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ASYMPTOTIC SYZYGIES

* Asymptotic syzygies is the study of the algebraic Betti numbers of
a variety as the positivity of the embedding increases.

X « SSPH () = P4

sequence of very ample
n dimensional smooth line bundles

projective variety




ASYMPTOTIC SYZYGIES
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sequence of very ample
n dimensional smooth line bundles

projective variety

 To this we associate:

S(X,Ly) = EHH (X, kLy)

keZ

« which we think of as a module over

S = SymHO (Ld) %“(]:[XO,Xl,...,XTd]




ASYMPTOTIC SYZYGIES
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minimal graded
free resolution

minimal generators| number of syzygies of degree g
~ and homological degree p

Bpq(X,La) = #{ of F, of degree ¢

how do these vary
as a function of d?




ASYMPTOTIC SYZYGIES

* It is often useful to place the Betti numbers into a table:

0 1 R s p

Boo P11 P22
Bl Pro2- Pos

ﬁp,pﬂj

notice the wonky
change of coordinates




FIRST RESULTS - CURVES

Xk S PH AL )Pl

line bundle of

smooth projective curve degree d

of genus g

Theorem (Castelnuovo et al.).
1. It d >2¢g+1 then L; is defines an embedding into P'.

2. If d > 2¢ + 2 then Iy is generated by quadrics.




FIRST RESULTS - CURVES

« Part (1) tells us the Betti table of X eventually looks like:

0 1 o p L
1

gl Shn 8 e
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correspond to the generators
of the defining ideal

« Part (2) tells us the Betti table of X eventually looks like:
0 1 ) p Lo
1

L o P e ﬁp,p+1
= e by s b )




FIRST RESULTS - CURVES

#{peN | Bpprg(X,La)=0]
ra

Pq (X5Ly) =

the percentage
of non-zero syzygies
In row q

Theorem (Green, 1984). Let X be a smooth curve. If degL; = d then

lim p,(X;L;) = O.

d— o0




FIRST RESULTS - CURVES

#{peN | Bpprg(X,La)=0]
ra

Pq (X5Ly) =

the percentage
of non-zero syzygies
In row q

Theorem (Green, 1984). Let X be a smooth curve. If degL; = d then

lim p,(X;L;) = O.

d— o0

the percentage

as the degree of ;
of non-zero syzygies

the line bundle grows :
in the second row




FIRST RESULTS - AMPLE GROWTH

Theorem (Ein-Lazarsfeld, 2012). Let n > 2 and fix 1 <g<mn. If L;,1 — L, is
constant and ample then

lim p,(X;Lg) = 1

d— o0

the percentage asymptotically syzygies

: occur in every possible
of non-zero syzygies

degree




FIRST RESULTS - AMPLE GROWTH

Theorem (Ein-Lazarsfeld, 2012). Let n > 2 and fix 1 <g<mn. If L;., —L; is
constant and ample then

lim pq(X;Ld) =k

d— o0

AN

the ample cone of X




NEW RESULTS - SEMI-AMPLE GROWTH

Theorem (Juliette Bruce). Let X = P"xP" and fix an index 1 < g < n+m. There
exists constants C; ; and D; ; such that

= =
dbdls A=

Pq(X;0(dy,dp)) > 1 - Z

=g
0<i<mn
0<j<m

terms

[ Ci D; ; - O(lower ord.)

the percent of possible degrees the main specific
with non-zero syzygies asymptotic behavior




NEW RESULTS - SEMI-AMPLE GROWTH

* My result does not require an assumption of ample growth.

ample cone
P

AN

Lyy1—La=0(1,0)

is not ample, it's
semi-ample

Definition. A line bundle L is semi-ample if |kL| is base point free for some k.




NEW RESULTS - SEMI-AMPLE GROWTH

* If n=1and m =5 then my result shows:

pz(Pl x P> O(dl,d2)) > 1 lower ord.)

terms

e In particular, if d; is fixed then

) 12
lim pz(Pl x P>; O(dl,dz)) B o

dl —>0

d; d

neither O nor 1




NEW RESULTS - SEMI-AMPLE GROWTH

* If n=1and m =5 then my result shows:

p2 (P! xP%; 0(dy,dy)) > 1

terms

lower ord.)

e In particular, if d; is fixed then

) 12
lim pz(Pl x P>; O(dl,dz)) B o

dl —>0

) 4
d2 d2
neither O nor 1

» Syzygies in the setting of semi-ample growth exhibit behavior that
is different from previous cases!

e curves (Green)
« ample growth (Ein-Lazarsfeld)




APPROACH OF PROOF

* The proof generalizes the monomial methods of Ein, Erman,
Lazarsfeld to explicitly produce non-trivial syzygies.

this requires an Artinian
reduction, but there are no
monomial regular sequences

* |If n =2 and m = 4 the regular sequence we work with is:

dy d>
X0 Yo

xdl yd2 _|_ xdl yd2
XKoo Xy 9 2 Vgl s s

is not in this ideal, while
di

d dy . d dj -d
Xo V3o + X1 ¥l +X5' Y70 L g L3l ) 3 =1l gi= ) 3
X Y Vo W Vs

dy . d> dy  d> dy . d>
Xo Yoo T X1 Y1 T X5 Yy

dl d2 d1 d2 dl d2
b S +X T IS i
0 Va =3 ) is in this ideal...

dy . d> dy . d>
X1 Va4~ T X5 Y3

PR ks
Xo V4




APPROACH OF PROOF

* | exploit the fact that this regular sequence has a lot of symmetries:

the sum of the
indices is constant

dy . d>
Xo Yo

dy _d»> dy d»>
Xo Y1~ TX1 Yo

dy . d dy d di

d
Xo Vs LV kY

dy d»> dy d»>
Xo Y3~ TX1 Y& T X,

dq dy d d1

dy . d> dy d>
X1 Vg T X5 Y3

dy d»>
Xo V4

dy d»>
V1

d d
Xy Ve X Vb

i.e. homogenous with
respect to a grading

the power on each x
is 0 mod d

* These symmetries enable me to use spectral sequence arguments to
deeply understand this ideal.




