NZO/X).

Remark 1.5. In light of Remark 1.3, this proposition gives a bijection Ty, (xy,12,cx] =
H%(Zo, Nz,/x)-

Proof. We sketch the bijection and point the reader to [Harl0, Prop. 2.3] and
[Ser06, Prop. 3.2.1] for details. After reducing to the affine case X = Spec B
and Zy = Spec B/Ij, we need to show that the set of first order deformations is
bijective to

H"(Zy, Nz, /x) = Homp/, (Io/15, B/Io) = Homp(Iy, B/ Iy).

Given a first order deformation Z = Spec Ble|/I, the flatness of Z over k[e] ensures
that tensoring the exact sequence 0 — I — Ble] — Ble]/I — 0 of k[e]-modules



with k = k[e] /() yields an exact sequence 0 — Iy — B — B/Iy — 0. We define
a: Iy — B/Iy as follows: for g € Iy, choose a preimage © = a + be € I and set
a(xg) :=b € B/Iy. Conversely, given a B-module homomorphism a: Iy — B/,
we define

I={a+be| aclybec B suchthat b= a(a) € B/Io} C Ble.

Then (Ble]/I) ®yq k = B/Iy. To see that Ble|/I is flat over k[e], we need to

check that the map B/Iy — Ble]/I is injective (see Remark 8.2): given b € B
with eb € I, then b € Iy by the definition of I. Thus Z = Spec Ble]/I defines a
first order deformation of Zj. O

1.2 Locally trivial first order deformations of schemes

Definition 1.6. Let Xy be a scheme over a k. A first order deformation of Xq is
a scheme X flat over k[e] together with an isomorphism a: Xo — X xyqk, or in
other words a cartesian diagram

Xo& — - — 3 X
[
J O | flat (1.1)
4
Spec k——— Speck|e].

A morphism of first order deformations (X,a) and (X',a’) is a morphism
B: X — X' of schemes over k[e] such that (8 xyq k) oa = o/, or in other words
considering X and X’ in cartesian diagrams (1.1), we require the restriction of 3
to central fiber Xy to be the identity.

We say that X is trivial if X is isomorphic as first order deformations to
X xy kle], and locally trivial if there exists a Zariski-cover X = |J, U; such that
U; is a trivial first order deformation of U; Xy k C Xo.

Any morphism of deformations is necessarily an isomorphism. This is a
consequence of the following algebraic fact.

Lemma 1.7. Let A be a ring, m C A be a nilpotent ideal (e.g. (A, m) is an
artinian local ring) and M — N be a homomorphism of A-modules. Assume that
N is flat over A. If M/mM — N/mN is an isomorphism, then so is M — N.

Proof. The right exact sequence M — N — C' — 0 becomes M /mM — N/mN —
C/mC — 0 after modding out by m, and we see that C = mC. As m™ = 0 for
some n, we obtain that C = mC = m?C = --- = m"C = 0. Considering
now the exact sequence 0 - K — M — N — 0, the flatness of N implies
that we get an exact sequence 0 — K/mK — M/mM — N/mN — 0. Thus
K=mK=---=m"K =0 and we see that M — N is an isomorphism. O

Proposition 1.8. Fvery first order deformation of a smooth affine scheme X
over k is trivial. In other words, Xo is rigid.

Proof. Let X be a first order deformation of X,. Since Xy — Speck is smooth,
we may apply the Infinitesimal Lifting Criterion for Smoothness (8.4) to construct



a lift X — Xy making the diagram

id
Xo 1*) Xo
2

-
s smooth
-

X ;> Speck

commute. This induces a morphism X — X, xi k[e] over k[e] which restricts to
the identity on Xy, and thus is an isomorphism by Lemma 1.7.
See also [Har77, Exer. I1.8.7]. O

Remark 1.9. If X is not smooth or affine, then first order deformations are not
necessarily trivial. For example, if Xy = Speck|[z, y]/(zy) is the nodal affine plane
curve, then X = Speck|z,y,€]/(xy — €) — Speck][e] is a non-trivial first order
deformation.

On the other hand, consider an elliptic curve Ey = V(y*z — z(x — 2)(xz —
2z)) C P? is a elliptic curve over k with char(k) # 2,3. It is easy to write
down global deformations by deforming the coefficients of the defining equations:
E=V(y?z—(z—A2)(x—2)(z—22)) C P2x Al (where A! has coordinate ) defines
a flat projective morphism & — A! such the central fiber € is isomorphic to Ey.
Restricting € to the family E := & x 51 Speck[\]/A? over the dual numbers defines
a non-trivial first order deformation. Observe that for any affine open Uy C Ej and
setting U C F to be the open subscheme with the same topological space as Uy,
then there is an isomorphism U = Uy xj k[e]. These local isomorphism however
do not glue to a global isomorphism E = Ey xi k[e]. Since any deformation of
a smooth scheme is obtained by gluing together trivial deformations, we need
to understand automorphisms of trivial deformations in order to classify global
deformations.

Lemma 1.10. Let Xy = Spec A be an affine scheme over k and let X = Spec A[e]
be the trivial first order deformation. For a k-algebra A, there are identifications

{automorphisms Xo — Xo of first order defs} = Dery(A, A) = Homp(Q4 s, B).
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Proof. The second equivalence is given by the universal property of the module of
differentials. An automorphism of the trivial first order deformation corresponds
to a k[e]-algebra isomorphism ¢: B @ Be — B @ Be which is the identity modulo e.
Therefore, ¢ is determined by the images ¢(b) = b+ d(b)e of elements b € B where
d: B — B is k-linear map. Since ¢ is a ring homomorphism, for elements b, € B,
we must have that bb’ + d(bb’)e = (b+ d(b)e)(b' + d(b')e) = bb’ + (bd(V') 4+ b'd(b))e
and we see that d: B — B is a k-derivation. O

For a scheme X, over k, let Def(Xy) and Def'*(X;) denote the sets of isomor-
phism classes of first order and locally trivial first order deformations.

Proposition 1.11. For a separated scheme Xg of finite type over k. There is a
bijection
Def'*(X,) = HY (X0, Tx, ),
where Tx, = H'omoy, (Rx,/x, Ox,). The trivial deformation corresponds to
0 € HY(Xo, Tx,)-
In particular, if in addition Xo is smooth over k, then there is a bijection

Def(Xo) = H'(Xo, Tx,)-



Proof. Let X — Speck|e] be a locally trivial first order deformation of X. Choose
an affine cover {U;} of Xy and isomorphisms ¢;: U; xi k[e] = X|y,, where
X|y, € X denotes the open subscheme with the same topological space as U;.
Letting U;; = U; N Uj;, we have automorphisms ¢;1|qukk[€] ° ¢ilu,, xuk[¢ of the
trivial deformation U;; xi kle] which by Lemma 1.10 corresponds to elements
wij S HOHI@UU (QUiJ/]k’ OUij). Since ¢ij o (bjk: = ¢;r On Uijk =U; N Uj N U, we
have that 1;; + Y1 = ¥ir € Tx,(Uijr). Recall that H'(Xo, Tx,) can be computed
using the Céch complex

d() dl
0=, Tx,(Us) = D, ; Tx,(Uij) ————— D ;1 Txo (Uiji)

(8i5) —— (si;

Uije = Sik|Uy + Sik Uijk:)ijk
As {¢i;} € D, ; T'x, (Uij) is in the kernel of dy, it defines an element of HY(Xo,Tx,) =
ker(dy)/im(dp). Conversely, given an element of H!(Xy, Tx,) and a choice of rep-
resentative {1;;} € ker(d,), then viewing each 1);; as an automorphism ¢;; of the
trivial deformation of U;;, we may glue together the trivial deformations U; x kle]
along U;; Xy k[e] via ¢;; to construct a global first order deformation X of Xj.
For the final statement, observe that since Xy is smooth over k, any first order
deformation is locally trivial by Proposition 1.8. See also [Har77, Exer. I11.4.10
and Ex. 111.9.13.2]. O

Example 1.12. If C is a smooth projective curve of genus g > 2, then we’ve
computed that

SD
Ty, 1) =H'(C,Tc) = H(C,QF7,)

which by Riemann—Roch is a 3g — 3 dimensional vector space.

Exercise 1.13. Use the Euler exact sequence to show that H(P", Tp«) = 0 and
conclude that every first order deformation of P™ is trivial, i.e. P™ is rigid.

1.3 First order deformations of vector bundles and coher-
ent sheaves

Definition 1.14. Let X be a projective scheme over k and Fy be a coherent
sheaf. A first order deformation of Ey is a pair (F, «) where F is a coherent sheaf
on X xy k[e] flat over k[e] and a: Ey = E|x is an isomorphism. Pictorially, we
have

Ey E
flat /kle]
XC—— X]k[e]-

A morphism (E,a) — (E',o') of first order deformations is a morphism
B: E — E' (equivalently an isomorphism by Lemma 1.7) of coherent sheaves on
X' such that o/ = 8|x o a.

We say that (E,«) is trivial if it isomorphic as first order deformations to
(p*Eo,id) where p: Xyq — X.



Proposition 1.15. Let X be a scheme over k and Eqy be a coherent sheaf. There
18 a bijection

{first order deformations (E, ) of Eg}/~ = Extg (Eo, Ep)

Under this correspondence, the trivial deformation corresponds to 0 € Extgg « (Eo, Ep).

If in addition Eqy is a vector bundle (resp. line bundle), then the set of isomor-
phism classes of first order deformations of Ey is bijective to H(X, Endo  (Eo))
(resp. HY(X,0x)).

Proof. If (E,«) is a first order deformation then since F is flat over kle], we may
tensor the exact sequence 0 — k < k[e] — k — 0 of k[e]-modules with E to obtain
an exact sequence 0 — Ey = E — Ey — 0 (after identifying F @[ k with Ep via
«). Since Exté  (Eo, Ep) parameterizes isomorphism classes of extensions [Har77,
Exer. I11.6.1], we have constructed an element of Extéx (Eo, Eo). Conversely,

given an exact sequence 0 — Ey = E — Ey — 0, then E is a coherent sheaf
on Xy and is flat over k[e] by the flatness criterion over the dual numbers (see
Remark 8.2). The restriction F|x is isomorphic to Ey via a.

See also [Har10, Thm. 2.7]. O

Remark 1.16. The classifications of Propositions 2.2, 2.5 and 2.10 give vector
space structures to the set of isomorphism classes of first order deformations.
The vector space structures can also be witnessed as a consequences of Rim—
Schlessinger’s homogeneity condition; see Lemma 3.13.

2 Higher order deformations and obstructions

Let 4 be a moduli problem and E € .#(A) be an object defined over a ring
A. If A" — A is a surjection of rings with square-zero kernel, in this section we
address the following two questions:

(1) Does E deform to an object E' € .4 (A’)?
(2) If so, can we classify all such deformations?

Pictorially, we have:

E E'
!
\

I
Spec A——— Spec A'.

where Spec A < Spec A’ is a closed immersion of schemes with the same topological
space. Note that since J = ker(A4’ — A) is square-zero, J = J/J? is naturally a
module over A = A’/J. In other words, Question (1) is asking whether there is
some “obstruction” to the existence of a deformation E’ while (2) seeks to classify
all higher order deformations given that there is no obstruction.

An interesting case is when A and A’ are local artinian algebras with residue
field k and the kernel J = ker(A’ — A) satisfies m4/,J = 0 (which implies that
J? =0). In this case, J = J/mu/J is naturally a vector space over k = A’/m 4.
Setting Ey := E|x € # (k), we can view E as a deformation over Fy over A and
we are attempting to classify the higher order deformations over A’. If there are no



obstructions to deforming, then the Infinitesimal Lifting Criterion for Smoothness
(8.4) implies that .# is smooth at [Ey].

The previous section studied the specific case when A = k and A’ = Kk|e]
in which case deformations of an object Ey € .# (k) over A’ correspond to first
order deformations. In this case, the obstruction vanishes as there is always the
trivial deformation (i.e. the pullback of Ey along Speck[e] — Speck). Other
examples of A’ — A to keep in mind are k[z]/z"*! — k[z]/2" and Z/p"t! —
Z/p™ where we inductively attempt to deform Ey over the nilpotent thickenings
Speck[z]/z" ™! < Al and SpecZ/p" ! < Spec Z.

2.1 Higher order embedded deformations

Definition 2.1. Let A’ — A be a surjection of noetherian rings with square-zero
kernel. Let X’ be a scheme over A’ and set X = X' x4 A. Let Z C X be
a closed subscheme flat over A. A deformation of Z C X over A’ is a closed
subscheme Z’ C X’ flat over A’ such that Z’ x 4 A = Z as closed subschemes of
X. Pictorially, a deformation is a filling of the cartesian diagram

Xc X'
(//
7% ———+ —— -3 7'
flat \\ flat
~N
>
Spec AA———— 3 Spec A'.

The formulation of the next proposition uses the following notion: a torsor of
a group G is a transitive and free action of G on a set.

Proposition 2.2. Let A" — A be a surjection of noetherian rings with square-zero
kernel J. Let X' be a separated scheme over A" and Z C X := X' xi A be a closed
subscheme flat over A. Then

(1) If there exists a deformation Z' C X' of Z C X over A, then the set of
such deformations is a torsor under to H(Z,Nz/x ®a J).

(2) If deformations of Z C X over A’ exist Zariski-locally on X, then there
exists an element oby € H'(Z, Nz/x ®4 J) (depending on Z and A’ — A)
such that there exists a deformation of Z C X over A’ if and only if obz = 0.

Remark 2.3. An interesting example is when X = Xy X A and X' = Xy x A’
are the base changes of a separated k-scheme X,. If the closed subscheme
Z C X has constant Hilbert polynomial P (i.e. for each s € Spec A, the Hilbert
polynomial of Z, C Xy Xy k(s), with respect to a fixed ample line bundle on
X, is independent of s), then we have an object [Z C X] € Hilb" (X()(A) of
the Hilbert scheme. In this case, a deformation of Z C X over A’ is an object
[Z' € X'] € Hilb” (X)(A’) which restricts to [Z C X]. Note that when A’ — A
is a surjection of local artinian k-algebras with m4/J = 0, then there is an
identification HY(Z, Nz/x ®aJ) = HO(ZO,NZO/X0 ®g J) where Zyg = Z x 4 k.

Proof. Suppose first that X’ = Spec B’, X = Spec B where B = B’ ® 4+ A and
Z = Spec B/I. If there exists a deformation Z’ = Spec B’/I’, then there is an



exact diagram

0 0 0
00— 1I®aJ I I 0
0——B®aJ B’ B 0

0— (B/I)®aJ— B'/I' BT —0

0 0 0

The exactness of the bottom row (resp. middle row) is equivalent to the flatness
of B'/I' (resp. B’) over A’ by the Local Criterion of Flatness (Theorem 8.1)
while the exactness of the left column follows from the flatness of B/I over A.
Conversely, an exact diagram defines an deformation Z' = Spec B'/I’.

We will define an action Homp (I, (B/I) ®4 J) on the set of deformations
as follows: given ¢ € Homp (I, (B/I) ®4 J) and a deformation Z' = Spec B'/I,
define I C B’ as the set of elements " € B’ such that its image ” € B lies in T
and such that a lifting 2’ € I’ of T’ € I satisfies 2"/ — 2’ = ¢(2”") € (B/I) @4 J
(noting that this condition is independent of the choice of lifting z’). One checks
that Spec B'/I" is another deformation.

On the other hand, given two deformations defined by ideals I’ and I"”, we
define ¢: I — (B/I)®4 J by ¢(z) = 2/ — 2" where 2’ € I' and 2’ € I" are
lifts of  (which forces 2’ — 2" € B®4 J). One checks that this is a B-module
homomorphism providing an inverse to the above construction. We have natural
identifications

Hompg (I, (B/I) ®4 J) =Homp,[(I/1*,B/I ®4 J) =H"(Z,Nz/x @4 J).

The above constructions globalize to X and establishes (1).

For (2), let {U;} be an open cover of X such that there exists deformations
Z! Cc X'NU; of ZNU; C X NU; (noting that X and X’ are homeomorphic). On
Usj = U; N Uj, the two deformations Zj|y,, and Z;-|UU defines an element ¢;; €
HO(U;;, Nz/x ®aJ) which in turn defines a Céch 1-cocycle (¢;;) € HY(X, Nz/x®a
J). We leave the reader to check that the vanishing of (¢;;) characterizes whether
there is a deformation of Z C X over A’.

See also [Har10, Thm. 6.2]. O

2.2 Higher order deformations of smooth schemes

Definition 2.4. Let A’ - A be a surjection of noetherian rings with square-
zero kernel and X — Spec A be a flat morphism of schemes. A deformation
of X — SpecA over A’ is a flat morphism X’ — Spec A’ together with an



isomorphism a: X = X’ x 4+ A over A, or in other words a cartesian diagram

XC - — = 5 X!
|
J/ﬁat | flat (2 1)
3
Spec AA—— Spec A'.

A morphism of deformations over A’ is a morphism of schemes over A’ re-
stricting to the identity on X. By Lemma 1.7, any morphism of deformations is
an isomorphism.

Proposition 2.5. Let A — A be a surjection of noetherian rings with square-zero
kernel J. If X — Spec A is a smooth and separated morphism, then
(1) The group of automorphisms of a deformation X' — Spec A’ of X — Spec A
over A’ is bijective to HO(X, Tx 4 @4 J).
(2) If there exists a deformation of X — Spec A over A’, then the set of isomor-
phism classes of all such deformations is a torsor under H (X, Tx/a®aJ).
(8) There is an element obx € H*(X,Tx/a ®4 J) with the property that there
exists a deformation of X — Spec A over A’ if and only if obx = 0.

Remark 2.6. If A and A’ are local artinian rings with residue field k such that

maJ = 0 and we set Xg := X X4 k, then automorphisms, deformations and
obstructions are classified by H(Xo, T, ® J) for i =0, 1,2.
Proof. See [Har10, Cor. 10.3]. O

Exercise 2.7 (Interpretation of deformations and obstruction using gerbes). With
the hypotheses of Proposition 2.5, consider the category § over Sch /X whose
objects over S — X are cartesian diagrams

S 9

|

Spec A——— Spec A’

where S — Spec A is the composition S — X — Spec A. A morphism (S —
X,S =8 —SpecA’) - (T' - X, T — T’ — Spec A') is the data of a morphism
¢: S’ — T over A’ such that ¢ restricts to a morphism S — T over X.

(a) Show that G is a gerbe banded by the sheaf of groups T'x;4 ®4 J on X.
(Hint: Use Lemma 1.7 to show it is a prestack. See Definitions 8.11 and 8.1/
for the definition of a banded gerbe.)

(b) Give an alternate proof of Proposition 2.5. (Hint: For part (3), use Re-
mark 8.15.)

Example 2.8 (Abelian varieties). If Xy is an abelian variety over C of dimension n,
then it turns out that deforming X, as an abstract scheme is equivalent to deform-
ing it as an abelian variety, and that obstructions to deforming X, as an abelian
variety also live in H?(Xg, Tx,). Using that Qx, = 0%, is trivial and the Hodge
symmetries, we see that H2(Xo, Tx,) = H2(Xo, Ox,)®" = H(Xo, \® 0%,)o" is
non-zero. Nevertheless, Grothendieck and Mumford showed that given any defor-
mation problem as in (2.1), the obstruction obx € H?(X, Tx/4 ®4a J) vanishes!
This shows that abelian varieties are unobstructed and their moduli is formally
smooth. See [Oor71].
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2.3 Higher order deformations of vector bundles

Definition 2.9. Let A" — A be a surjection of noetherian rings with square-zero
kernel J. Let X’ — Spec A’ be a separated and finite type morphism of schemes
and set X := X’ 4/ A. z Given a coherent sheaf E' on X flat over A, a deformation
of E over A’ — A is a pair (F’,«) where E’ is a coherent sheaf on X’ flat over A’
and a: E — E'|x is an isomorphism. Pictorially, we have

E E'
I
flat/A I flat /A’
[
X—— X'

A morphism (E,«) — (E', ') of deformations is a morphism 8: E — E’ of
coherent sheaves on X 4/ such that o’ = 8|x o a. By Lemma 1.7, any morphism
of deformations is an isomorphism.

Proposition 2.10. Let A’ — A be a surjection of noetherian rings with square-
zero kernel J. Let X' — Spec A’ be a separated and finite type morphism of
schemes and set X := X' x4 A. Let E be a vector bundle on X flat over A.

(1) The group of automorphisms of a deformation E' of E over A’ is bijective
to HY(X,Endo (E) @4 J).

(2) If there ezists a deformation of E over A’, then the set of isomorphism
classes of all such deformations is a torsor under HY (X, &ndo  (E) ®4 J).

(3) There is an element obg € H?(X,&ndo, (E) ®4 J) with the property that
there exists a deformation of E over A’ if and only if obg = 0.

Remark 2.11. If X and X’ are base changes of a separated and finite type
k-scheme X, and A and A’ are local artinian rings with residue field k such that
mu J = 0, then automorphisms, deformations and obstructions are classified by
HQ(XO,é‘)ndoX0 (Eo) ® J) for i =0,1,2 where Ey = E|x,.

Proof. See [Har10, Thm. 7.1]. O

Exercise 2.12. Give an alternative proof of Proposition 2.10 using the technique
outlined in Exercise 2.7.

3 Versal formal deformations and Rim—Schlessinger’s
Criteria

3.1 Functors of artin rings

For an algebraically closed field k, let Arty denote the category of artinian local
k-algebras with residue field k. The opposite category Art,” is equivalent to the
category of local artinian k-schemes (5, s) with x(s) = k.

Definition 3.1. We say that a covariant functor F': Arty — Sets is pro-representable
if there exists a noetherian complete local k-algebra R such that for all A € Arty,
there is a isomorphism F = hg where hp := Homg_a14(R, —).
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Remark 3.2. If F': Sch/k — Sets is a contravariant functor and xo € F'(k), then
we can consider the induced functor of artin rings

Fio: Arty — Sets, A—{x e F(A) | zlx =20 € F(k)}

where z|; denotes the image of x under F(A) — F(A/m,). If F is representable
by a scheme X and z € X is the k-point corresponding to xg, then Fy, is
pro-representable by Ox ;.

Exercise 3.3. Provide an example of a non-representable contravariant functor
F: Sch/k — Sets and an object z¢ € F(k) such that F;, is pro-representable.

Many functors of artin rings are not pro-representable. For example, if Cj is a
smooth connected projective curve with a non-trivial automorphism group, then
the covariant functor Fe,: Arty — Sets where Fg,(A) consists of isomorphism
classes of smooth proper families of curves € — Spec A such that € x4 A/my is
isomorphic to Cjy, is not pro-representable. Nevertheless many moduli functors
admit versal deformations.

Remark 3.4. To work over a more general base (e.g. of mixed characteristic),
one can consider instead the following setup: let A be a noetherian complete
local ring with residual field k (not necessarily algebraically closed) and Artp be
the category of artinian local A-algebras (A, m) with an identification k = A/m.
Rim—Schlessinger’s Criteria (Theorem 3.11) holds after replacing Arty, with Arty.
More generally, one can consider the setup where A — k is a finite morphism to a
field, not assumed to be the residue field.

Setting A = k recovers our setup but in many applications it is often useful
to take A to be a ring of Witt vectors, e.g. A = Z,. In this way, one can
consider deforming an object Ey over F, inductively along extensions Z/p" ™! —
Z/p™ with the hope of applying Rim—Schlessinger’s Criteria (Theorem 3.11) and
Grothendieck’s Existence Theorem (Theorem 4.4) to deform Eq to an object E
over the characteristic zero ring Z,; see Section 4.1

3.2 Versal deformations

Asit’s important to keep track of automorphisms, we will present Rim—Schlessinger’s
Criteria, a generalization of Schlessinger’s Criterion from functors to prestacks.
Therefore we will formulate the definition of versality for prestacks X over Art”.
We will assume that X(k) is equivalent to a set consisting of a single object, i.e.
there is a unique morphism between any two objects in X(k).

Definition 3.5. Let X be a prestack over Art,” such that the groupoid X(k) is
equivalent to the set {zo}.

(1) A formal deformation (R,{x,}) of zo is the data of a noetherian complete
local k-algebra (R,mp) together with objects z,, € X(R/m};"") and mor-
phisms z,,_1 — x,, over Spec R/m}, — Spec R/m?‘l, or in other words an
element of &Lnf)C(R/m") When X = F'is a covariant functor Arty — Sets, a

formal deformation is a compatible sequence of elements z,, € F(R/m%™).

(2) A formal deformation (R, {z,}) is versal if for every surjection A — A
in Arty with mff‘H = 0, object n € X(A) and k-algebra homomorphism
¢o: R/mp — A with an isomorphism ag: |4, = 1]4, in X(Ap), there
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exists a k-algebra homomorphism ¢: R/m%+1 — A and an isomorphism
a: Tp|a = nin X(A) such that ¢ is the composition R/m’;™ 2 A - Ao
ala, = ao.

(3) A versal formal deformation (R, {x,}) is miniversal (or a pro-representable
hull) if the induced map Homy_ . (R, kle]) — X(k[e])/~ on isomorphism

classes, defined by (R — R/m% 2, k[e]) — &(z1), is bijective.

Remark 3.6. The deformation z,, € X(R/m/;t") can be viewed via Yoneda’s
2-Lemma as a morphism Spec R/m}’;l — X or more precisely as hR/mgﬂ — X.
Likewise, we can view a formal deformation as a morphism {x,}: hg — X where
hr = Homg_15(R, —) (see Exercise 3.8). With this terminology, {x,} is versal if
there exists a lift for every commutative diagram

Spec Ag —— hg
2

[/// l{zn} (3.1)

Spec A X

of solid arrows where A — Ay is a surjection in Arty. In this way, we see that a
versal formal deformation corresponds to the Infinitesimal Lifting Criterion for
Smoothness (see Smooth Equivalences 8.4(2) and Smooth Equivalences 8.4) with
respect to artinian local k-algebras. Meanwhile a miniversal deformation is a
versal formal deformation inducing an isomorphism on tangent spaces hg(kle]) —

X(kfe])/~.

Remark 3.7. The condition of versality can be checked on surjections A — Ay
with ker(A — Ap) = k. Indeed, the kernel of any surjection A — Ag in Arty is
a finite dimensional k-vector space and A — Ay can be factored into surjections
where each kernel is one-dimensional.

Exercise 3.8. Let R be a noetherian complete local k-algebra and let hp =
Homy_a1g(R, —) be the covariant functor Arti — Sets which we can also view as
a prestack over Art,”. If X is a prestack over Art,”, show that giving a formal
deformation (R, {z,}) is equivalent to giving a morphism hr — X of prestacks.

Remark 3.9. If I is pro-representable by R, then letting x,, € F(R/m%™")
correspond to the surjection (R — R/m%™') € hr(R/m/5t!), it is easy to see that
{z,} is a versal formal deformation. In this case, there is a unique lift in (3.1)

Remark 3.10 (Global prestacks to local deformation prestacks). If X is a prestack
over Sch/k and z¢ € X(k), we can consider the local deformation prestack X, at
xo as the prestack of morphisms zy — z over Art,” where a morphism (z =

x) — (o LN a’) is a morphism 3: x — z’ such that o’/ = a0 . In other words, an
object of Xy, is a pair (z,«) where € X(A4) and «: xg — x|k is an isomorphism.
Note that the fiber category X, (k) is equivalent to the set {xg N Zo}

If X is algebraic with a smooth presentation U — X from a scheme and
u € U(k) is a point maping to zg, then we may set z, € X(Opy,,/mt1) to
be the composition Spec Oy, /m?T! < U — X. Then {z,} is a versal formal
deformation.

On the other hand, if X is not yet known to be algebraic, one can sometimes
verify the existence of versal formal deformation via Rim—Schlessinger’s Criteria
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(Theorem 3.11) as a first step to verifying the algebraicity of X via Artin’s Axioms
for Algebraicity (Theorem 7.1).

3.3 Rim—Schlessinger’s Criteria

Rim—Schlessinger’s Criteria provides necessary and sufficient conditions for a
prestack X over Art,” or covariant functor F': Arty — Sets to admit a versal
formal deformation.

Theorem 3.11 (Rim-Schlessinger’s Criteria). Let X be a prestack over Arty”
such that the groupoid X(K) is equivalent to the set {xzg}. For morphisms By — Ay
and A — Aq in Arty, consider the natural functor

:X:(BO X Ao A) — :X:(Bo) XX (Ao) :X:(A) (32)

Then X admits a miniversal formal deformation if and only if

(RS1) the functor (3.2) is essentially surjective whenever A — Aq is surjection
with kernel k;

(RS3) the map (3.2) is essentially surjective when Ag =k and A = K[e], and given
two commutative diagrams

To —— 1o Spec k———— Spec By
l all Y over J{ l
B
r——y— = 3y Spec k[e]—— Spec(k|[e] xx By)

\/I
there exists an isomorphism B: y — ' in X(k[e] Xk Bo) such that as = foa;.
(RS3) dimg T < oo where Ty := X(k[e])/~ .

Moreover, X is prorepresentable if and only if X is equivalent to a functor and

(RS4) the map (3.2) is an equivalence whenever A — Ag is a surjection with kernel
k.

Conditions (RS3)—(RS3) (sometimes referred to as semi-homogeneity) may
be difficult to parse! but in practice it is almost always just as easy to verify
the stronger condition (RS4) (called homogeneity), and in fact the even stronger
condition (RS}) (called strong homogeneity) introduced in §3.4.

Remark 3.12 (Schlessinger’s Criteria). When X is a covariant functor F': Arty —
Sets with F(k) = {zo}, then (RS;)—(RS4) translate into Schlessinger’s conditions
as introduced in [Sch68]:

(Hy) the map (3.2) is surjective whenever A — Ay is a surjection with kernel k;
(Hz2) the map (3.2) is bijective when Ay =k and A = kle];

(H3) dimg F(k[e]) < oo; and

(

Hy) the map (3.2) is bijective whenever A — Ay is a surjection with kernel k.

IThe second part of (RS2) is slightly stronger than requiring that two objects in X(k[e] xi Bo)
are isomorphic if and only if their images are. Note that (RS2) does not require the isomorphism
B:y — 1y to be compatible with the given morphisms  — y and = — 3'.
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The functor F' admits a miniversal formal deformation if (H;)—(Hs) hold and is
pro-representable if (Hz)—(H,) hold.

If X satisfies (RS;)—(RS3), then the functor Fy: Sch/k — Sets parameterizing
isomorphism classes of objects satisfies (H;)—(Hgz) but the converse does not always
hold. On the other hand, the essential surjectivity of X(Bo x4, A4) — X(Bo) Xx(4,)
X(A) implies the surjectivity of Fx(Bo x4, A) = Fx(Bo) X py(4,) Fx(A) and the
fully faithfulness for X implies the injectivity of Fx as long as Auty(g,)(yo) —
Aut(a,)(¥0la,) is surjective for an object yo € X(By). This latter condition holds
in the case when Fy(Ap) is a set, e.g. when Ag = k. If X is the local deformation
prestack arising from an object zg € DNC(lk) of an algebraic stack X over Sch/k
as in Remark 3.10, then the surjectivity condition on automorphisms translates
to the inertia stack Iy — X being smooth at e(zg), where e: X — Iy is the
identity section, by the Infinitesimal Lifting Criterion for Smoothness (Smooth
Equivalences 8.4).

While the existence of a miniversal formal deformation of Fy suffices for many
applications, for moduli problems with automorphisms it is more natural to ask
for the existence of a miniversal formal deformation of X and this generality is
needed for some applications, e.g. Artin’s Algebraization (Theorem 6.6) and
Artin’s Axioms for Algebraicity (Theorem 7.4).

Before proceeding to the proof, we first show that (RS;)—(RS2) yield natural
structures on sets of deformations. In particular, they induce a vector space
structure on the tangent space T = X(k[e])/~ which allows us to make sense of
condition (RS3).

Lemma 3.13. Let X be a prestack over Art)” such that the groupoid X(k) is
equivalent to the set {xo}, and let Fyx: Arty — Sets be the covariant functor
assigning A € Arty to the set of isomorphism classes X(A)/ ~. Assume that

Condition (RSz) holds for X.

(1) The tangent space Tx = Fx(kle]) has a natural structure of a k-vector
space. More generally, for any finite dimensional k-vector space V', denoting
k[V] as the k-algebra k & V defined by V? = 0, the set Fx(k[V]) has a
natural structure of a k-vector space and there is a functorial bijection
Foe(k[V]) = T @, V.

(2) Consider a surjection B — A in Arty with square-zero kernel I and an
element © € X(A), and let Lift,(B) be the set of morphisms x — y over

Spec A — Spec B where © = y is declared equivalent to x a—/> y' if there is
an isomorphism B: y — 1y such that o/ = So«. There is an action of T @ I
on Lift, (B) which is functorial in X. Assuming Lift, (B) is non-empty, this
action is transitive if Condition (RS1) holds for X and free and transitive
(i.e. Lift,(B) is a torsor under Ty ® I) if Condition (RS4) holds for X.

Proof. We first note if V' is a finite dimensional vector space, then k[V] = k[e] xk

- Xk kle] and by applying (RS2) inductively, we see that the statement of
Condition (RSs) also holds for Ag =k and A = k[V]. For By € Arty, the first
part of (RSz) implies that Fyx(By xi k[V]) = Fx(Bo) x Fx(k[V]) is a bijection.
In particular, Fx(k[V] xx k[W]) = Fx(k[V]) x Fx(k[W]) is bijective for any pair
of finite dimensional vector spaces, or in other words the functor V — Fy(k[V])
commutes with finite products.
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The vector space structure of T = Fx (k[e]) follows from the bijectivity of
Fx(kle] xk k[€']) = Fx(k[e]) x Fx(k[€']). (3.3)

Indeed, addition of 71,72 € Fx(kl[e]) is defined by using the above identification to
view (71, 72) € Fx(kle] Xk k[€']) and then taking its image under F'(k[e] xx k[e']) —
F(k[e]) induced by the ring map k[e] xj k[e/| — k[e] taking (e,0) and (0, €’) to e.
Scalar multiplication of ¢ € k on 7 € Fx (k[e]) is defined by taking the image of 7
under Fix(k[e]) — Fx(k[e]) induced by the map kle] — k[e] taking e to ce.

The same argument gives Fi(k[V]) the structure of a vector space such that
the assignment V — Fy(k[V]) is a k-linear functor Vect!® — Vecty defined on
finitely dimensional k-vector spaces. The natural map

Fy(kle]) x Homg(k[e], k[V]) — Fx(k[V]), (1,0) — &*1

is k-bilinear and under the equivalences T = Fx(k[e]) and V = Homy (k[e], k[V])
corresponds to a linear map Tx ® V' — Fx(k[V]), which is an isomorphism. This
finishes the proof of (1).

For (2), we observe that the natural map

BXAB—HK[I] Xk B, (bl,bg)H(E—f—bg—bl,bl)

is an isomorphism. We therefore have a diagram

X(K[1]) % X(B) « X(K[I] xx B) = X(B x4 B) s X(B) (3.4)

where the left functor is essentially surjective by the first part of (RS3). Given
7 € Tx @ I = Fx(Kk[I]) (with a choice of representative in X(k[I])) and (z =
y) € Lift,(B), we would like to define 7 - (x = y) as the image under p} of a
choice of preimage of (7,y). To see that this is well-defined, consider two elements
z,72" € X(k[I] xx B) whose images in X(k[I]) x X(B) are isomorphic to (7, y). This
yields a diagram

To——+ y Spec k————— Spec B
J alJ( \';2 over l J
y TPl Speck[I]—— Spec(k[I] xx B)

~_

and by the second part of (RS3), there exists a dotted arrow 8 such that ag =
B o ay. Therefore choices of pullbacks pjz and pjz’ in X(B) defines the same
element in Lift,(B). If (RS;) holds, then the statement of Condition (RS;) also
holds for any surjection A — Aj (since we may factor it as a composition of
surjections whose kernels are k). Therefore if (RS;) holds (resp. (RS4) holds),
then X(B x4 B) — X(B) xx(4)X(B) is essentially surjective (resp. an equivalence)
and we see that the action is transitive (resp. free and transitive). O

Proof Theorem 3.11. The details of the necessity of these conditions are left to
the reader. We will establish the sufficiency. The tangent space T = X(kle])/~
has the structure of a vector space by Lemma 3.13(1) and is finite dimensional
by (RS2). Let N = dimg T with basis x1,...,2x and define S = k[[z1,...,2x]].
We will construct inductively a decreasing sequence of ideals Jy D J; D --- and
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objects n, € X(S/J,) together with morphisms 7, — 7,41 over SpecS/.J, —
Spec S/ Jn11. We set Jy =mg and 1y = z¢ € X(k). We also set J; = m% so that
S/J1 =2 Kk[Tx]. Using the bijection Fy(k[Tx]) & Ty ®k T of Lemma 3.13(1), the
element ) . x; ® x; defines an isomorphism class of an object n; € X(S/.J;) such
that the induced map Spec.S/J; — X induces a bijection on tangent spaces. By
construction, we have a morphism 7y — 71 over Speck < Spec S/ J;.

Suppose we’ve constructed J,, and 1,1 — n,. We claim that the set of ideals

Y={JcCS |mgJ, CJCJ, and there exists n,, = n

3.5
over Spec S/J, < SpecS/J} (8:5)

has a minimal element. Indeed, it is non-empty since J,, € 3 and given J, K € 3,
we must check that J N K € 3. To achieve this, choose an ideal J' C S satisfying
JcJ' clIwithJNK=J'NKand J'+ K =1. Then A/(J'NK)=A/J x4/1
A/K. Letting ny € X(S/J) and nx € X(S/K) be the objects corresponding to
J and K, the data of (n]g/j = 1, — 1k ) defines an object of X(S/J') Xx(s/r)
X(S/K). The functor X(A/(J N K)) — X(S/J") Xx(s/r) X(S/K) is essentially
surjective by (RS;) and the existence of preimage of (1s|s/j = 7, — 1K) shows
that JN K € X.

Setting J = ,, Jn, then R = S/J is a noetherian complete local k-algebra
with ideals I, := J,,/J. Since mgJ,, C J,,+1, we have that m;f-fl c I,, and thus
&n = nan/m;;“ defines a formal deformation of xy over R.

We must check that ¢ := {&,} is versal. Suppose B — A is a surjection in
Arty with kernel k and that we have a diagram

—¢ SpeCALHLR
2

X
Ve
l over \[ -
79
Y

Spec B.

We need to construct a morphism y — £ extending x — £. We claim that it
suffices to construct a morphism g: Spec B — hpr (i.e. a ring map R — B)
extending g. Since hg(k[e]) — Tx is bijective, Lemma 3.13(2) implies that there
are actions of T on the sets Lift,(B) and Lifty(B) of isomorphism classes of
lifts of « and g to objects in X(B) and hr(B) which are compatible with the
map Lift,(B) — Lift,(B) where g +— g*¢. Thus, we can find 7 € Tx such that
y=1-(g"¢) = (7-g)*¢. This gives an arrow y — £ over 7-g: Spec B — hpg.

To construct g, choose n such that R — A factors as R — R/I, = S/J, —
A. Tt suffices to show that Spec A — SpecS/.J,, extends to a map Spec B —
Spec S/Jp+1 and for this, it suffices to show the existence of a dotted arrow
making the diagram

Spec A —— Spec S/J,

Spec B—— Spec B x 4 (S/J5)

~

Ny
Spec S/ Jn+1
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commutative. As S = k[[z1,...,2,]], we may choose an extension S — B of
S — S/J, = A. Then B x4 (S/J,) = S/K where K is the kernel of the induced
map S — B x4 (S/J,). The kernel K lies in the set of ideals defined in (3.5):
the inclusion K C J, is clear, the inclusion mgJ,, C K is implied by the equality
ker(B — A) =k, and the existence of n,, — n over Spec S/ J, — Spec S/K follows
from applying (RS1) to the above square. Thus J,; C K and we have a ring
map S/Jn11 = S/K = B x 4 (S/J,) inducing the desired dotted arrow.

Finally, we must show that if X is equivalent to a functor F' and (RS4) holds,
then F is prorepresentable by £ = {¢,}. Given a surjection B — A with kernel k
and z € F(A), it suffices to show the existence of a unigque lift in any diagram

Spec A SN hr

|

SpecB —— F.

This holds because the map Lift,(B) — Lift,(B) is bijective by Lemma 3.13(2)
as both are torsors under Tx.

See also [Sch68, Thm. 2.11], [SGAT7-I, Thm. VI.1.11] and [SP, Tag 06IX],
where the result is established more generally for prestacks over the category Arty
introduced in Remark 3.4. O

3.4 Verifying Rim—Schlessinger’s Conditions

Consider the following strong homogeneity condition:
(RS1) X(Bo xa,A) = X(Bo) Xx(4e) X(A) is an equivalence for any map By — A
and surjection A — Ay of rings with square-zero kernel (where the rings are
not necessarily local artinian);

If X is a prestack over (Sch/k) satisfying (RS} ), then the local deformation prestack
Xzo at o (see Remark 3.10) is easily checked to satisfy (RS4). On the other
hand, it turns out that any algebraic stack satisfies (RS}); see [SP, Tag 07WN].
In other words, the Ferrand pushout Spec(By x 4, A) is a pushout in the category
of algebraic stacks. Condition (RS}) will appear in our second version of Artin’s
Axioms for Algebraicity (Theorem 7.4) as it will be useful to verify openness of
versality (in addition to implying (RS2)—(RS3) ensuring the existence of versal
formal deformations).

For a moduli problem ., it is often possible to verify (RS}) (and thus (RS4) as
well as (RS1)—(RS2)) as a consequence of Proposition 8.9: for a ring map By — Ag
and surjection A — Ag, the functor Mod(Bg x 4, A) — Mod(Bo) X Mod(4,) Mod(A)
restricts to an equivalence on flat modules. When By, Ag and A are artinian,
there is an elementary argument for this fact since flatness translates to freeness
for modules over an artinian ring (Proposition 8.3).

We say that a prestack X over Sch/k admits formal versal deformations if
for every k-point z¢, the local deformation prestack X,, (Remark 3.10) admits a
formal versal deformation.

Proposition 3.14. Fach of the moduli problems Hile(X), My (with g > 2)
and Bung over k satisfy (RS3) and (RS}), and therefore admit formal versal
deformations.
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Proof. To check (RS3) for objects [Zy C X], Cp and Ey of X = Hilb” (X), .4, and
Bunc defined over k, we have identifications of the tangent spaces T with the finite
dimensional k-vector spaces H°(Zy, Nz, /x), HY(Cy,T¢,) and HY(X, Endo  (Eo))
by Propositions 1.4, 1.11 and 1.15.

For (RS}), let By — Ap be a ring map and A — Ay be a surjection with
square-zero kernel. Set B = By x4, A. For Hilb”(X), Corollary 8.10(1)(2)

implies that the diagram
XAOC—> XA

!

XBOC—>XB

is a pushout and that the functor QCoh(Xp) — QCoh(Xp,) X qron(x 4,) QCoh(X4)
restricts to an equivalence between the full subcategory of finitely presented Ox,-
modules flat over B and the fiber product of the full subcategories of finitely
presented O-modules flat over By and A. This implies the desired equivalence
Hilb” (X)(B) — Hilb" (X)(Bo) Xgimnr (x)(ay) Hilb” (X)(A) between closed sub-
schemes flat over the base.

For ., the essential surjectivity of #,(B) — My(Bo) X_z,(a,) Hg(A) trans-
lates into the existence of an extension

Co© > C
DOK*‘****%DJ(//
1 \
l Spec Ag© \ Spec A
— v
Spec B¢ Spec B

of smooth families of curves. The existence of D as a pushout of top face follows
from Theorem 8.5. The fact that D is smooth over B follows from Corollary 8.10(2).
The properness of D — Spec B follows from the properness of Dy — Spec By.
The fully faithfulness translates to the bijectivity of

Aut(D/B) — Aut(Do/Bo) XAut(eo/Ao) Aut(G/A)

and follows direct from the fact that D is a pushout of the top face. Alterna-
tively, one can replicate the above argument for Hilb” (X)) using the tricanonical
embedding.

For Bunc, Corollary 8.10(1) implies that the functor QCoh(Xp) — QCoh(X g, )X qcon(x4,)
QCoh(X 4) restricts to an equivalence on finitely presented O-modules flat over
the base and therefore also on vector bundles. O

4 Effective formal deformations and Grothendieck’s
Existence Theorem

We often would like to know when a formal deformation is effective.

Definition 4.1. Let X be a prestack (or functor) over (Sch/k). Let zo € X(k)
and consider a formal deformation (R, {z,}) of zo (or more precisely a formal
deformation of the deformation stack X,, at xg as defined in Remark 3.10). We
say that {z,} is effective if there exists an object Z € X(R) and compatible
isomorphisms z, = Z|spec R/mnt1-
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Remark 4.2. A formal deformation (R, {x,}) is effective if it is in the essential
image of the natural functor X(R) — Hm X(R/m™) or in other words if there exists
a dotted arrow making the diagram

Spec R/m“—— Spec R/m?>“—— Spec R/m*“——— ...C—— Spec R
xr2 !

|z
xo ~
X

commutative.

Example 4.3. If F': Sch/k — Sets is a contravariant functor representable by a
scheme X over k, then any formal deformation (R, {z,}) is effective. Indeed, z,,
corresponds to a morphism Spec R/m"*! — X with image # € X (k) and thus to
a k-algebra homomorphism ¢, : 0) x.z — R/m""L. By taking the inverse image of
¢n, we have a local homomorphism 0 X, — R which in turn defines a morphism
Z: Spec R — X extending {x,}.

Grothendieck’s Existence Theorem—sometimes referred to as Formal GAGA—
can often be applied to show that formal deformations are effective.

Theorem 4.4 (Grothendieck’s Existence Theorem). Let X — Spec R be a proper
morphism of schemes where (R,m) is a noetherian complete local ring. Set
X, := X xg R/m" ™t The functor

Coh(X) — l'glCOh(Xn), E—{E,}, (4.1)
where By, is the pullback of E along X,, — X, is an equivalence of categories.
Proof. See [EGA, 1I1.5.1.4], [FGIT05, Thm. 8.4.2] and [SP, Tag 088C]. O

Remark 4.5. The essential surjectivity of (4.1) translates to an extension of the
diagram

Ey £, Es

E
\
\
\
X C X, C X5C e X

| i | |

Spec R/m“—— Spec R/m?>“—— Spec R/m*“——— -..C—— Spec R

while the fully faithfulness of (4.1) translates to the bijectivity of the natural map
Homg, (E,F) — yLnHomoXn (Eyn, F,,) for coherent sheaves E and F on X.

Using the language of formal schemes and setting X=X Xspec B SPf R to be
the m-adic completion of X, then Grothendieck’s Existence Theorem asserts that
the functor Coh(X) — Coh(X), defined by FE +— E, is an equivalence.

Corollary 4.6. Let (R, m) be a noetherian complete local ring and X,, — Spec R/m"+1
be a sequence of proper morphisms such that X, X gjmn+1 R/m"™ = X, 4. If Ly,

s a compatible sequence of line bundles on X,, such that Ly is ample, then there
exists a projective morphism X — Spec R and an ample line bundle L on X and
compatible isomorphisms X, =2 X xg R/m"*! and L,, = L|x, .
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Remark 4.7. It follows that there an extension in the cartesian diagram

X,© X, C X5C RN GRS, ¢

| l J ¢

Spec R/m“—— Spec R/m?——— Spec R/m3¢—— -..C—— Spec R

such that X is projective over R. We say that the formal deformation {X,, —
Spec R/m"1} of X is effective (which is sometimes referred to as algebraizable.

Proof. We sketch how this follows from Grothendieck’s Existence Theorem. Con-
sider the finitely generated graded k-algebra B = @ m"/m"*! and the quasi-
coherent graded Ox,-algebra A = B ®y Ox,. By applying Serre’s vanishing
theorem to Specy A and the ample line bundle L Rox, Ox;, we see that
H'(Xo,A ® LYY = 0 for d > 0. We have a closed immersion Xy < PV de-
fined by a basis sq.g, ..., so,n of H*(Xo, L?d). Noting that m”OXnH/m"HOX
is identified with ker(Ox,, .,
sequence by Lfffl to obtain a short exact sequence

n+1
— Ox, ), we may tensor the corresponding short exact

n+1
where we’ve used that that (m"Ox, ,, /m" ™ 0x ) ® L%ﬁl is supported on X
along with the identifications L, 41 ® Ox, = L,, for m < n. The vanishing of
HY' (X, A® ngd) implies that we may lift the sections sq g, ..., so,n inductively to
compatible sections s, g, ..., s,y of H2(X,, L2?). By Nakayama’s Lemma, the
induced morphisms X,, — ]P’g Jmnt1 AT€ closed immersions giving a commutative
diagram

/

PNC P?%/m%( ..C pg

| o’
XOC Xl l ...L77774>X
\ l \ \N

Spec k———— Spec R/m?C oC Spec R

Grothendieck’s Existence Theorem (Theorem 4.4) gives an equivalence Coh(PY) —
@ Coh(Pg / mn+1)- Essential surjectivity gives a coherent sheaf £ on Pg extending

{Ox,} and full faithfulness gives a surjection Opy — E extending Opg/mnﬂ

Ox,. We take X C PY to be the closed subscheme defined by ker(Opy — E).
See also [EGA, I11.5.4.5], [FGIT05, Thm. 8.4.10] and [SP, Tag 089A]. O

Remark 4.8. If instead we are given only an ample line bundle Ly on Xy (and
not the line bundles L, ), then the obstruction to deforming L,_; to L, is an
element oby,, , € H*(X,0x ®; m™) by Proposition 2.10. If these cohomology
groups vanish (e.g. if X is of dimension 1), then there exists compatible extensions
L,, and thus the formal deformation {X,, — Spec R/m"T1} are effective.
Without the existence of deformations L,, of Ly, it is not necessarily true that
formal deformations are effective. For instance, there is a projective K3 surface
(Xo, Lo) and a first order deformation X; — Speck|e] which is not projective (so
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Ly does not deform to X7), and a formal deformation which is not effective; see
[Har10, Ex. 21.2.1]. Similarly formal deformations of abelian varieties may not be
effective. Note that for both K3 surfaces and abelian varieties, Rim—Schlessinger’s
Criteria applies to construct versal formal deformations.

Corollary 4.9. For each of the moduli problems Hilb" (X), 4, (with g > 2)
and Bunc over k, any formal deformation is effective. In particular, there exist
effective versal formal deformations.

Proof. For Hilb”(X), we show the effectivity of a formal deformation {Z, C
Xp/mnt1} by following the argument at the end of the proof of Corollary 4.6 (with
X, C Pg/mnﬂ replaced with Z,, C Xp/mn+1): Grothendieck’s Existence Theorem
(Theorem 4.4) implies the existence of a coherent sheaf F on Xp extending {Oz, }
and a surjection Ox, — F extending {Ox, — Oz, }, and we take Z C Xp defined
by ker(Ox, — F).

For ./, the effectivity of a formal deformation {C,, — Spec R/m" !} follows
from Corollary 4.6 by taking L,, be the ample bundle Q¢ /(g mn+1), or by taking
Ly to be any ample bundle on Cy and using Proposition 2.10 and the vanishing of
H2(Cy, O¢,) to inductively deform Lo to a compatible sequence of line bundle L,
on C,.

For Bung, the effectivity of a formal deformation of vector bundles E,, on
CR/mn+1 follows directly from Grothendieck’s Existence Theorem (Theorem 4.4)
noting that the coherent extension is necessarily a vector bundle.

The last statement follows from the existence of versal formal deformations of
these moduli problems (Proposition 3.14). O

Exercise 4.10. If X is an algebraic stack locally of finite type over k and (R, m)
is a noetherian complete local ring with residue field k, show that the functor

X(R) — Jm X(R/m" ")

is an equivalence of categories. In particular, every formal deformation is effective.

4.1 Lifting to characteristic 0

One striking application of deformation theory is to “lift” a smooth variety X,
over a field k of char(k) = p to characteristic 0. We say that Xy is liftable
to characteristic 0 if there exists a noetherian complete local ring (R, m) of
characteristic 0 such that R/m =k and a smooth scheme X — Spec R such that
Xo = X xzr k.2 One can hope to then use characteristic 0 techniques (e.g. Hodge
theory) on X and deduce properties of Xy. The strategy to lift a variety X is
to inductively deform Xj to smooth schemes X,, over R/m"*! and then apply
Grothendieck’s Existence Theorem to effective the formal deformation. Note
however that to achieve this, we must work over a mixed characteristic base as in
Remark 3.4 rather than over a fixed field k.

Smooth curves are liftable as obstructions to deforming both the curve and
the ample line bundle both vanish. Serre produced an example of a non-liftable
projective threefold (see [Har1l0, Thm. 22.4]) which Mumford extended to a non-
liftable projective surface (see [FGIT05, Cor. 8.6.7]). On the other hand, Mumford

2There are some variants to this definition, e.g. when R is already given as a complete DVR
with residue field k.
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showed that principally polarized abelian varieties are liftable [Mum69] while
Deligne showed that K3 surfaces are liftable [Del81]. These examples are quite
interesting as in both cases, formal deformations are not necessarily effective (see
Remark 4.8) and additional techniques are needed.

5 Cotangent complex

In this chapter, we summarize properties of the cotangent complex of a morphism
of schemes as introduced in [I1171] globalizing work of André [And67] and Quillen
[Qui68, Qui70] on the cotangent complex of a ring homomorphism.

5.1 Properties of the cotangent complex

Theorem 5.1. For any morphism f: X — Y of schemes (resp. mnoetherian
schemes), there exists a complex
. -1 0
Lx/y: - —>LX/Y — Lyx,y =0
of flat Ox-modules with quasi-coherent (resp. coherent) cohomology, whose image

in Dgaon(Ox) (resp. D, (0x)) is also denoted by Lxy . It satisfies the following
properties:

(1) H'(X, Lx/y) = Qx/y;

/ /

(2) [ is smooth if and only if f is locally of finite presentation and Lx/y is a
perfect complex supported in degree 0. In this case Lx,y 1is quasi-isomorphic
to the complex where the vector bundle Qx,y sits in degree 0;

(3) If f is flat and finitely presented, then f is syntomic if and only if Lx/y is a
perfect complex supported in degrees [—1,0]. Eaxplicitly, if f factors as a local
complete intersection X — Y defined by a sheaf of ideals I and a smooth
morphism Y — Y, then Lxy 1is quasi-isomorphic to 0 — 1/1? 4, Qx/;y =0
(with Qx,y in degree 0);

(4) If

/

x4 .x
[
y' 4 .y

is a cartesian diagram with either f or g flat (or more generally f and g
are tor-independent), then there is a quasi-isomorphism g Lx;y — Lx:/y.
(Note that without any flatness condition g"*Qx /vy = Qx//yr.)

(5) If X Ly 5 Zisa composition of morphisms of schemes, then there is an
ezact triangle in Dqep(Ox)

["Lyz = Lx/z — Lx;y — f"Ly;z[1].
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This induces a long exact sequence on cohomology

H2(Lx;y)

H Y(f*Lx/z) — H Y(Lx;z) — H *(Lx)y)

I Qy/z » Qx/z - Qx/y

extending the usual right exact sequence on differentials [Har77, I1.8.12].
(Note that if f is smooth, then H_l(LX/y) =0 and f*Qy;z — Qx/z is
injective. )
Proof. See [1I71, 11.1.2.3], [SP, Tag 08T2] for the definition of the cotangent
complex of a morphism of schemes (and more generally for morphisms of ringed
topoi). For (1)—(5), see [II71, 11.1.2.4.2, 11.3.1.2, 11.3.2.6, 11.2.2.3 and I1.2.1.2] and
[SP, Tags 08UV, 0DON, 0FK3, 08QQ and 08T4] (noting that [SP, Tag 08RB]
relates the naive cotangent complex N Lxy to Lx/y). O

5.2 Truncations of the cotangent complex

The definition of the cotangent complex relies on simplicial techniques and we
won’t attempt an exposition here. We will however give an explicit description of
its truncation, which often suffice for applications.

First, if X — Y factors as a closed immersion X < P defined by a sheaf
of ideals I and a smooth morphism P — Y, then the truncation 7>_1(Lx/y)
of Lx,y in degrees [—1,0] is quasi-isomorphic to 0 — I/I? 4 Qx/y — 0 (with
Qx,y in degree 0). In the case that X — Y is smooth or syntomic, then X — Y
is a regular immersion, I/I? is a vector bundle and L x /vy 18 quasi-isomorphic to
T>_1(Lx,y) (Theorem 5.1(3)).

For a morphism X = Spec A — Spec B =Y of affine schemes, Lichtenbaum-—
Schlessinger [LS67] offer an explicit description of 7>_2(Ly,y). Choose a polyno-
mial ring P = Bz;] (with possibly infinitely many generators) and a surjection
P — A as B-algebras with kernel I. Choose a free P-module F' = @xca P and a
surjection p: F' — I of P-modules with kernel K = ker(p). Let K’ C K be the sub-
module generated by p(z)y —p(y)x for 2,y € F. Then the truncation 7>_2(Lx/y)
(or rather 7>_2(Lp/a)) is quasi-isomorphic to the complex of A-modules

K/K/%F(X)PA‘)QP/B@PA (51)

with the last term in degree 0; see [SP, Tag 09CG].
One defines the T functors on the category of A-modules by

T'(A/B,—) := H (Homa(Ls,—)),
which can be used for instance to describe deformations of schemes (see Exam-
ple 5.11). See also [LS67, §2.3] and [Harl0, §1.3].
5.3 Extensions of algebras and schemes

Definition 5.2. An extension of a ring homomorphism R — A by an A-module
I is an exact sequence of R-modules

0—-I—-A—=A4A—-0
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where A’ — A is an R-algebra homomorphism and I C A’ is an ideal with I? = 0.
(Note that since I? = 0, I = I/I? is a module over A = A’/I.) The trivial
extension is A[I] := A @ I where multiplication is defined by I% = 0.

A morphism of extensions is a morphism of short exact sequences which is the
identity on I and A. By the five lemma, any morphism of extensions is necessarily
an isomorphism. We let Exaly(A, I) be the groupoid of extensions of R — A by
I, and Exalg(A,T) the set of isomorphism classes.

Remark 5.3. Geometrically, an extension is a commutative diagram of schemes

Spec A——— Spec A’

e

Spec R

such that I = ker(A’ — A) and I? = 0.

The set of extensions Exalg(A, I) is functorial with respect to A and I:

(a) Givenamap B — A of R-algebras, there is a map Exalg(A,I) — Exalr(B,I)
given by mapping a complex0 -1 -+ A" - A—-0to0—>1— A" x4 B—
B —0.

(b) Given an A-module homomorphism «: I — J, there is a map o, : Exalg(A,I) —
Exalg(A,J) given by mapping a complex 0 — I — A" — A — 0 to
0—-J—-Aee))/{(—z,a),zrel} - A—0.

(c) Given modules I and J, the natural map (p1 ., p2..): Exalg(A, I @ J) —
Exalg(A, I)®Exalr (A4, J), induced from (b) by the projections py: I®J — I
and po: I & J — J, is a bijection.

Moreover, Exalg(A, I) naturally has the structure of an A-module: scalar multi-
plication by = € A is defined using (b) with z: I — I and addition is defined by
Exalp(A,I) x Exalg(A,T) = Exalg(A,I & I) RN Exalr(A, I) using the bijection
in (c) and the map X, of (b) where ¥: I & I — I is addition. The maps (a)—(c)
are in fact maps of A-modules. See [Il171, §III.1.1] for details.

Proposition 5.4. Let R be a ring.

(1) Given a R-algebra A and an exact sequence 0 — I' — I — I" — 0 of
A-modules, there is an exact sequence

0 — Derg(A,I') — Derg(A,I) Dergr(A4,1")

m

xalR —_— EX&IR( ) —_— EX&IR( )

of A-modules.

(2) Given a homomorphism B — A of R-algebras, there is an exact sequence

00— DerB(A,I) DerR(A,I) DerR(B,I)
EX&IB(A, I) —_— EX&IR(A, I) _— EX&]R(B7 I)
of A-modules.
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Proof. See [EGA, 0.20.2.3] and [[II71, TI1.1.2.4.3, 111.1.2.5.4]. O

Remark 5.5. The top row of (5.4) can be realized using the right exact se-
quence Qp/p @ A = Qa/r — Q4/p — 0. Namely, apply Homa(—, I) and use
the identities Homa(Q4,5,1) = Derg(A, I), Homa(Q24/g,I) = Derg(A,I) and
HOHIA(QB/R XB A, [) = HOmB(QB/R,I) = DerR(B,I).

The cotangent complex can be applied to extend these sequences to long exact
sequences; see Remark 5.8.

The definition of Exal extends naturally to schemes (and more generally to
ringed topoi).

Definition 5.6. An eztension of a morphism X — S of schemes by a quasi-
coherent O x-module I is a short exact sequence

0—-71—-0x —-0x—0

where X < X’ is a closed immersion of schemes defined by sheaf of ideals I C O x-
with I2 = 0. (Note that the condition I? = 0 implies that the I C Ox- is naturally
a Ox-module.) The trivial extension is X[I] := (X,0x @ I) where the ring
structure is is defined by I% = 0.

A morphism of extensions is a morphism of short exact sequences which is
the identity on I and Ox. We let Exalg(X,I) be the category of extensions of
X — S by I, and Exalg(X,I) be the set of isomorphism classes.

The set Exalg(X,I) is naturally an Ox-module and is functorial in X and
I. In fact, the groupoid Exalg(X,I) is a Picard category, and the prestack over
Sch /S whose fiber category over f: T — S is Exal,(Xr, f*I) is a Picard stack;
see [II71, IT1.1.1.5] and [SGA4, XVIII.1.4].

5.4 The cotangent complex and deformation theory

Theorem 5.7. If X — Y is a morphism of schemes and I is a quasi-coherent
Oy -module, there is a natural isomorphism

Exaly (X, I) & Exty, (Lx/y, I).
Proof. See [11171, I11.1.2.3]. O

Remark 5.8. This identification allows us to use the cotangent complex to extend
the 6-term left exact sequences of Proposition 5.4 to long exact sequences. Namely,
applying Homo, (Lx,y,—) to the exact sequence 0 — I’ — I — I" extends
5.4(1) and applying Homo  (—, I) to the exact triangle f*Ly,z — Lx/z = Lx/y
extends 5.4(2).

When X = Spec A — Spec B =Y is a morphism of affine schemes, using the
T functors of §5.2, the above equivalence translates to Exalg (A, I) = T'(A/B,I).
This can be established using the explicit description of the Lichtenbaum—Schlessinger
truncated cotangent complex (5.1); see [LS67, 4.2.2] and [Har10, Thm. 5.1]. The
T functors can also be used to extend the 6-term sequences of Proposition 5.4 to
9-term sequences; see [LS67, 2.3.5-6] and [Harl0, Thms. 3.4-5].

26



Remark 5.9. More generally, there is an equivalence between the groupoid

Exaly (X, I) and the groupoid obtained from the 2-term complex [C'~! 4 CY =
7<o(RHomo , (7>—1Lx,y, I)[1])) where objects are elements of C* and Mor(c, ¢’) =
ker(d — d'); see [III71, 111.1.2.2].

Theorem 5.10. Consider the following deformation problem

XC -5 X/
!

Jf Lr
v
yc -y’

where f: X =Y is a morphism of schemes and i: Y — Y’ is a closed immersion
of schemes defined by an ideal sheaf I C Oy with I? = 0. A deformation is a
morphism f': X' — Y’ making the above diagram cartesian and a morphism of
deformations is a morphism over Y’ restricting to the identity on X.
(1) The group of automorphisms of a deformation f': X' — Y’ is isomorphic
to Exty (Lx/y, f*I).

(2) If there exists a deformation, then the set of deformations is a torsor under
Exté  (Lxy, f*1).

(8) There exists an element obx € Ext%X(LX/y,f*I) with the property that
there exists a deformation if and only if obx = 0.

Proof. See [III71, IT1.2.1.7] and [SP, Tag 08UZ]. See also [LS67, 4.2.5] and [Har10,
Thm. 10.1] for descriptions in the affine case using the truncated cotangent
complex. O

Example 5.11. Consider a surjection A’ — A of noetherian rings with square-
zero kernel J. First, as a reality check, if f: X — Spec A is smooth, we compute
that 4
Extly  (Lx/a, [*J) = H(X, Tx/a @4 J)

and we recover Proposition 2.5.

The advantage of the cotangent complex is that for Extfg «(Lxya, f*J) for
i =0, 1,2 classifies automorphisms, deformations and obstructions for an arbitrary
morphism. Moreover, the truncated cotangent complex 7> 2L x4 suffices and
when X = Spec R is affine, we get equivalent descriptions using the 7" functors
T(Lgya, f*J).
Remark 5.12. There are analogous results for other deformation problems. For
instance, for the deformation problem

Ny,
I

72— 7',

where the horizontal morphisms are closed immersions defined by square-zero ideal
sheaves Iy, Iy and Iz, then automorphisms, deformations and obstructions are
classified by Extfgx(f*Ly/Z, Ix) for i = —1,0,1 [II71, I11.2.2.4]. An important
special case is when Y =Y’ and Z = Z’.
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6 Artin Algebraization

Artin Algebraization is a procedure to “algebraize” or extend an effective versal
formal deformation & € .#(R) to an object n € .#(U) over a finite type k-
scheme U. In this section, we show how Artin Algebraization follows from Artin
Approximation following the ideas of Conrad and de Jong [CJ02].

6.1 Limit preserving prestacks

Extending the definition of a limit preserving functor §77, we say that a prestack
X over Sch/k is limit preserving (or locally of finite presentation) if for every
system B) of k-algebras, the natural functor

colim X(By) — X(colim By)

is an equivalence of categories. When X is an algebraic stack over k, then this

equivalent to the morphism X — Speck being locally of finite presentation; see
?7).

Lemma 6.1. Each of the prestacks Hilb" (X), 4, (with g > 2) and Bunc over
(Sch/k) are limit preserving.

Proof. To add. O

6.2 Conrad—de Jong Approximation

In Artin Approximation (Theorem 8.17), the initial data is an object over a
noetherian complete local k-algebra 6573 which is assumed to be the completion
of a finitely generated k-algebra at a maximal ideal. We will now see that a
similar approximation result still holds if this latter hypothesis is dropped and
one approximates both the complete local ring and the object.

Recall also that if (A, m) is a local ring and M is an A-module, then the
associated graded module of M is defined as Grn (M) = @, ~om™M/m" 1 M; it
is a graded module over the graded ring Gry, (A).

Theorem 6.2 (Conrad—de Jong Approximation). Let X be a limit preserving
prestack over Sch/k. Let (R,mp) be a noetherian complete local k-algebra and let
& € X(R). Then for every integer N > 0, there exist

(1) an affine scheme Spec A of finite type over k and a k-point u € Spec A,

(2) an object n € X(A),

(3) an isomorphism ¢n11: R/my = A/mN+1

(4) an isomorphism 0f£|R/mg+1 and n|A/m;v+1 via ¢y, and

(5) an isomorphism Gry, (R) =2 Gry, (A) of graded k-algebras.

The proof of this theorem will proceed by simultaneously approximating
equations and relations defining R and the object £. The statements (1)—(4) will
be easily obtained as a consequence of Artin Approximation. A nice insight of
Conrad and de Jong is that condition (5) can be ensured by Artin Approximation,
and moreover that this condition suffices to imply the isomorphism of complete
local k-algebras in Artin Algebraization. As such, condition (5) takes the most
work to establish.
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We will need some preparatory results controlling the constant appearing in
the Artin—Rees lemma.

Definition 6.3 (Artin—Rees Condition). Let (4, m) be a noetherian local ring.
Let ¢: M — N be a morphism of finite A-modules. Let ¢ > 0 be an integer. We
say that (AR). holds for ¢ if

e(M)Nm"N C p(m" M), Vn>c.

The Artin—Rees lemma implies that (AR). holds for ¢ if ¢ is sufficiently large;
see [AM69, Prop. 10.9] or [Eis95, Lem. 5.1].

Lemma 6.4. Let (A,m) be a noetherian local ring. Let
cS5MEN wd LS MEN

be two complexes of finite A-modules. Let ¢ be a positive integer. Assume that

(a) the first sequence is exact,

c+1
?

(b) the complexes are isomorphic modulo m' and

(¢) (AR). holds for a and S.

Then there exists an isomorphism Gry, (coker 8) — Gry(coker 8') of graded Gry (A)-
modules.

Proof. The proof while technical is rather straightforward. One first shows that
(AR). holds for 8’ and that the second sequence is exact. Then one establishes
the equality

m" TN + (M) Nm"N =m" "IN + g/(M)Nnm"N

by using that (AR). holds for 8 to show the containment “C” and then using
(AR), holds for 8’ to get the other containment. The statement then follows from
the description Gry(coker 3),, = m"N/(m" !N + (M) Nm"N) and the similar
description of Gry(coker 8'),,. For details, see [CJ02, §3] and [SP, Tag 07VF]. O

Proof of Conrad—de Jong Approzimation (Theorem 6.2). Since X is limit preserv-
ing and R is the colimit of its finitely generated k-subalgebras, there is an affine
scheme V' = Spec B of finite type over k and an object v of X over V' together
with a 2-commutative diagram

3
SpeCR—H/—W)x.

Let v € V be the image of the maximal ideal m C R. After adding generators to
the ring B if necessary, we can assume that the composition Oy,,, =+ R — R/m? is
surjective. This implies that 6\/71, — R is surjective by Lemma 8.18. The goal now
is to simultaneously approximate over V' the equations and relations defining the
closed immersion Spec R < Spec Oy, and the object £. In order to accomplish
this goal, we choose a resolution

0Fr % 0% 2 0y, » R0 (6.1)
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as Gv’y—modules and consider the functor

F: (Sch /V) — Sets
(T — V) = {complexes 05" = 0%* LR Or}.

It is not hard to check that this functor is limit preserving. The resolution in
(6.1) yields an element of F'(Oy,,). Applying Artin Approximation (Theorem 8.17)
yields an étale morphism (V' = Spec B’,v") — (V,v) and an element

’

(B'er &y pres B pry ¢ py) (6.2)

such that o, 8" are equal to @, B modulo mV+1,
Let U = Spec A — Spec B’ = V' be the closed subscheme defined by im 3’
and let u = v’ € U. Consider the composition

U=V V5L

As R = coker B and A = coker 8/, we have an isomorphism R/mN+1 = A/mlV+1
together with an isomorphism of {|p/m~+1 and W‘A/m;V*L This gives statements
(1)-(4).

To establish (5), we need to show that there are isomorphisms m"/mn+! =
m? /m™ 1. For n < N, this is guaranteed by the isomorphism R/mV+! = A4 /mN+1.
On the other hand, for n > 0, this can be seen to be a consequence of the Artin—
Rees lemma. To handle the middle range of n, we need to control the constant
appearing in the Artin—Rees lemma. First note that before we applied Artin
Approximation, we could have increased N to ensure that (AR)y holds for & and
E . We are thus free to assume this. Now statement (5) follows directly if we apply

Lemma 6.4 to the exact complex 6@2 LN 6%2 LN (5\/71, of (6.1) and the complex

692 2, 6@51} LN Gw obtained by restricting (6.2) to F(6V7v).
See also [CJ02] and [SP, Tag 07XB]. O

Exercise 6.5. Show that Conrad—de Jong Approximation implies Artin Approxi-
mation.

6.3 Artin Algebraization

Artin Algebraization has a stronger conclusion than Artin Approximation or
Conrad—de Jong Approximation in that no approximation is necessary. It guar-
antees the existence of an object 7 over a pointed affine scheme (Spec A, u) of
finite type over k which agrees with the given effective formal deformation £ to
all orders. In order to ensure this, we need to impose that & is versal at u, i.e.
that the restrictions &, = | 4 /n+1 define a versal formal deformation {¢,} over
A (Definition 3.5).

Theorem 6.6 (Artin Algebraization). Let X be a limit preserving prestack over
Sch/k. Let (R,m) be a noetherian complete local k-algebra and & € X(R) be an
effective versal formal deformation. There exist

(1) an affine scheme Spec A of finite type over k and a k-point u € Spec A;
(2) an object n € X(A);
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(3) an isomorphism o: RS Ay of k-algebras; and
(4) a compatible family of isomorphisms &| g jmn+1 = 7]|A/m3+1 (under the identi-
fication R/m"™*1 =2 A/m*1) forn > 0.

Remark 6.7. If X is an algebraic stack locally of finite type over k, then there
exists an isomorphism { = [z .

Remark 6.8. In the case that R is known to be the completion of a finitely
generated k-algebra, this theorem can be viewed as an easy consequence of Artin
Approximation. Indeed, one applies Artin Approximation with N = 1 and then
uses versality to obtain compatible maps R — A/m?*! and therefore a map
R — gmu which is an isomorphism modulo m?. As R and A\mu are abstractly
isomorphic, the homomorphism R — ﬁmu is an isomorphism (Lemma 8.18) and
the statement follows. The argument in the general case is analogous except we
use Conrad—de Jong Approximation instead of Artin Approximation.

Proof of Artin Algebraization (Theorem 6.6). Applying Conrad—de Jong Approx-
imation (Theorem 6.2) with N = 1, we obtain an affine scheme Spec A of fi-
nite type over k with a k-point u € Spec A, an object n € X(A), an isomor-
phism ¢s: Spec A/m2 — Spec R/m?, an isomorphism as: Elr/m2 = Nlajms,
and an isomorphism Gry(R) = Gry, (A) of graded k-algebras. We claim that
¢2 and as can be extended inductively to a compatible family of morphisms
¢n: Spec A/m? ! — Spec R and isomorphisms ay, : Elajmnts = Mg mntr- Given
¢n and a,, versality of € implies that there is a lift ¢, 1 filling in the commutative
diagram

Spec A/m” L) Spec R

/>r
-7 3
J« // ¢w,+1 J

Spec A/mn*tt ——— X,
7l , Jmntl

which establishes the claim. By taking the limit, we have a homomorphism
¢: R — A, which is surjective since ¢9 is surjective (Lemma 8.18). On the other
hand, for each n the k-vector spaces m" /mV*! and m?’ /m¥+! have the same

dimension. This implies that (5 is an isomorphism.
See also [Art69, Thm. 1.6] and [CJ02, §4], where the statement is established
more generally when X is defined over a scheme S whose local rings are G-rings

where it is required that Spec R/m L9, % — S be of finite type. O

7 Artin’s Axioms for Algebraicity

A spectacular application of Artin Algebraization is to provide checkable conditions
which ensure that a given stack is algebraic. This is called Artin’s Axiom’s for
Algebraicity and we provide two versions below Theorems 7.1 and 7.4. This
foundational result was proved by Artin in the very same paper [Art74] where he
introduced algebraic stacks.

The first version can be proved easily using Artin Algebraization.

Theorem 7.1. (Artin’s Azioms for Algebraicity—first version) Let X be a stack
over k. Then X is an algebraic stack locally of finite type over k if and only if the
following conditions hold:
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(1) (Limit preserving) The stack X is limit preserving over Sch/k, i.e. for every
system B) of k-algebras, the functor

colim X(By) — X(colim B))

is an equivalence of categories.
(2) (Representability of the diagonal) The diagonal X — X x X is representable.

(3) (Existence of versal formal deformations) Every xo € X(k) has a versal
formal deformation {x,} over a noetherian complete local k-algebra (R, m)
with residue field k.

(4) (Effectivity) For every noetherian complete local k-algebra (R, m) with residue
field k, the natural functor

X(Spec R) — Jim X(Spec R/m™)

is an equivalence of categories.

(5) (Openness of versality) For any morphism U — X from a finite type k-scheme
which is versal at w € U(K) (i.e. the formal deformation {Spec Oy, /m?+! —
X} is versal), there exists an open neighborhood V' of u such that U — X is
versal at every k-point of V.

Proof. We first note that for a representable and locally of finite type morphism
U — X from a finite type k-scheme U, the Infinitesimal Lifting Criterion for
Smoothness (Smooth Equivalences 8.4, Smooth Equivalences 8.4) implies that
U — X is smooth if and only if it is versal at all k-points u € U. Indeed, this is
clear when U — X is representable by schemes, and the general case follows as
one can see that both properties are étale-local on U.

For “ =" (1) holds by ??, (2) holds by ?? and (4) holds by Exercise 4.10.
If U - X is a morphism from a finite type k-scheme, then it is necessarily
representable and locally of finite type. By using the above equivalence between
versality and smoothness, (3) holds by choosing a smooth presentation U — X and
a preimage u € U (k) of z¢ and taking the formal deformation {Spec Oy, /m?*! —
X}, and (5) holds by openness of smoothness.

For the converse, we first note that representability of the diagonal, i.e. con-
dition (2), implies that any morphism U — X from a scheme U is representable
and the limit preserving property (1) implies that U — X is locally of finite type.
For any object z¢ € X(k), we will construct a smooth morphism U — X from a
scheme and a preimage u € U(k) of zy. Conditions (3)—(4) guarantee that there
exists an effective versal formal deformation Z: Spec R — X of xy where (R, m) is
a noetherian complete local k-algebra with residue field k. By Artin Algebraiza-
tion (Theorem 6.6), there exists a finite type k-scheme U, a point u € U(k), a
morphism p: U — X, an isomorphism R & 6U7u and compatible isomorphisms
PlR/mnt1 = Z|g/mn+1. By (5), we can replace U with an open neighborhood of
u so that U — X is versal at every k-point of U. By the equivalence in the first
paragraph, we have obtained a smooth morphism (U, u) — (X, zg).

See also [Art74], [LMB, Cor. 10.11] and [SP, Tag 07Y4] where the result is
established more generally. O

Remark 7.2. In practice, condition (1)—(4) are often easy to verify directly
with (3) a consequence of Rim—Schlessinger’s Criteria (Theorem 3.11) and (4)
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a consequence of Grothendieck’s Existence Theorem (Theorem 4.4). Also note
that (2) can sometimes be established by applying the theorem to the diagonal
X — X x X, i.e. to the Isom sheaves Isomr(z,y) of objects z,y € X(T') over
a scheme T'. In some cases, Condition (5) can be checked directly. In more
general moduli problems, Condition (5) is often guaranteed as a consequence of a
well-behaved deformation and obstruction theory. This will be explained in the
next section.

7.1 Refinements of Artin’s Axioms

We will now state refinements of Artin’s Axioms for Algebraicity that are often
easier to verify in practice. To formulate the statements, we will need a bit of
notation. Let £ € X(A) be an object over a finitely generated k-algebra A. Let
M be a finite A-module and denote by A[M] the ring A @ M defined by M? = 0.
Let Def¢ (M) the set of isomorphism classes of diagrams

SpecAg—;I)C
n_-

e
Ve

Spec A[M],

where an isomorphism of two extensions 7,n": Spec A[M| — X is by definition an
isomorphism 7 = 7’ in X(A[M]) restricting to the identity on £. Let Aute(M) be
the group of automorphisms of the trivial deformation &’: Spec A[M] — Spec A —
X. Note that when £ € X(k), then Def, (k) is precisely the tangent space of X at
¢ and is identified with TX¢ = X¢(k[e])/ ~ of the local deformation prestack at £
while Autg (k) is the group of infinitesimal automorphism of £ and is identified
with the kernel Auty ey (') — Auty)(§).

Lemma 7.3. Suppose that X is a prestack over Sch/k satisfying the strong
homogeneity condition (RS}). Let & € X(A) be an object over a finitely generated
k-algebra A.
(1) For any A-module M, Def¢ (M) and Aute(M) are naturally A-modules, and
the functors
Aute(—): Mod(A) — Mod(A)
Def¢(—): Mod(A) — Mod(A)
are A-linear.

(2) Consider a surjection B — A in Arty with square-zero kernel I, and let
Lifte (B) be the set of morphisms & — 1 over Spec A — Spec B where § S

is declared equivalent to € == n' if there is an isomorphism B:n — 1
such that o/ = Boa. There is an action of Def¢(I) on Lifte(B) which is
functorial in B and I. Assuming Lifte(B) is non-empty, this action is free
and transitive.

Proof. This can be established by arguing as in Lemma 3.13. For instance,
scalar multiplication by « € A is defined by pulling back along the morphism
Spec A[M] — Spec A[M] induced by the A-algebra homomorphism A[M] —
A[M], a+m +— a+xm. Condition (RS}) implies that X(A[M®M]) — X(A[M])Xx(a)
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X(A[M]) is an equivalence. Addition M & M — M induces an A-algebra homo-
morphism A[M & M] — A[M] and thus a functor

X(A[M]) xx(a) X(A[M]) = X(A[M & M]) = X(A[M])
which defines addition on Def¢ (M) and Aute(M). O

Theorem 7.4 (Artin’s Axioms for Algebraicity—second version). A stack X
over (Sch/Kk)e is an algebraic stack locally of finite type over k if the following
conditions hold:

(AA,) (Limit preserving) The stack X is limit preserving;
(AAs) (Representability of the diagonal) The diagonal X — X x X is representable;

(AA3) (Finiteness of tangent spaces) For every object {: Speck — X, Def¢(k) is a
finite dimensional k-vector space;

(AAy) (Strong homogeneity) For any k-algebra homomorphism By — Ao and
surjection A — Aqg of k-algebras with square-zero kernel, the functor

X(Bo xa, A) = X(Bo) Xx(a4) X(A)

is an equivalence, i.e. Condition (RS}) holds;
(AAj5) (Effectivity) For every noetherian complete local k-algebra (R, m), the natural
functor
X(Spec R) — im X(Spec R/m"™)
is an equivalence of categories;
(AAg) (Existence of an obstruction theory) For every object £ € X(A) over a finitely
generated k-algebra A, there exists the following data

(a) there is an A-linear functor
Obg¢(—): Mod(A) — Mod(A),

and for every surjection B — A with square-zero kernel I, there is an
element obg(B) € Obg(I) such that there is an extension

Spec A E—;{ X

e
e
e

Spec B

if and only if obe(B) =0, and

(b) for every composition B — B" — A of k-algebras such that B — A and
B’ — A are surjective with square-zero kernels I and I', the image of

obg(B) under Obg(I) — Obg(I") is obe(B'); and

(AA7) (Coherent deformation theory) For every object & € X(A) over a k-algebra
A, the functors Def¢(—) and Obg(—) commute with products.

Moreover (AAs) can be removed if we replace (AAs) and (AA7) with:

(AAgy) For every object &: Speck — X, Aute(k) and Def¢ (k) are finite dimensional
k-vector spaces; and
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(AA7) For every object £ € X(A) over ak-algebra A, the functors Aute(—), Defe(—)
and Obg(—) commute with products.

Proof. Conditions (AA3)—(AAy) above allow us to apply Rim—Schlessinger’s Cri-
teria (Theorem 3.11) to deduce the existence of versal formal deformations, i.e.
Condition 7.1(3) holds. It remains to check openness of versality, i.e. Condition
7.1(5), in order to apply the first version (Theorem 7.1) to establish this version.

Let &y: Uy — X be a morphism from an affine scheme Uy = Spec By of finite
type over k which is versal at a point ug € Up(k). By (AA;)—(AAs), the morphism
&: Up — X is representable and locally of finite type. Let ¥ = {u € Uy(k) |
&: Uy — X is not versal at u}. If openness of versality does not hold, then ug € ¥
and there exists a countably infinite subset ¥’ = {u1, ug,...} C X of distinct points

with ug € .

Step 1. We claim that there exists a commutative diagram

UyC U,C UC

&
5{ [

X
where each closed immersion U,,_; — U, is defined by a short exact sequence
0 — k(un) = Op, = Op,_, — 0,

and for each n and open neighborhood W C U, of u,,, the restriction &,|w is not
the trivial deformation of &|wnu,, i-e. there is no morphism r: &, |w — &olwnu,
such that &,|w — &olwnu, — &nlw is the identity. Note that for each m > n,
U, <= U, is a closed immersion which is square-zero (i.e. ker(Oy, — Op,) is
square-zero). We will inductively construct U,, = Spec B,, and &,, € X(U,,), Since
&: Up — X and &,—1: U,—1 — X are isomorphic in an open neighborhood of u,,,
the morphism &,,_1: U,_1 — X is also not versal at u,,. By definition of versality
(using Remark 3.7) there exists a surjection A — Ag in Arty with ker(A — Ag) =k

and a commutative diagram

Spec AO —U,_1
z - ~
P - Jgn—l (7.1)

SpecA — X,

such that wu, is the image of Spec Ay — U,_1, which does not admit a lift
Spec A — U,,_1. Using strong homogeneity (AA,), there exists an extension of
the commutative diagram

Spec Ag ——— U,,_1 = Spec B,,_1

Enfl
Spec A —— U,, = Spec(A X 4, Bn—1)

~ &n
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yielding an object &, over U, = Spec B,, with B,, := A x4, Bp_1. If &, were
the trivial deformation of & in an open neighborhood of u,,, then Spec A — X
would be the trivial deformation of Spec Ag contradicting the obstruction to a lift
of (7.1). Finally note that ker(B,, — B,_1) = k since ker(A — Ag) = k. This
establishes the claim.

Step 2. Lettlng B= hmB and U = SpecB we claim that there exists an object

e X(U) extending each &, € X(Up). Let M, = ker(B, — Bp) (noting that
My = 0). Since M2 = 0, we can view M, as a By-module. The k-algebra

= {(bo, b1,...) € H B,, | the image of each b,, under B, — By is bg}
n>0

has the following properties:

e The surjective k-algebra homomorphism B — By defined by (b;) — by has
kernel M =[], 5 My;

e The map E — BO[M] defined by (bo,bl,bg7 .. ) — (bo,b1 — bo,b2 — bl,bg —
by, ...) is a surjective k-algebra homomorphism with square-zero kernel;

e The composition B — B — By [M] induces a short exact sequence

0 — ker(B — By) — ker(B — By) — ker(Bo[M] — By) — 0

00— hmn M, — HnZO M, —— HnZO M, ———0

e There is an identification B = B X Bo[Mm] Bo-

Since the lift &, € X(B,,) of & exists for each n, ob¢(B,) = 0 € Ob¢(M,,). B
(AAg)(b), the element obg(B) maps to obg(B,,) under Obg (M) — Obg(Mn)
(AA7), the map Obg(M) — [], Obe(M,,) is injective® and thus obg(B) =
Obg (M) which shows that there exists a lift €€ X(B) of &.

The restrictions E\ B, are not necessarily isomorphic to &,,. However, we may
use the free and transitive action Def¢(M,,) = Lift¢(By[M,]) on the non-empty
set of liftings Llftg( ) to find elements ¢,, € Def¢(M,) such that §n = ln €|,
(Lemma 7.3). Since Def¢(M) = H Deff( ) by (AA7), there exists ¢ € Def¢ (M)
mapping to (t,). After replacing § with ¢ - f , we can arrange that & | B, and &, are
isomorphic for each n.

We now show that each restriction £| Bo[M,] € Def¢(M,) under the composition
B — Bo[M] — Bo[M,] is the trivial deformation. Indeed, the map M = ker(B —
By) — ker(Bo[M,] — By) = M, induces a map Defs(M ) — Def¢(M,,) on
deformation modules which under the identification Defe(M) =[], DefE( n) of
(AA7) sends an element (1jg, 71, . ..) t0 (ns1|5, —1n). The ring map B — Bo[M,]
also induces a map Lift, (B) — Lifte (Bo[My]) which is equivariant with respect to

3The hypotheses of (AA7) can be weakened to only require the injectivity of Obg (M) —
[1,, Ob¢(My) although in practice one usually verifies that this map is bijective.
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Def¢(M) — Def¢(M,,). It follows that the image of £ in Lifte (Bo[M,]) = Def¢(M,,)
is &ntalp, — & = 0. R N
The existence of £ € X(B) extending (§,) € I&HDC(BR) now follows from
applying the identity B = Bx Bo[M)] Bo and strong homogeneity (AAy) to the
diagram
Spec By[M] —— Spec By

Spec B— Spec B
N

N3
N

Step 3. We now use the versality of &y: Uy — X at ug to arrive at a contradiction.
Since X is limit preserving (AA;), there exists a finitely generated k-subalgebra
B’ C B and an object ¢ € X(B') together with an isomorphism s §lg. After
possibly enlarging B’, we may assume that the composition B’ — B — By is
surjective. There is thus a closed immersion Uy — U’ := Spec B’ and we can
consider the commutative diagram

Uy xoc U —— U’ = Spec B’

|,

Uy ———— X.

where the fiber product Uy xx U’ is an algebraic space locally of finite type
over k. Since &y: Uy — X is versal at ug, it follows from the artinian version
of the Infinitesimal Lifting Criterion for Smoothness (Smooth Equivalences 8.4)
that Uy X U" — U’ is smooth at i(ug). After replacing Uy with an open affine
neighborhood of ug, U" with the corresponding open and {uj,us,...} with an
infinite subsequence contained in this open, we can arrange that Uy xo U’ — U’
is smooth. The non-artinian version of the Infinitesimal Lifting Criterion for
Smoothness implies the section of Uy xx U’ — U’ over Uy extends to a global
section U' — Uy x U’. This implies that & is the trivial deformation of &g,
contradicting our choice of £': U" — X.

Our exposition follows [SP, Tag 0CYF] and [Hall7, Thm. A]. See also [Art74,
Thm. 5.3] and [HR19, Main Thm.]. O

Remark 7.5. The converse of the theorem also holds. For the necessity of the
conditions, we only need to check (AAs), (AA4), (AAg) and (AA7). Condition
(AA3) (finiteness of the tangent spaces) holds as X is of finite type over k. The
strong homogeneity condition (AA,4) holds by [SP, Tag 07WN]. Condition (AAg)
(existence of an obstruction theory) follows from the existence of a cotangent
complex Ly i for X satisfying properties analogous to Theorem 5.1; see [Ols06].
If £: Spec A — X is a morphism from a finitely generated k-algebra A and I is an
A-module, then we set Obg(I) := Exti(g*Lx/k,I). Property (AAg)(b) holds as a
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consequence of [Ols06, Thm. 1.5], a generalization of [I171, 111.2.2.4] (which was
discussed in Remark 5.12) from morphisms of schemes to representable morphisms
of algebraic stacks. Finally, Condition (AA7) (Defe(—) and Obg(—) commutes
with products) follows from cohomology and base change.

7.2 Verifying Artin’s Axioms

Theorem 7.6. FEach of the stacks Hilb” (X), .4, (with g >2) and Bunc over
(Sch/k)g are algebraic stacks locally of finite type over k.

Proof. We check condition the conditions of Theorem 7.4. Condition (AA;) (limit
preserving) was verified in Lemma 6.1. For (AAs/), the finite dimensionality of
the vector spaces Defe (k) and Aute (k) for an object £ € X(k) can be identified
with:

o HY(Z,Ny/x) and {0} for & = [Z C X] € Hilb”(X)(¢) (Proposition 1.4),

e H'(C,T¢) and H°(C,T¢) for [C] € #,(k) (Lemma 1.10 and Proposi-
tion 1.11) and

e Exty (B, E) and Exty  (E, E) for [E] € Bunc (k) (Proposition 1.15).

Condition (AA4) (the strong homogeneity condition of (RS})) was checked in
Proposition 3.14. Condition (AAs) (effectivity) was checked in Corollary 4.9 as
a consequence of Grothendieck’s Existence Theorem. For Condition (AAg), we
define obstruction theories as follows: for a finitely generated k-algebra A and an
A-module M, we set

o Obe(M):=HYZ,Ty/x, ®a M) for € = [Z C X4] € Hilb” (X)(A),

o Obg(M) :=H?(C,Te/a ®a M) =0 for £ = [€ — Spec A] € .#,(A), and

e Ob¢(M) := HQ(CA,gndocA (E)®a M) =0 for £ = [E] € Bunc(A).
Property (AAg)(a) holds for these obstruction theories as a consequence of Propo-
sitions 2.2, 2.5 and 2.10; these results also show that Aut¢(M) and Def¢ (M) are
identified with the analogous cohomology groups. Condition (AA7/) (Aute(—),

Def¢(—) and Obg(—) commutes with products) follows from cohomology and base
change (Corollary 8.19). O

8 Appendix

8.1 Properties of flatness and smoothness

Theorem 8.1 (Local Criterion for Flatness). Let A" — A be a surjective homo-
morphism of noetherian rings with kernel I such that I*> = 0. An A’-module M’
is flat over A’ if and only if

(1) M := M ®a4/ A is flat over A; and

(2) the map M @4 I — M’ is injective.

Remark 8.2. Applying this with A’ = k[e]/(¢?) being the dual numbers and A4 =
k, we recover the fact that an A’-module M is flat if and only if M ®yq/(e2)k S M
is injective. This also follows from the fact that a module IV over a ring B is flat
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if and only if for every ideal I C B, the map I ® g M — M is injective [SP, Tag
00HD], and using that the only ideal in kle]/(€?) is (e).

Proposition 8.3 (Flatness Criterion over Artinian Rings). A module over an
artinian Ting s flat if and only if it is free.

Smooth Equivalences 8.4. Let f: X — Y be morphism of (resp. noetherian)
schemes locally of finite presentation. The following are equivalent:
(1) f is smooth;

(2) f satisfies the Infinitesimal Lifting Criterion for Smoothness (sometimes
referred to as formal smoothness): for any surjection A — Ay of rings with
nilpotent kernel (resp. surjection A — Ay of local artinian rings whose kernel
is isomorphic to the residue field A/my4) and any commutative diagram

Spec Ag —— X
PR
- f
7
e

SpecA —— Y

of solid arrows, there exists a dotted arrow filling in the diagram,;

(3) f satisfies the Jacobi Criterion for Smoothness: for every point x € X, there
exist affine open neighborhoods Spec B of f(z) and Spec A C f~!(Spec B)
of z and an A-algebra isomorphism

B2 (Alzr,...,wal (1, 1),

for some fi,..., fr,g € Alx1,...,2,] with r < n such that the determinant
det(%)lgmg,« € B of the Jacobi matrix, defined by the partial derivatives
with respect to the first r x;’s, is a unit.

If in addition X and Y are locally of finite type over an algebraically closed field
k, then the above are equivalent to:

(4) for all z € X(k), there is an isomorphism (ADX@ = 6y7y[[.’171,...,.’1,‘rﬂ of
Oy,y-algebras.

8.2 Pushouts

Pushouts are the dual notion of fiber product. Unlike fiber products, pushouts
may not exist. However, Ferrand showed that they often exist when one of the
maps is a closed immersion and the other is an affine morphism.

Theorem 8.5 (Ferrand’s Theorem on the Existence of Pushouts). Consider a
diagram

XOC#) X
|

f{ ’ (8.1)
P

Yo = =Y

of schemes where i: Xg — X is a closed immersion and fo: Xo — Yy is affine. If
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(%) for any point yo € Yy, the subspace fJI(Spec Ovy,y0) C Xo has a basis of
open affine neighborhoods of X,
then there exists a closed immersion j: Yy <= Y and an affine morphism f: X =Y
of schemes such that (8.1) is cocartesian (i.e. a pushout). Moreover, we have the
following properties:
(a) the square (8.1) is cartesian, X — Y restricts to an isomorphism X \ Xo —
Y\ Yy and the induced map X [[ Yy — Y is universally submersive;

(b) the induced map
Oy = J:0vy X(jofe).0x, [+Ox

is an isomorphism of sheaves; and

(c) if fo is finite (resp. integral), then so is f. In this case, Condition (x) can
be replaced with the condition that every finite set of points in Xog and Y is
contained in an open affine (resp. for every yo € Yo, fo *(yo) is contained in
an open affine). Finally if Xo, X and Yy are of finite type over a noetherian
scheme, then so isY .

Proof. See [Fer03, Thm. 5.4 and 7.1] and [SP, Tag OECH]. O

Example 8.6 (Affine case). In the affine case where X = Spec A, Xy = Spec Ay,
Yy = Spec By, then Spec(A x 4, By) is the pushout X ]_[X0 Yo.

Example 8.7 (Gluing and pinching). If Xg — X and X, — Y; are closed
immersions, the pushout X [] X, Yo can be viewed as the gluing of X and Y along
Xo. For example, the nodal curve Spec k[z,y]/xy is the union of Al and A' along
their origins. If Xg = Z U Z is the union of two isomorphic disjoint subschemes of
X and X — Z is the projection, then the pushout X [[, ,, Z can viewed as the
pinching of the two copies of Z in X. For example, the nodal cubic curve is the
pinching of 0 and oo in P*.

Example 8.8 (Non-noetherianness). When fy: Xo — Y} is affine but not finite,
then the pushout X [[y Yo is often not noetherian. For example, if Xo = V/(z) C
X = A? and fy: X¢ — Speck, the pushout is the non-noetherian affine scheme
defined by

k[, y] Xpm k= klz, zy, xzy?, 2y, ...] C klz,y).

On the other hand, we wouldn’t expect a finite type pushout as one cannot contract
the y-axis in A]ﬁ.

Given a fiber product diagram of rings

B—— A

| |

BQ —_— AO
with A — Ag surjective and B := By X 4, A, the fiber product Mod(Bo) Xnod(Ae)

Mod(A) is the category of triples (Ny, M, ) consisting of a By-module Ny, an
A-module M and isomorphism a: No®p, Ag — M ®4 Ag. Equivalently, an object
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is a diagram

M

Nog ——— My

\ 7

B0—>A0

(8.2)

where Ny, My and M are modules over By, Ag and A, and the maps Ny — M,
and M — M, are morphisms of By and A-modules inducing isomorphisms
No ®p, Ao — Mo and M ® 4 Ag — M.

We define functors

R
Mod(B) £ Mod(Bo) Xped(4,) Mod(A) (8.3)
L

where for a B-module N, L(N) := (N ®p By, N ®p A,«) with a being the
canonical isomorphism (N ®p By) ®p, 49 — (N ®p A) @4 Ag. For an object
(No, M, a) corresponding to a diagram (8.2), we define R(Noy, M, o) := No X p1, M,

which we can view as:

No xMOM—/>M
\
Ng & | M,

Boxa A——|—— A

Bo‘/

0-

Proposition 8.9. The functors L and R restrict to an equivalence on the full
subcategories of flat (resp. finite) modules.

Corollary 8.10. Consider a commutative cube of schemes

X— X'
XO% X « l
l YO/;J*) Y’

of schemes where Xg — X s a closed immersion and Xg — Yy is affine.

(1) Assume that Y’ —Y is a flat morphism of schemes and X|, Y§ and X' are
the base changes under Y' —'Y (i.e. the bottom, left, top and right faces
are cartesian,).

(a) If the front face is a pushout, then so is the back face and the natural
functor

QCOh(Y’) — QCOh(YOI) XQCoh(X(’)) QCOh(X/),

restricts to an equivalence on the full subcategories of QCoh(Y"), QCoh(Yy)
and QCoh(X") finitely presented O-modules flat over Y', Yy and X'.

41



(b) If in addition Y' —'Y is faithfully flat and locally of finite presentation,
then back face being a pushout implies that the front face is as well.

(2) If the top and left faces are cartesian, and the front and back faces are
pushouts, then all faces are cartesian. Moreover, if Y§ — Yy and X' — X
are étale (resp. smooth, flat), then so is Y’ — Y.

8.3 Gerbes

Definition 8.11 (Gerbes). A stack X over a site 8 is called a gerbe if
(1) for every object T' € 8, there exists a covering {T; — T} in 8 such that each
fiber category X(73) is non-empty; and
(2) for objects z,y € X over T € 8, there exists a covering {T; — T} and
isomorphisms z|r, = y|r, for each i.

A morphism of gerbes is defined as a morphism of stacks, and is necessarily an
isomorphism.

We say that a gerbe X is abelian if Aut,(z) is a sheaf of abelian groups for
every object x € X over T € S.

We say that a gerbe X is trivial if there is a section § — X of X — §; if § has
a final object X, then this is equivalent to the existence of an element of X(X).

Definition 8.12 (Smooth gerbes). We say that a morphism X — Y of algebraic
stacks is a smooth gerbe if there exists a smooth presentation V' — Y such that
X xy V =2 BG for a smooth group algebraic space G — V.

We say that an algebraic stack X is a smooth gerbe if there exists an algebraic
space X and a morphism X — X which is a smooth gerbe.

A smooth gerbe X — Y is trivial if there exists a section.

Remark 8.13. Sometimes the group algebraic space G — V will be pulled back
from a base scheme H — S and in such cases, we can think of a smooth gerbe as
an algebraic X over Y which is smooth locally on Y isomorphic to BH x Y.

Definition 8.14 (Banded G-gerbes). Let G — S be a smooth commutative group
algebraic space. We say that a morphism X — Y of algebraic stacks over S is a
gerbe banded by G or G-banded gerbe if X — Y is a smooth gerbe together with the
data of isomorphisms 9, : G|t — Auty(z) of sheaves for each object 2 € X over
an S-scheme T such that for each isomorphism a: 2 =+ y over T, the diagram

v X (8.4)

Inn,

Autp(z) ———— Autp(y).

commutes, where Inn, (7) = ara™!.

The compatibility condition (8.4) ensures that if z: Z — X any morphism
of algebraic stacks, then there is functorial isomorphism ¢.: G|z = Autg(2) of
sheaves of groups on (Sch /Z)¢. In particular, taking the identity morphism
id: X — X, there is isomorphism G|y = Ix.

Remark 8.15. If G is an sheaf of abelian groups on a site 8, then the cohomology
groups H'(8,G) and H?(8, G) classify isomorphism classes of G-torsors and banded
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G-gerbes. When G is non-abelian, then one can define non-abelian cohomology
pointed sets H' (8, G) and H?(8, G) as isomorphism classes of G-torsors and banded
G-gerbes and these sets have equivalent descriptions in terms of cocycles. Moreover,
given a short exact sequence of sheaves of groups 1 - G' - G — G’ — 1 with G’
abelian and central in G, then there is an induced long exact sequence on the ith
cohomology groups for i < 2. See [Gir71], [Mil80, pp. 144-145] and [Ols16, §12].

8.4 Artin Approximation

Definition 8.16. A noetherian local ring A is called a G-ring if the homomorphism
A — A is geometrically regular.

Theorem 8.17 (Artin Approximation). Let S be a scheme and s € S a point
such that Og s is a G-ring (Definition 8.16), e.g. a scheme of finite type over a
field or Z.. Let

F: Sch /S — Sets

be a limit preserving contravariant functor and {AE F(Spec (ADS,S). For any integer
N >0, there exist an étale morphism

(S",s") — (S, s) and & € F(9)

with r(s) = K(s') such that the restrictions of € and & to Spec(Og, s/mY+1) are
equal.

Lemma 8.18. Let (A,m,4) — (B,mp) be a local homomorphism of noetherian
complete local rings. If Aj/m% — B/m% is surjective, so is A — B. If in addition
A = B, then A — B is an isomorphism.

8.5 Cohomology and Base Change

We have used the following consequence of Cohomology and Base Change:

Corollary 8.19. Let X — Spec A be a proper morphism of noetherian schemes
and F' be a coherent sheaf on X which is flat over A. Then the functor

H(X,F ®4 —): Mod(A) — Mod(A)

commutes with products.
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